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ON THE STABILITY OF THE LOCALIZED

SINGLE-VALUED EXTENSION PROPERTY

UNDER COMMUTING PERTURBATIONS

PIETRO AIENA AND MICHAEL M. NEUMANN

(Communicated by Thomas Schlumprecht)

Abstract. This article concerns the permanence of the single-valued exten-
sion property at a point under suitable perturbations. While this property is,
in general, not preserved under sums and products of commuting operators,
we obtain positive results in the case of commuting perturbations that are
quasi-nilpotent, algebraic, or Riesz operators.

1. Introduction and basic definitions

The single-valued extension property (SVEP) dates back to the early days of lo-
cal spectral theory and appeared first in the work of Dunford [14], [15]. A thorough
discussion of this property within the theory of spectral and generalized spectral
operators may be found in the seminal monographs by Dunford-Schwartz [16] and
by Colojoară and Foiaş [12]. The following localized version of SVEP was intro-
duced by Finch [17]. As witness by the more recent accounts in [1] and [21], SVEP
has now developed into one of the major tools in the local spectral theory and
Fredholm theory for operators on Banach spaces.

To fix notation, throughout this article let X be a non-zero complex Banach
space, and let L(X) denote the Banach algebra of all bounded linear operators on
X. As usual, given T ∈ L(X), let kerT and R(T ) stand for the kernel and range
of T . Also, the spectrum, resolvent set, and the spectral radius of T are denoted
by σ(T ), ρ(T ), and r(T ), respectively.

Definition 1.1. An operator T ∈ L(X) is said to have the single-valued extension
property at a point λ ∈ C (for brevity, SVEP at λ), provided that, for every open
disc D ⊆ C centered at λ, the only analytic function f : D → X that satisfies

(μI − T )f(μ) = 0 for all μ ∈ D

is the function f ≡ 0 on D. Moreover, T is said to have the SVEP if T has the
SVEP at every point λ ∈ C.

Evidently, an operator T has SVEP at a point λ precisely when λI−T has SVEP
at 0. Moreover, SVEP at a point is inherited by restrictions to closed invariant
subspaces.
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It turns out that the localized SVEP is intimately related to certain conditions
from classical operator theory. Let p(T ) denote the ascent of an operator T ∈ L(X),
i.e., p(T ) is the smallest non-negative integer p for which ker T p = ker T p+1, if
such an integer exists, and otherwise p(T ) = ∞. Analogously, let q(T ) be the
descent of an operator T ; i.e., q(T ) is the smallest non-negative integer q for which
Rq(T ) = Rq+1(T ) if such an integer exists, and otherwise q(T ) = ∞. Note that

(1) p(λI − T ) < ∞ ⇒ T has SVEP at λ,

while dually, for the adjoint operator T ∗ ∈ L(X∗), we have

q(λI − T ) < ∞ ⇒ T ∗ has SVEP at λ;

see [1, Theorem 3.8]. Also, let σa(T ) and σs(T ) denote the approximate point spec-
trum and the surjectivity spectrum of T , respectively; see [1]. From the definition
of the localized SVEP and the identity σa(T

∗) = σs(T ) it is immediate that

(2) σa(T ) does not cluster at λ ⇒ T has SVEP at λ,

and dually

(3) σs(T ) does not cluster at λ ⇒ T ∗ has SVEP at λ.

The localized SVEP may also be described in terms of certain subspaces that
naturally arise in local spectral theory. Indeed, let ρT (x) be the so-called local
resolvent set of T at the point x ∈ X, defined as the union of all open subsets U of
C for which there exists an analytic function f : U → X with the property that

(4) (λI − T )f(λ) = x for all λ ∈ U.

The local spectrum σT (x) of T at x is the set defined by σT (x) := C \ ρT (x).
Obviously, σT (x) is a closed subset of σ(T ).

Any analytic function f that satisfies (4) may be viewed as a local extension of
the resolvent function of T , since f(λ) = (λI − T )−1x for all λ ∈ ρ(T ) ∩ U . In
general, the analytic solutions of (4) are not uniquely determined. However, if T
has SVEP at λ, then any two analytic solutions of (4) coincide in an open disc
centered at λ.

For every subset F of C, the analytic spectral subspace of T associated with F
is the set XT (F ) := {x ∈ X : σT (x) ⊆ F}. It is easy to see from the definition
that XT (F ) is a T -hyperinvariant linear subspace of X and that XT (F1) ⊆ XT (F2)
whenever F1 ⊆ F2 . Even for a closed set F ⊆ C, the space XT (F ) need not be
closed. Also, it should be noted that, by [21, Proposition 1.2.16],

T has SVEP ⇔ XT (∅) = {0} ⇔ XT (∅) is closed.

Next we introduce two invariant subspaces which are of particular importance
in this article. The investigation of these subspaces dates back to Mbekhta [22]
and Vrbová [27], while the intimate connection to the localized SVEP was pursued
further in [6], [7], and [8]; see also [1] for a detailed discussion.

Definition 1.2. The quasi-nilpotent part of an operator T ∈ L(X) is the set

H0(T ) := {x ∈ X : lim
n→∞

‖Tnx‖ 1
n = 0},

while the analytic core of T is the set K(T ) := XT (C \ {0}).
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Both spaces are T -hyperinvariant linear subspaces of X and fail to be closed
in general. Moreover, by [1, Theorems 1.21, 1.22, and 2.18], we always have
T (K(T )) = K(T ), and the identity K(T ) = X holds precisely when T is sur-
jective.

Let N∞(T ) :=
⋃∞

k=1 ker T
k and R∞(T ) :=

⋂n
k=1 R(T k) denote the hyper-kernel

and the hyper-range of an operator T ∈ L(X). For every n ∈ N, we have the
increasing chain of kernel-type subspaces

kerT ⊆ kerTn ⊆ N∞(T ) ⊆ Ho(T ) ⊆ XT ({0},
and also the increasing chain of range-type subspaces

XT (∅) ⊆ K(T ) ⊆ R∞(T ) ⊆ R(Tn) ⊆ R(T );

see [21, Propositions 1.2.16, 3.3.7, and 3.3.13]. By [1, Theorem 2.22 and Corol-
lary 2.41] or by [7, Corollary 6], the localized SVEP may be characterized as follows.
This result will be one of our principal tools.

Theorem 1.3. For every operator T ∈ L(X) and λ ∈ C, the following assertions
are equivalent:

(i) T has SVEP at λ;
(ii) ker(λI − T ) ∩XT (∅) = {0};
(iii) N∞(λI − T ) ∩XT (∅) = {0}.

2. Results

The interplay between Fredholm theory and the localized SVEP is of great inter-
est. For instance, the localized SVEP at certain distinguished parts of the spectrum
characterizes the classes of operators which satisfy Browder type theorems; see [3]
and [5]. For this reason, it is interesting to study the preservation of localized SVEP
under certain perturbations.

We first explain why SVEP itself is not stable under arbitrary sums and products
of commuting operators. While a specific example based on the theory of weighted
shifts may be found in [11], here we present a general principle that shows that
such examples exist in abundance. The following result is a slight extension of
Corollary 4 of [24], but the present approach is considerably shorter. Note that, in
Theorem 2.1 below, T and exp(T ) may fail to have SVEP, while the condition on
S entails that XT (∅) = {0} and hence SVEP for S.

Theorem 2.1. Let S, T ∈ L(X) be commuting operators, and suppose that there
exist distinct points α, β ∈ C for which

K(S − αI) = K(S − βI) = {0}.
Then T is the sum of two commuting operators with SVEP, while exp(T ) is the
product of two commuting operators with SVEP.

Proof. Since all quasi-nilpotent operators share SVEP, we may assume that r(T ) >
0. To verify that T (S−αI) has SVEP, we consider an arbitrary open set U ⊆ C and
an analytic function f : U → X for which (μI − T (S − αI))f(μ) = 0 for all μ ∈ U .
For fixed non-zero μ ∈ U and arbitrary λ ∈ C with λ < |μ|/r(T ), the operator
λT − μI is invertible and its inverse commutes with both S and T . Moreover,

(λI − (S − αI))T (λT − μI)−1f(μ)

= (λT − μI)−1[(μI − T (S − αI)) + (λT − μI)]f(μ) = f(μ).
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This shows that 0 ∈ ρS−αI(f(μ)) and therefore f(μ) ∈ K(S − αI) = {0} for all
non-zero μ ∈ U . Thus f ≡ 0 on U , which establishes SVEP for T (S − αI) and, of
course, similarly also for T (S − βI). Because (β − α)T = T (S − αI) + T (βI − S),
the first assertion is now immediate, and the last claim follows from the fact that
SVEP is preserved under the analytical calculus; see [21, Theorem 3.3.9]. �

It remains to provide concrete examples of operators that satisfy all the con-
ditions of the preceding result. The condition on S has been addressed in [21,
Propositions 1.6.4 and 1.6.8]. In particular, if S ∈ L(X) is a semi-shift, in the sense
that S is an isometry for which R∞(S) = {0}, then σS(x) coincides with the closed
unit disc D for all non-zero x ∈ X. This ensures that the identity K(S−αI) = {0}
holds for arbitrary α ∈ D.

To find an operator without SVEP that commutes with a semi-shift is perhaps
not completely obvious, but this task can easily be accomplished when X is a sep-
arable Hilbert space. Indeed, in this case, for arbitrary S, T ∈ L(X) the operators
T ⊗ I and I ⊗ S on the Hilbert tensor product X ⊗X commute, since

(T ⊗ I)(I ⊗ S) = T ⊗ S = (I ⊗ S)(T ⊗ I);

see [19, Section 2.6] for a nice exposition of the theory of the Hilbert tensor product.
Moreover, since T ⊗ I is unitarily equivalent to the Hilbert direct sum

∑∞
n=1 ⊕T , it

is easily seen that the failure of SVEP at a point λ extends from T to T ⊗ I. In the
same vein, it follows that I⊗S is a semi-shift whenever S is, since I⊗S is unitarily
equivalent to

∑∞
n=1 ⊕S. Note that, in the Hilbert spaces case, the semi-shifts are

precisely pure isometries.
Thus neither SVEP nor localized SVEP is, in general, preserved under sums and

products of commuting perturbations. On the positive side, if the operators S and
T commute and share a property that is somewhat stronger than SVEP, namely
Dunford’s property (C), then it is known from [21, Theorem 3.6.3] that S + T has
SVEP. Note that property (C) simply means that XT (F ) is closed for every closed
subset F of C. Some other results on the preservation of SVEP may be found in
[13].

We now address the question of the extent to which SVEP at a point is stable
under quasi-nilpotent equivalence. Recall from [12] and [21] that the commutator
of two operators S, T ∈ L(X) is the operator C(S, T ) on L(X) given by

C(S, T )(A) := SA−AT for all A ∈ L(X).

The operators S and T are said to be quasi-nilpotent equivalent provided that both
‖C(S, T )(I)‖1/n → 0 and ‖C(T, S)(I)‖1/n → 0 as n → ∞. It is well known that
quasi-nilpotent equivalent operators S and T satisfy the identity

XT (F ) = XS(F ) for all F ⊆ C,

and the latter condition actually characterizes quasi-nilpotent equivalence for pairs
of decomposable operators; see, for instance, [21, Corollary 3.4.5]. If there exists
an integer n ∈ N for which C(S, T )n(I) = C(T, S)n(I) = 0, then the operators S
and T are said to be nilpotent equivalent. For S, T ∈ L(X) with ST = TS, it is
easily seen that C(S, T )n(I) = (S − T )n for all n ∈ N. Thus, in this case, S and T
are quasi-nilpotent equivalent precisely when S− T is quasi-nilpotent, while S and
T are nilpotent equivalent if and only if S − T is nilpotent.
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Theorem 2.2. Suppose that the operators S, T ∈ L(X) are nilpotent equivalent,
and let λ ∈ C. Then T has SVEP at λ precisely when S does. In particular, if T
has SVEP at λ, and if N ∈ L(X) is nilpotent and satisfies TN = NT , then also
T +N has SVEP at λ.

Proof. By symmetry it suffices to show that SVEP at λ is transferred from S to T .
By Theorem 1.3 the condition on S entails that

N∞(λI − S) ∩XS(∅) = {0},

while the nilpotent equivalence of S and T ensures that XS(∅) = XT (∅). Moreover,
straightforward induction shows that

C(S, T )n(A) = (−1)nC(λI − S, λI − T )n(A)

=

n∑
k=0

(
n
k

)
(−1)n−k(λI − S)n−kA(λI − T )k

for all A ∈ L(X) and n ∈ N. We now choose an n ∈ N for which C(S, T )n(I) = 0
and consider an arbitrary x ∈ ker(λI−T ). Then (λI−T )kx = 0 for k = 1, . . . , n, so
that the preceding identities imply that (λI − S)nx = 0. Consequently, we obtain

ker(λI − T ) ⊆ ker(λI − S)n ⊆ N∞(λI − S)

and therefore

ker(λI − T ) ∩XT (∅) ⊆ N∞(λI − S) ∩XS(∅) = {0}.

Hence Theorem 1.3 guarantees that T has SVEP at λ. �

Nilpotent operators are a special case of algebraic operators. Recall that an
operator K ∈ L(X) is said to be algebraic if there exists a non-trivial complex
polynomial h such that h(K) = 0. In addition to nilpotent operators, examples of
algebraic operators are idempotent operators and operators for which some power
has finite-dimensional range. If T ∈ L(X) has SVEP at a point λ, then it may be
tempting to conjecture that T +K has SVEP at λ for every algebraic operator K
that commutes with T . However, this cannot be true in general, since SVEP for T
at λ is equivalent to SVEP for T − λI at 0. Nevertheless, we obtain the following
result.

Theorem 2.3. Suppose that T,K ∈ L(X) are commuting operators, suppose that
K is algebraic, and let h be a non-zero polynomial for which h(K) = 0. If T has
SVEP at each of the zeros of H, then T − K has SVEP at 0. In particular, if T
has SVEP, then so does T +K.

Proof. By the classical spectral mapping theorem, h(σ(K)) = σ(h(K)) = {0}, so
that σ(K) is finite, say σ(K) = {μ1, . . . , μn}. For i = 1, . . . , n let Pi ∈ L(X) denote
the spectral projection associated with K and with the spectral set {μi}, and let
Yi := R(Pi). From standard spectral theory it is known that P1+ · · ·+Pn = I, that
Y1, . . . , Yn are closed linear subspaces of X which are each invariant under both K
and T , and that X = Y1 ⊕ · · · ⊕ Yn. Moreover, for arbitrary i = 1, . . . , n, the two
restrictions Ki := K | Yi and Ti := T | Yi commute, and we have σ(Ki) = {μi}.
Because h(Ki) = h(K) | Yi = 0, we obtain

h({μi}) = h(σ(Ki)) = σ(h(Ki)) = {0}.
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Hence we may factor h in the form

h(μ) = (μ− μi)
niqi(μ) for all μ ∈ C,

where ni ∈ N and qi is a complex polynomial for which qi(μi) �= 0. We conclude
that

0 = h(Ki) = (Ki − μiI)
niqi(Ki),

where qi(Ki) ∈ L(Yi) is invertible in light of σ(qi(Ki)) = qi(σ(Ki)) = {qi(μi)}
and qi(μi) �= 0. Therefore (Ki − μiI)

ni = 0, which shows that the operator Ni :=
Ki − μiI is nilpotent. Now observe that

Ti −Ki = (Ti − μiI)− (Ki − μiI) = Ti − μiI −Ni.

Because T has SVEP at μi, we know that T − μiI has SVEP at 0. Since this
condition is inherited by restrictions to closed invariant subspaces, we conclude that
Ti − μiI has SVEP at 0, and hence, by Theorem 2.2, also Ti −Ki = Ti − μiI −Ni

has SVEP at 0 for all i = 1, . . . , n. By [1, Theorem 2.9], it then follows that

T −K = (T1 −K1)⊕ · · · ⊕ (Tn −Kn)

has SVEP at 0, as desired. An application of the main result to the operator −K
and T − λI for arbitrary λ ∈ C then establishes the final claim. �

We mention that the last assertion of Theorem 2.3 ceases to be true for non-
commuting operators. In fact, by [26, Example 5.6.29], the sum of a decomposable
operator and a rank-one operator may fail to have SVEP, although decomposable
operators have SVEP and rank-one operators are algebraic.

The case of commuting quasi-nilpotent perturbations seems to be more com-
plicated. Since an operator T ∈ L(X) has SVEP precisely when XT (∅) = {0},
and since quasi-nilpotent equivalence preserves the analytic spectral subspaces, it
is clear that SVEP is stable under quasi-nilpotent equivalence. The next result may
be viewed as a certain localized version of this fact. In Theorem 2.4, we assume
that H0(λI−T )∩XT (∅) = {0}. Because ker(λI−T ) ⊆ H0(λI−T ), this condition
entails, by Theorem 1.3, that T has SVEP at λ.

Theorem 2.4. Suppose that T ∈ L(X) satisfies H0(λI − T ) ∩ XT (∅) = {0} for
some λ ∈ C, and let S ∈ L(X) be quasi-nilpotent equivalent to T . Then S has
SVEP at λ. In particular, T +Q has SVEP at λ for every quasi-nilpotent operator
Q ∈ L(X) for which TQ = QT .

Proof. Let x ∈ ker (λI − S). Then (λI − S)kx = 0 for all k ∈ N. Moreover, for
arbitrary n ∈ N, we know from the proof of Theorem 2.2 that

C(T, S)n(I) =

n∑
k=0

(
n
k

)
(−1)n−k(λI − T )n−k(λI − S)k.

Consequently, we obtain that

‖(λI − T )nx‖1/n = ‖C(T, S)n(I)x‖1/n ≤ ‖C(T, S)n(I)‖1/n‖x‖1/n → 0

as n → ∞. Thus ker(λI − S) ⊆ H0(λI − T ), while XS(∅) = XT (∅), by quasi-
nilpotent equivalence. We conclude that

ker (λI − S) ∩XS(∅) ⊆ H0(λI − T ) ∩XT (∅) = {0},
so that Theorem 1.3 ensures that S has SVEP at λ. �
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Corollary 2.5. Suppose that T ∈ L(X) and λ ∈ C satisfy the condition that
H0(λI −T )∩K(λI −T ) = {0} or, more generally, that H0(λI −T )∩K(λI−T ) is
closed. Then every operator that is quasi-nilpotent equivalent to T has SVEP at λ.

Proof. By [7, Corollary], the two conditions on H0(λI − T ) ∩K(λI − T ) are actu-
ally equivalent. Because XT (∅) ⊆ K(λI − T ), in either case we conclude that
H0(λI − T ) ∩XT (∅) = {0}, so Theorem 2.4 applies. �

Question. Is SVEP at a point preserved under quasi-nilpotent commuting pertur-
bations or even under quasi-nilpotent equivalence?

Although we do not know the answer to this question in general, we can handle
certain important special cases. For simplicity, for this we focus on the case λ = 0.
Because N∞(T ) ∩XT (∅) ⊆ H0(T )∩K(T ), it is immediate from Theorem 1.3 that
the condition H0(T ) ∩ K(T ) = {0} entails SVEP for T at 0. A counterexample
based on the theory of weighted shifts on a Hilbert space of certain formal Laurent
series shows that the converse is not true in general; see [7, Example 1].

The condition H0(T ) ∩K(T ) = {0} has been studied in several papers [2], [6],
[7], [9], for certain classes of operators that naturally arise in Fredholm theory. We
briefly review the relevant notions that will be used in the sequel.

For arbitrary T ∈ L(X), let α(T ) := dim kerT and β(T ) := codimR(T ). As
usual,

Φ+(X) := {T ∈ L(X) : α(T ) < ∞ and T (X) is closed}
denotes the class of upper semi-Fredholm operators, while

Φ−(X) := {T ∈ L(X) : β(T ) < ∞}
stands for the class of lower semi-Fredholm operators, and Φ+(X) ∪ Φ−(X) is the
class of semi-Fredholm operators on X.

Also recall that an operator T ∈ L(X) is said to be semi-regular if R(T ) is
closed and N∞(T ) ⊆ R∞(T ). More generally, T is said to admit a generalized
Kato decomposition if there exists a pair (M,N) of T -invariant closed subspaces of
X such that X = M ⊕ N , T |M is semi-regular, and T |N is quasi-nilpotent. If,
in addition, N is of finite dimension, then T is said to be essentially semi-regular;
see [1, Chapter 1] for details and properties of such operators. Observe that semi-
Fredholm operators are essentially semi-regular, but need not be semi-regular; see
[1, Theorems 1.58 and 1.62].

For the definition of quasi-Fredholm operators, we need the notation

Δ(T ) := {n ∈ N : R(Tn) ∩ ker T ⊆ R(Tm) ∩ ker T for m ∈ N,with m ≥ n}.
The degree of stable iteration is defined as dis(T ) := inf Δ(T ) if Δ(T ) �= ∅, while
dis(T ) = ∞ otherwise.

Definition 2.6. T ∈ L(X) is said to be quasi-Fredholm provided that d := dis(T )
is finite and the spaces R(T ) + ker T d and R(Tn) for arbitrary n ≥ d are closed.

The class of all quasi-Fredholm operators on X is denoted by QF (X). In the
Hilbert space setting, the investigation of such operators dates back, in an equiva-
lent form, to Labrousse [20, Definition 3.1.2], while Mbekhta and Müller [23] were
the first to study such operators on Banach spaces. For a discussion of the rela-
tionship between the localized SVEP and quasi-Fredholm operators, we refer to
[2].
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There are also interesting connections to the notion of Drazin invertibility. More
precisely, if T ∈ L(X) is left Drazin invertible, in the sense that p := p(T ) is finite
and R(T p+1) is closed, then T is quasi-Fredholm. Similarly, if T is right Drazin
invertible, in the sense that q := q(T ) is finite and R(T q) is closed, then T is
quasi-Fredholm. In fact both statements easily follow from [23, Lemma 12] and an
inspection of the quantities kn(T ) introduced in [23].

An illuminating alternative approach may be based on the theory of semi-B-
Fredholm operators, defined as those operators T ∈ L(X) for which there exists
some n ∈ N such that R(Tn) is closed and the restriction of T to R(Tn) is semi-
Fredholm. Indeed, by [10, Proposition 2.5], all semi B-Fredholm operators are
quasi-Fredholm, while, by [4, Theorem 2.5], the left Drazin invertible operators
are exactly the semi B-Fredholm operators that have SVEP at 0, and the right
Drazin invertible operators are precisely the semi B-Fredholm operators for which
the adjoint has SVEP at 0. Furthermore, by [2, Theorem 2.7], we conclude that
the left Drazin invertible operators coincide with the quasi-Fredholm operators that
have SVEP at 0, while, by [2, Theorem 2.11], the right Drazin invertible operators
are exactly the quasi-Fredholm operators for which the adjoint has SVEP at 0.

Theorem 2.7. Let S, T ∈ L(X) be quasi-nilpotent equivalent operators, let λ ∈ C

and suppose that λI−T either admits a generalized Kato decomposition or is quasi-
Fredholm. If T satisfies SVEP at λ, then so does S.

Proof. Under either of the two conditions on λI−T , it is known that SVEP for T at
λ is equivalent to the condition H0(λI−T )∩K(λI−T ) = {0}; see [6, Theorem 2.7]
and [2, Theorem 2.7]. Consequently, the assertion is clear from Corollary 2.5. �

We now turn to the preservation of the localized SVEP under commuting Riesz
perturbations. Recall that an operator T ∈ L(X) is said to be a Riesz operator
provided that λI−T ∈ Φ+(X)∩Φ−(X), for all λ ∈ C\{0}. In addition to the quasi-
nilpotent operators, the class of Riesz operators contains all compact operators.

Also recall that an operator T ∈ L(X) is said to be upper semi-Browder if
T ∈ Φ+(X) and p(T ) < ∞, while an operator T ∈ L(X) for which T ∈ Φ−(X)
and q(T ) < ∞ is said to be lower semi-Browder. By a result of Rakočević ([25]),
the semi-Browder operators are stable under Riesz commuting perturbations; i.e.,
if T ∈ L(X) and R ∈ L(X) is a Riesz operator for which RT = TR, then

(5) T is upper semi-Browder ⇔ T +R is upper semi-Browder,

and also

T is lower semi-Browder ⇔ T +R is lower semi-Browder.

Very few results are known about the permanence of SVEP under commuting
compact perturbations. In [28] the stability of SVEP under small compact per-
turbations has been studied for operators acting on separable Hilbert spaces. The
following theorem now shows that the localized SVEP is preserved under arbitrary
commuting Riesz perturbations, in particular, in the semi-Fredholm case.

Theorem 2.8. Let T ∈ L(X), and suppose that R ∈ L(X) is a Riesz operator that
commutes with T . Then, for each λ ∈ C for which λI−T is essentially semi-regular,
the following assertions hold:

(i) If T has SVEP at λ, then T +R has SVEP at λ.
(ii) If T ∗ has SVEP at λ, then T ∗ +R∗ has SVEP at λ.
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Proof. We first show that an operator T ∈ L(X) is essentially semi-regular and
satisfies SVEP at 0 precisely when T is upper semi-Browder. Indeed, if T is upper
semi-Browder, then (1) ensures that T has SVEP at 0, while we know from [1, The-
orem 1.62] that T is essentially semi-regular. Conversely, suppose that T satisfies
the latter conditions, and consider a pair of T -invariant closed subspaces M and N
of X such that X = M ⊕N , N is finite dimensional, T |M is semi-regular, and T |N
is quasi-nilpotent. Because dimN < ∞, it follows that T |N is actually nilpotent.
Also, by [1, Theorem 3.14], SVEP for T at 0 ensures that N = H0(T ) and therefore
α(T ) < ∞, because ker T ⊆ H0(T ) and dimN < ∞. Moreover,

T (X) = T (M)⊕ T (N),

where T (M) is closed, since T |M is semi-regular, and T (N) is of finite dimension.
Thus T has closed range and hence is upper semi-Fredholm. Moreover, by [1,
Theorem 3.16], SVEP for T at 0 is equivalent to the condition p(T ) < ∞. Thus T
is upper semi-Browder, as desired.

Assertion (i) is now easily established. Indeed, if λI − T is essentially semi-
regular and T has SVEP at λ, then we know that λI − T is upper semi-Browder.
By (5), it follows that λI − T − R is upper semi-Browder and hence T + R has
SVEP at λ, again by the characterization of the preceding paragraph.

Finally, assertion (ii) follows from (i) by duality. Indeed, it suffices to observe
that, by [1, Corollary 1.49], T is essentially semi-regular precisely when T ∗ satisfies
this condition, while standard Fredholm theory entails that R is a Riesz operator
if and only if R∗ is. �

To establish a certain counterpart of Theorem 2.8 for quasi-Fredholm operators,
we introduce the classes

QF+(X) := {T ∈ QF (X) : α(T ) < ∞}

and

QF−(X) := {T ∈ QF (X) : β(T ) < ∞}.

Theorem 2.9. Let T ∈ L(X) and suppose that R ∈ L(X) is a Riesz operator
which commutes with T . Then, for each λ ∈ C, the following assertions hold:

(i) If λI − T ∈ QF+(X) and T has SVEP at λ, then T +R has SVEP at λ.
(ii) If λI − T ∈ QF−(X) and T ∗ has SVEP at λ, then T ∗ +R∗ has SVEP at λ.

Proof. (i) We can assume λ = 0. Observe first that if T is quasi-Fredholm, then
SVEP for T at 0 is equivalent to the existence of some n ∈ N for which Tn(X)
is closed and the restriction T |Tn(X) is bounded below; see [2, Theorem 2.7].
Moreover, it is an elementary fact that α(T ) < ∞ entails that α(Tn) < ∞, hence
Tn ∈ Φ+(X), and from classical Fredholm theory we conclude that also T ∈ Φ+(X).
SVEP for T +R at 0 then follows from part (i) of Theorem 2.8.

(ii) This assertion follows from (i) by duality, but there is also an independent
short argument. Again, we may assume λ = 0. If T is quasi-Fredholm, then, by
[2, Theorem 2.11], SVEP for T ∗ at 0 is equivalent to the existence of some n ∈ N

for which Tn(X) is closed and T |Tn(X) is surjective. Since β(T ) < ∞ implies that
β(Tn) < ∞, we infer that Tn ∈ Φ−(X) and hence that also T ∈ Φ−(X), again by
the classical Fredholm theory. SVEP for T ∗ +R∗ at 0 is then immediate from part
(ii) of Theorem 2.8. �
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We finally address the permanence of localized SVEP for the adjoint T ∗ of an
operator T ∈ L(X). The condition H0(λI − T ) +K(λI − T ) = X may be thought
of as being dual to the condition H0(λI − T )∩K(λI −T ) = {0} and entails SVEP
for T ∗ at λ. In fact, this is immediate from (3) and the characterization

H0(λI − T ) +K(λI − T ) = X ⇔ σs(T ) does not cluster at λ.

The preceding equivalence is obvious if λ /∈ σs(T ), since K(λI − T ) = X in this
case. On the other hand, if λ ∈ σs(T ), then, by [18, Theorem 5], the identity
H0(λI − T ) +K(λI − T ) = X holds precisely when λ is an isolated point of σs(T ).
Moreover, since σs(T

∗) = σa(T ), we obtain the characterization

H0(λI − T ∗) +K(λI − T ∗) = X∗ ⇔ σa(T ) does not cluster at λ.

In particular, by (2) the condition H0(λI − T ∗) +K(λI − T ∗) = X∗ implies SVEP
for T at λ. These observations concerning the localized SVEP will be improved in
the following result.

Recall that the annihilator of a linear subspace M of X is defined as

M⊥ := {φ ∈ X∗ : φ(x) = 0 for all x ∈ M},
while the pre-annihilator of a linear subspace N of X∗ is defined as

⊥N := {x ∈ X : φ(x) = 0 for all φ ∈ N}.
By the bipolar theorem ⊥(M⊥) is the norm closure of M , and (⊥N)⊥) is the weak-
*-closure of N .

Theorem 2.10. For every pair of quasi-nilpotent equivalent operators S, T ∈ L(X)
and arbitrary λ ∈ C, the following assertions hold:

(i) if K(λI − T ) +H0(λI − T ) is norm dense in X, then S∗ has SVEP at λ.
(ii) if H0(λI−T ∗)+K(λI −T ∗) is weak-*-dense in X∗, then S has SVEP at λ.

Proof. (i) By [1, Theorem 1.70], we have the inclusions

H0(λI − T ) ⊆ ⊥K(λI − T ∗) and K(λI − T ) ⊆ ⊥H0(λI − T ∗),

and therefore, by duality,

K(λI − T ∗) ⊆ H0(λI − T ∗)⊥ and H0(λI − T ∗) ⊆ K(λI − T )⊥.

We conclude that

K(λI − T ∗) ∩H0(λI − T ∗) ⊆ H0(λI − T )⊥ ∩K(λI − T )⊥

= [H0(λI − T ) +K(λI − T )]⊥ = {0},
where the last equality follows from the condition that H0(λI − T ) +K(λI − T ) is
norm dense in X. Moreover, since

[C(S, T )(A)]∗ = (−1)nC(T ∗, S∗)n(A∗)

for all A ∈ L(X) and n ∈ N, it is clear that the pair (S∗, T ∗) inherits quasi-
nilpotent equivalence from the pair (S, T ). The assertion is now immediate from
Corollary 2.5.

(ii) Similarly, we obtain

H0(λI − T ) ∩K(λI − T ) ⊆ ⊥K(λI − T ∗) ∩ ⊥H0(λI − T ∗)

= ⊥[K(λI − T ∗) +H0(λI − T ∗)] = {0},
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where the last identity follows from the Hahn-Banach theorem and the weak∗-
density of H0(λI − T ∗) +K(λI − T ∗) in X∗. Another application of Corollary 2.5
now ensures that S has SVEP at λ. �

Note that Theorem 2.10 improves [7, Corollary 8], where the assertions (i) and
(ii) of the preceding result were established in the perturbation-free case S = T .
Moreover, if the operator λI−T admits a generalized Kato decomposition, then the
condition considered in (i) admits a simple interpretation. Indeed, in this case, [1,
Theorem 3.15] ensures that T ∗ has SVEP at λ precisely whenH0(λI−T )+K(λI−T )
is norm dense inX, and that this happens if and only ifH0(λI−T )+K(λI−T ) = X.
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[6] P. Aiena, M. L. Colasante, M. González, Operators which have a closed quasi-nilpotent part.

Proc. Amer. Math. Soc. 130 (2002), 2701-2710. MR1900878 (2003g:47008)
[7] P. Aiena, L. Miller, M.M. Neumann, On a localised single-valued extension property, Math.

Proc. R. Ir. Acad. 104A (2004), no. 1, 17–34. MR2139507 (2005k:47011)
[8] P. Aiena, O. Monsalve, Operators which do not have the single valued extension property.

J. Math. Anal. Appl. 250 (2000), 435-448. MR1786074 (2001g:47005)
[9] P. Aiena, O. Monsalve, The single valued extension property and the generalized Kato decom-

position property. Acta Sci. Math. (Szeged) 67 (2001), 791-807. MR1876467 (2002i:47018)
[10] M. Berkani, M. Sarih, On semi B-Fredholm operators, Glasgow Math. J. 43 (2001), 457-465.

MR1878588 (2002j:47017)
[11] A. Bourhim, V. G. Miller, The single-valued extension property is not preserved under sums

and products of commuting operators. Glasgow Math. J. 49 (2007), 99-104. MR2337870
(2008h:47012)
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