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A SHARP LOWER BOUND FOR THE SCALAR CURVATURE

OF CERTAIN STEADY GRADIENT RICCI SOLITONS

MANUEL FERNÁNDEZ-LÓPEZ AND EDUARDO GARCÍA-RÍO

(Communicated by Lei Ni)

Abstract. We give a sharp lower bound for the scalar curvature of a steady
gradient Ricci soliton in terms of the hyperbolic secant of the distance from a
fixed point under the assumption that 2|Rc|2 ≤ R2, a condition that is satisfied
by any steady gradient Ricci soliton with nonnegative sectional curvature.

A steady Ricci soliton is a Riemannian manifold (M, g) that admits a smooth
vector field X on M such that

1

2
LXg +Rc = 0,

where LX is the Lie derivative in the direction of the vector field X and Rc denotes
the Ricci tensor. When the vector field X may be replaced by the gradient of some
smooth function f on M, called the potential function, (M, g) is said to be a steady
gradient Ricci soliton. In such a case the Ricci soliton equation becomes

Rc+Hf = 0,

where Hf denotes the Hessian of the function f .
It is well-known (see [1, 2], for example) that the scalar curvature and the norm of

the potential function of a steady gradient Ricci soliton are related by R+ |∇f |2 =
C, where C is a positive constant, unless the steady soliton is Ricci flat and f is
constant. Moreover, the metric can be scaled so that R+ |∇f |2 = 1, and we assume
it in what follows.

Lower bounds for the scalar curvature of steady gradient Ricci solitons were
investigated by Chow, Lu and Yang [4], who showed that R ≥ (2 +

√
n
2 )

−1ef

provided that the potential function is nonpositive and limx→∞ f(x) = −∞. Since
the scalar curvature of a steady gradient Ricci soliton is R ≥ 0, |∇f |2 ≤ 1 and
one has that f(x) ≥ f(O)− r(x), where O is a fixed point on M and r(x) denotes
the radial distance r(x) = d(x,O). Thus the lower bound obtained in [4] can be
expressed in terms of the distance function from a fixed point, showing that the
scalar curvature decays at most exponentially in the distance.

The main result of this note is the following:

Theorem 1. Let (M, g) be a complete gradient steady Ricci soliton normalized so
that R+ |∇f |2 = 1. If −R/2 ≤ Rc ≤ R/2, then

(0.1) R(x) ≥ k sech2
r(x)

2
,
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where r(x) is the distance from a fixed point O ∈ M and k ≤ 1 is a constant that
only depends on the point O ∈ M and the value R(O).

Remark 2. On the scaled Hamilton’s cigar soliton
(
R

2, 4
1+x2+y2 (dx

2 + dy2)
)
one

has R+ |∇f |2 = 1 and R(x) = sech2 r(x)
2 , where the distance r(x) is measured from

the only point where the scalar curvature attains its maximum. This shows that
the lower bound in Theorem 1 is sharp in dimension two.

In higher dimensions, the product of the Hamilton’s cigar soliton and any com-
plete Ricci flat manifold shows that (0.1) is sharp. Indeed, note that we actually
have equality when moving in the direction of the cigar, where the distance r(x) is
measured from one of the points where the scalar curvature attains its maximum.

Note that the previous result applies to steady gradient Ricci solitons with non-
negative sectional curvature.

Lemma 3. Let (M, g) be a Riemannian manifold with nonnegative curvature. Then
2|Rc|2 ≤ R2.

Proof. Let {E1, E2, . . . , En} be a local orthonormal frame consisting of eigenvectors
of the Ricci tensor. Then

−Rii +
1
2R = 1

2

(∑
j �=iRjj −Rii

)

= 1
2

∑
j �=i(Rjj −Rjiij)

= 1
2

∑
j �=i,k �=i,k �=j Rkjjk ≥ 0.

Now 0 ≤ 1
2Rgij−Rij and 0 ≤ Rij , from which it follows that 0 ≤

(
1
2Rgij −Rij

)
Rij

= 1
2R

2 − |Rc|2. �

A lower bound for the scalar curvature of steady gradient Ricci solitons with
nonnegative Ricci tensor is obtained as follows.

Theorem 4. Let (M, g) be a complete steady gradient Ricci soliton with nonnega-
tive Ricci curvature and normalized so that R+ |∇f |2 = 1. Then

(0.2) R(x) ≥ ksech2r(x),

where r(x) is the distance from a fixed point O ∈ M and k ≤ 1 is a constant that
only depends on the point O ∈ M and the value R(O).

Remark 5. Deciding whether (0.2) is sharp is an open question. Indeed, we do not
know of any example where the equality is achieved.

Note that the infimum of the scalar curvature (and of the norm of the Ricci
tensor) on a steady gradient Ricci soliton is 0, as shown in [5] by using maximum
principles. Since ΔfR = −2|Rc|2, one has that R does not attain a local minimum
unless it is constant. So we have the following:

Theorem 6. Let (M, g) be a complete steady gradient Ricci soliton. Then

lim inf
d(x,O)→∞

R(x) = lim inf
d(x,O)→∞

|Rc(x)|2 = 0,

where O is any fixed point on M .
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Remark 7. The previous result shows that the scalar curvature of any complete
steady gradient Ricci soliton decays to zero at infinity, at least in some direction.
Related to this result, it is shown in [8] that lim infd(x,O)→∞ R(x) = 0, study-
ing the behaviour of the potential function, and in [3] the authors showed that
lim infd(x,O)→∞ |Rc(x)|2 = 0 by a different way.

Proof of Theorem 1. From Kato’s inequality, at every point where ∇f does not
vanish, we have

|Hf |2 = |∇∇f |2 ≥ |∇|∇f ||2 = |∇
√
1−R|2 =

|∇R|2
4|∇f |2,

or, equivalently,

|∇R|2 ≤ 4|Hf |2|∇f |2.
By smoothness, the previous inequality is satisfied on all M . Now, under our

assumption we have that |Hf |2 = |Rc|2 ≤ R2

2 . Thus

|∇R|
R
√
1−R

≤ 1.

Next, let O be a fixed point on M and let γ : [0, t] → M be a minimizing geodesic

with γ(0) = O. Integrating the function −(R◦γ)′
R
√
1−R

along γ(s) we get

[
ln

1 +
√
1−R

1−
√
1−R

]t
0

= −
∫ t

0

(R ◦ γ)′

R
√
1−R

ds ≤
∫ t

0

|∇R|
R
√
1−R

ds ≤ t.

Put c =
1+

√
1−R(O)

1−
√

1−R(O)
to get

1 +
√
1−R(γ(t)) ≤ cet(1−

√
1−R(γ(t))).

Now a straightforward computation shows that

R(γ(t)) ≥ 4c

c2et + 2c+ e−t

and, since c ≥ 1, we have that

R(γ(t)) ≥ 4c

c2et + 2c+ e−t
≥ 4c

c2et + 2c2 + c2e−t
=

1

c
sech2

t

2
,

which finishes the proof. �

Remark 8. Note that the scalar curvature R may take the value 1 along the geodesic
γ([0, t]). Since gradient Ricci solitons are analytic manifolds (see [6]) we have two
possibilities. If the set of points where R takes the value 1 on γ([0, t]) has a point of
accumulation in γ([0, t]), then R must be constant, because of analyticity, and our
claim is trivially true. In the other case, we have only a finite set of points γ([0, t])
where R takes the value 1. Then we have to deal, eventually, with a finite number
of improper integrals, and the proof works.

Remark 9. Note that the inequality |∇R|2 ≤ 4|Hf |2|∇f |2 in the previous proof
also follows from the fact that for any gradient Ricci soliton ∇R = 2Rc(∇f), and
thus in the steady case one has |∇R|2 ≤ 4|Rc|2|∇f |2 = 4|Hf |2|∇f |2, without using
Kato’s inequality.
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Proof of Theorem 4. Proceeding as in the proof of Theorem 1 and using the in-

equality |Hf |2 = |Rc|2 ≤ R2 we get |∇R|
R
√
1−R

≤ 2. Then the result is obtained as in

the above. �
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