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ON CARTAN SUBALGEBRAS AND CARTAN SUBSPACES

OF NONSYMMETRIC PAIRS OF LIE ALGEBRAS

BORIS ŠIROLA

(Communicated by Gail R. Letzter)

Abstract. Let (g, g1) be a pair of Lie algebras, defined over a field of char-
acteristic zero, where g is semisimple and g1 is a subalgebra reductive in g.
We prove a result giving a necessary and sufficient technical condition so that
the following holds: (Q1) For any Cartan subalgebra h1 ⊆ g1 there exists a
unique Cartan subalgebra h ⊆ g containing h1. Next we study a class of pairs
(g, g1), satisfying (Q1), which we call Cartan pairs. For such pairs and the

corresponding Cartan subspaces, we prove some useful results that are clas-
sical for symmetric pairs. Thus we extend a part of the previous research on
Cartan subspaces done by Dixmier, Lepowsky and McCollum.

Introduction

Throughout this paper K always denotes a field of characteristic zero, and by
K we denote its fixed algebraic closure. All Lie algebras are finite dimensional;
and, unless specified otherwise, they are defined over K. If g is a reductive Lie
algebra and h is its split Cartan subalgebra, by Δ(g, h) we denote the root system
of g with respect to h. For a root φ, by Xφ we denote a nonzero vector from the

corresponding root subspace gφ. Given any K-Lie algebra g, we define g = g ⊗ K.
Also by Bg we denote the Killing form of g.

Let g be a semisimple Lie algebra. Let g1 be a proper subalgebra which is
reductive in g. Given the pair (g, g1), we can ask whether the following condition
is satisfied:

(Q1) For any Cartan subalgebra h1 ⊆ g1 there exists a unique Cartan subalgebra
h ⊆ g containing h1.

It turns out that although (Q1) is a rather strong condition on pairs (g, g1), there
are a number of interesting pairs that satisfy it. For more details about special
pairs of that kind we refer to [BK], and in particular to Theorem 5.3 there; see also
[LS], [V1] and [V2], which partly motivated the research of Brylinski and Kostant.
For another subclass of pairs satisfying (Q1), see [Š3].

As further motivation, perhaps it might be instructive to recall the following. For
the moment let the base field K be algebraically closed. Suppose that a pair (g, g1)
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satisfies (Q1), and let (h, h1) be the corresponding pair of Cartan subalgebras. If
one would like to study embedding and/or restricting of certain representations, it
is helpful to understand how the root systems Δ = Δ(g, h) and Δ1 = Δ(g1, h1) are
related to each other. In particular we have to know how a root vector Xψ, ψ ∈ Δ1,
can be written as a linear combination of root vectors Xϕ, ϕ ∈ Δ; see, e.g., [LS,
Sect. 2.3]. From the point of view of representation theory it is also useful to find
various pairs of compatible Borel (or parabolic) subalgebras (b, b1). Here, a pair
(b, b1) is compatible if h1 ⊆ b1 ⊆ g1, h ⊆ b ⊆ g and b1 ⊆ b. Notice also that in a
number of cases, for b1 chosen, the corresponding b is unique; see [Š5].

In [Š2, Thm. 3.5] we gave a sufficient technical condition, (b) of Theorem 0.1,
that can always be easily checked for a concrete pair (g, g1) in order to see whether
it satisfies (Q1). The first goal of this paper is to present a theorem which shows
that in the case when the base field is algebraically closed, the mentioned condition
is in fact necessary.

Theorem 0.1. Let g be a semisimple K-Lie algebra, and let g1 be subalgebra re-
ductive in it. Let h1 be any Cartan subalgebra of g1. Consider the following three
statements:

(a) There exists ϑ ∈ h1 which is regular in g.
(b) Let c1 and c be any Cartan subalgebras of g1 and g, respectively, such that

c1 ⊆ c. Then, for every root φ ∈ Δ(g, c), the restriction

φ|c1 �= 0.

(c) There exists a unique Cartan subalgebra h of g such that h1 ⊆ h.

Then (a) is equivalent to (b), and (b) implies (c). Furthermore, if K = K,
then all three statements are mutually equivalent, and in that case h is equal to the
centralizer Cg(h1).

Our proof of the theorem strongly relies on a result, Proposition 1.3, which
is interesting in its own right. It points at specific semisimple elements of an
arbitrary semisimple Lie algebra. As a useful consequence of this theorem we have
Corollary 1.5, which is an improvement of [Š3, Thm. 3].

The notion of Cartan subspace for real and complex semisimple symmetric Lie
algebras is both crucial and standard. A generalization for semisimple symmetric
Lie algebras over an arbitrary field of characteristic zero is due to Dixmier [D, Ch. I,
§1.13]. A further generalization and certain interesting results for not necessarily
semisimple Lie algebras have been obtained in the nice paper [LM] by Lepowsky
and McCollum. The second goal of this paper is to present some evidence that
the standard definition of a Cartan subspace makes sense for an interesting class
of semisimple nonsymmetric pairs of Lie algebras: that is, pairs (g, g1) where g is
semisimple, g1 ⊆ g is reductive in g, and the restriction of the Killing form Bg to g1

is nondegenerate, but there is no involutive automorphism θ of g such that the fixed
point algebra gθ is equal to g1. More precisely, we consider certain such pairs that we
call Cartan pairs; see Definition 2.6. In particular, semisimple symmetric pairs are
Cartan pairs; see Proposition 2.13. For Cartan pairs and the corresponding Cartan
subspaces, we proved several useful results that are classical for symmetric pairs;
see Propositions 2.7 and 2.8. Thus we have improved significantly our previous
research [Š1]. Let us emphasize that the main motivation for the material presented
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in Section 2 is the celebrated example of complex Lie algebras of type (B3, G2); see
[BK], [LS], and Example 2.14 here. This pair is a nonsymmetric Cartan pair (of
type I). Other such pairs are some of those studied in [Š3].

1. Proof of Theorem 0.1

Let g be a semisimple Lie algebra. Recall that a subset of nonzero elements
T = {f, h, e} ⊆ g is called a standard triple if we have [h, e] = 2e, [h, f] = −2f and
[e, f] = h. Following Kostant [Ks], a Lie subalgebra span

K
T of g is called a TDS.

Recall also the following two standard results; see [B, Ch. I, §6.3].

Lemma 1.1. Let r be a semisimple subalgebra of gl(V ), where V is a finite-
dimensional K-vector space, and X ∈ r. Then X is a semisimple (resp. nilpotent)
element of r if and only if X is semisimple (resp. nilpotent) as a linear endomor-
phism of V .

Lemma 1.2. Suppose that r and g are semisimple Lie algebras, and ρ : r → g is a
homomorphism. If X ∈ r is semisimple (resp. nilpotent), then ρ(X) is semisimple
(resp. nilpotent) as an element of g.

In general, having a (reductive) Lie algebra g, it is useful to have explicit con-
structions of various semisimple, and nilpotent, elements of g. As an auxiliary result
for proving Theorem 0.1 we have this easy proposition.

Proposition 1.3. Let g be a semisimple Lie algebra. Suppose that an element
e ∈ g is nilpotent and {f, h, e} is a standard triple. For arbitrary nonzero a, b ∈ K

define
W = Wa,b = ae+ bf.

Then W is semisimple in g.

Proof. Consider r = sl(2,K) as a subalgebra of gl(V ), where V = K
2. Define a

homomorphism

ρ : r → g, ρ
([d a

b −d

])
= dh+ ae+ bf.

Take an element w =
[
0 a
b 0

]
, where a and b are nonzero. The characteristic polyno-

mial of w ∈ EndV is kw(T ) = T 2 − ab. As kw(T ) has two distinct eigenvalues in
K, w is semisimple as a linear endomorphism of V . By Lemma 1.1, w is semisimple
in r. Finally, by Lemma 1.2, W = ρ(w) is semisimple in g. �

For later applications, we formulate a special case of the above proposition as a
corollary.

Corollary 1.4. Let g be a semisimple Lie algebra, and suppose that it has a split
Cartan subalgebra h. Then for an arbitrary root φ ∈ Δ(g, h) and nonzero X0 ∈ gφ

and Y0 ∈ g−φ, the element
W0 = X0 − Y0

is semisimple in g.

Proof of Theorem 0.1. Supposing that K is algebraically closed, we only have to
show that (c)⇒(b); for the remaining implications, see [Š2]. With no loss of gen-
erality we can assume that g is simple. Suppose also that (b) does not hold. This
means that we can find two Cartan subalgebras c1 ⊆ c of g1 ⊆ g, respectively, so
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that we have a root φ0 ∈ Δ(g, c) satisfying φ0|c1 = 0. Let gφ0
= Kx0. Let h0 ∈ c be

such that φ0(h0) = 2. Let y0 ∈ g−φ0
be the unique element such that [x0, y0] = h0.

Then of course

s = span
K
{y0, h0, x0}

is a TDS. Define an element

W0 = x0 − y0.

It follows at once that [c1,W0] = 0 and

(1) [h0,W0] = 2(x0 + y0).

By Corollary 1.4, we know that W0 is semisimple in g. Define

a′ = c1 ⊕KW0.

Clearly, a′ is a commutative subalgebra of g consisting of semisimple elements.
Thus there exists a Cartan subalgebra c′ of g such that a′ ⊆ c′. We claim that
c �= c′. If not, then in particular we would have both W0 and h0 in c, and therefore
[W0, h0] = 0. But this is in contradiction with (1). Thus we have proved that (c)
does not hold, and so the theorem follows. �

Suppose now that we have Lie algebras s ⊆ g1 ⊆ g, defined over an algebraically
closed field K, so that g1 and g are semisimple and s is reductive in g1. (Of course,
then s is also reductive in g; see, e.g., [Š2, Lemma 3.7].) Having proven the theorem,
we deduce the following corollary.

Corollary 1.5. Suppose that the pair (g, s) satisfies the condition (Q1). Then both
(g, g1) and (g1, s) satisfy (Q1) as well.

Proof. Let us first show that (g1, s) satisfies (Q1). For that purpose let t be any
Cartan subalgebra of s. By the assumption of the corollary, there exists a unique
Cartan subalgebra h of g so that t ⊆ h. Our theorem ensures that there exists ϑ ∈ t

which is regular in g. By [D, Prop. 1.9.13], ϑ is also regular in g1. Applying our
theorem once more, but this time to the pair (g1, s), we conclude that there exists
a unique Cartan subalgebra h1 of g1 such that t ⊆ h1. It is worth noting that for
the Cartan subalgebras t, h1 and h we have the following:

h1 = Cg1
(t) ⊆ Cg(t) = h.

Let us now show that (g, g1) also satisfies (Q1). Suppose the contrary. Then we
can find a Cartan subalgebra h1 of g1, and two different Cartan subalgebras h, h′

of g, both containing h1. Again, let t be an arbitrary Cartan subalgebra of s. By
the first claim of the corollary, there is a Cartan subalgebra h′1 of g1 containing
t. Denote by G1 the adjoint group of g1, and take an element g ∈ G1 satisfying
g · h′1 = h1. Define a Lie algebra s̃ = g · s. Clearly, s̃ is reductive in g1. Next define
c = g · t, which is a Cartan subalgebra of s̃. Furthermore, both h and h′ contain c.
Thus, the corollary follows by applying the following claim.

Claim. (g, s̃) satisfies (Q1).

For the Claim, suppose ũ is a Cartan subalgebra of s̃ for which there are two
different Cartan subalgebras v, v′ of g that both contain it. Put u = g−1·ũ, k = g−1·v
and k′ = g−1 · v′, where g is as above. Then for these Cartan subalgebras u of s
and k, k′ of g, we have k �= k′ and u ⊆ k, k′. We conclude that (g, s) does not satisfy
(Q1), a contradiction. �
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2. Cartan subspaces

Let us first briefly explain our setting; for more details, see [Š2, Sect. 3] and [Š4,
Sect. 2].

Suppose we have a pair of K-Lie algebras (g, g1) so that g1 is a proper subalgebra
of g. In order to avoid certain trivialities we also assume that g1 is not an ideal of
g. We say that (g, g1) is a symmetric pair if there is some involutive automorphism
θ of g so that g1 = gθ; otherwise the pair is nonsymmetric.

For (g, g1), let β be the restriction of Bg to g1. The pairs we are interested in
will always satisfy the following:

(C) The form β is nondegenerate.

Notice that although the previous condition is in a sense rather strong, it is not
very restrictive. In other words, there are a number of pairs (g, g1) satisfying (C);
see Sections 1 and 2 of [Š3]. Now take such a pair (g, g1). Let r : g∗ → g∗1
be the restriction map between the duals of g and g1, and let κ : g → g∗ be
the Killing homomorphism. Define also an isomorphism κ1 : g1 → g∗1, given by
κ1(x1) = β(x1, .), for x1 ∈ g1. Let π : g → g1 be a linear map satisfying κ1◦π = r◦κ.
Define a subspace

p = kerπ.

Proposition 2.1. Let (g, g1) and p be as above.

(i) We have a Killing-orthogonal direct sum decomposition

(2) g = g1 ⊕ p,

where [g1, p] ⊆ p.
(ii) The pair (g, g1) is symmetric if and only if [p, p] ⊆ g1.

Recall the following well-known fact, in a form suitable for our purposes; see [B,
Ch. I, §6.5, Cor. 4].
Lemma 2.2. Let s be a Lie algebra, u an ideal of s and ρ a semisimple represen-
tation of s. Then the restriction of ρ to u is semisimple as well.

Now let g be a semisimple Lie algebra. Let g1 be a subalgebra reductive in g.
Suppose that the pair (g, g1) satisfies the condition (C); thus in particular we have
the decomposition (2). Given a Cartan subalgebra h1 of g1, let h be any Cartan
subalgebra of g containing h1. Define the “vector part”, corresponding to h, by

(3) ah = h ∩ p

(cf. [BK, Eq. (5-5)]. Notice here this simple fact; see [Š2, Lemma 3.9(3)].

Lemma 2.3. We have a direct sum decomposition

h = h1 ⊕ ah.

When g is semisimple symmetric, the following definition is classical.

Definition 2.4. Let (g, g1) be as above, and so (2) holds. A Cartan subspace of
g (or a Cartan subspace of p) is a commutative subalgebra a ⊆ p of g, which is
reductive in g and satisfies Cp(a) = a.

A standard argument gives the following basic statement.

Lemma 2.5. Let (g, g1) be a pair of K-Lie algebras, and F/K a field extension.
Then a is a Cartan subspace of g if and only if aF is a Cartan subspace of gF.
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Now we are going to specify certain interesting pairs of Lie algebras that we will
study.

Definition 2.6. Let (g, g1) be a pair satisfying both (C) and (Q1). We say that
it is a Cartan pair if the following two conditions hold:

(Cp1) There exist a Cartan subspace a and a Cartan subalgebra h, of g, such that

(4) (h ∩ g1)⊕ a = h.

(Cp2) If we put

Δ′ = {φ ∈ Δ(g, h) | φ|a = 0},
then

φ ∈ Δ′ ⇒ Xφ ∈ g1.

Our first useful observations about Cartan pairs are contained in the following
proposition; cf. [Š1, Thm. 2.7(ii)] with the claim (i). Note that it is a generalization
of [D, Prop. 1.13.7]; see Proposition 2.13 below.

Proposition 2.7. Suppose that (g, g1) is a Cartan pair, and let h and a be as in
(Cp1). Denote by m the centralizer Cg1

(a).

(i) We have a direct sum decomposition

(5) Cg(a) = m⊕ a,

and (cf. (3))

(6) h ∩ p = a.

(ii) The restrictions of Bg to a and m are nondegenerate.
(iii) The Lie algebra m is reductive in g.
(iv) Let l1 be any Cartan subalgebra of m. Define l = l1⊕ a. Then l is a Cartan

subalgebra of g.

Proof. By Lemma 2.5, we may assume that K is algebraically closed.
(i) Take any x ∈ Cg(a). By putting

Δ′′ = {φ ∈ Δ(g, h) | φ|a �= 0},

we can write

(7) x =
∑
Δ′

cφXφ +
∑
Δ′′

cφXφ + ϑ1 + α,

where cφ ∈ K, ϑ1 ∈ h ∩ g1 and α ∈ a. Let a ∈ a be such that φ(a) �= 0, for all
φ ∈ Δ′′. Using that [a, x] = 0, we deduce at once that cφ = 0, for all φ ∈ Δ′′. Also,
[ϑ1, a] = 0 implies that in particular ϑ1 ∈ Cg1

(a). So we have x = y+ϑ1+α, where
y =

∑
Δ′ cφXφ. By (Cp2), we have that y ∈ g1. Furthermore, y ∈ Cg1

(a). Thus
we have proved the inclusion from left to right in (5), and the opposite inclusion is
obvious.

Take any x ∈ h ∩ p, and write it as x = ϑ1 + α, in accordance with (4). Hence
it is immediate that ϑ1 = x − α = 0; i.e., x ∈ a. So we have proved the inclusion
h ∩ p ⊆ a; the opposite inclusion is clear.

Now the claims (ii), (iii) and (iv) have the same proofs as in the symmetric case;
see the corresponding claims in [D, Prop. 1.13.7]. �
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Again let (g, g1) be a Cartan pair, and let h and a be as in (Cp1). Suppose
furthermore that h is splitting. For λ ∈ a∗ define a subspace

gλ = {x ∈ g | [H,x] = λ(H)x for all H ∈ a},
and then

Σ = Σ(g, a) = {λ ∈ a∗ | gλ �= 0}.
Now we can state the next proposition which provides some further information
concerning Cartan pairs.

Proposition 2.8. Let (g, g1), h and a be as above.

(i) We have a direct sum decomposition

g = g0 ⊕
⊕
Σ

gλ.

(ii) We have [gλ, gμ] ⊆ gλ+μ, for λ, μ ∈ a∗.
(iii) If λ ∈ Σ, then −λ ∈ Σ.
(iv) If λ, μ ∈ a∗ are such that λ+μ �= 0, then Bg(gλ, gμ) = 0. In particular, the

restriction of Bg to gλ × g−λ is nondegenerate.

Proof. As {adH | H ∈ a} is a commuting family of diagonizable operators, (i) is
immediate. For (ii) one just has to use the Jacobi identity.

(iii) First define a map
Ψ = Ψh,a : g → g

as follows. Given any x ∈ g, write it as x =
∑

Δ cφXφ + ϑ, where Δ = Δ(g, h),
ϑ ∈ h and cφ ∈ K. Then put

Ψ(x) =
∑
Δ

cφX−φ + ϑ.

Now let x ∈ gλ be nonzero, and write it as above. Then obviously ϑ = 0
and cφφ(H) = cφλ(H), for all φ ∈ Δ and H ∈ a. Hence it follows at once that
Ψ(x) ∈ g−λ.

(iv) Take a ∈ a so that (λ+μ)(a) �= 0. Using the invariance of Bg, we have that

0 = Bg

(
[a, gλ], gμ

)
+Bg

(
gλ, [a, gμ]

)
= (λ+ μ)(a)Bg(gλ, gμ),

and therefore Bg(gλ, gμ) = 0. By the nondegeneracy of the form Bg, it follows that
its restriction to gλ × g−λ is nondegenerate as well; here we use (iii). �

Remark 2.9. Let (g, g1) and the map π be as in the paragraph preceding Propo-
sition 2.1. Put θ = 2π − 1g; i.e., for x = x1 + p, where x1 ∈ g1 and p ∈ p, we
have θ(x) = x1 − p. Of course, (g, g1) is a symmetric pair if and only if θ is an
automorphism of g, and then g1 = gθ. In that case we have [H, θ(x)] = −λ(H)θ(x),
where H ∈ a, λ ∈ Σ and x ∈ gλ. As a consequence, for such an x it follows that
θ(x) ∈ g−λ; cf. [Kn, Prop. 6.40]. Concerning (iii) of the previous proposition, let
us emphasize that for (g, g1) nonsymmetric we cannot expect to have the same as
above. More precisely, it can happen that for nonzero x = x1 + p ∈ gλ as before,
we cannot find a nonzero y ∈ span

K
{x1, p} satisfying y ∈ g−λ. For an example

showing this exists for the nonsymmetric pair of type (B3, G2), see Example 2.14.
We leave the details to the reader.

The next easy lemma points at a subclass of Cartan pairs that seems to be
simpler for studying.



2240 BORIS ŠIROLA

Lemma 2.10. Let (g, g1) be a pair satisfying (C) and the condition on ranks rk g1 <
rk g. Suppose that there exists a pair of the corresponding Cartan subalgebras h1 ⊆
h, and then let a = ah be as in (3). Suppose also that the condition (Cp2) holds.
Then a is a Cartan subspace of g, and h ∩ g1 = h1. As a consequence we have that
if the pair (g, g1) moreover satisfies (Q1), then it is a Cartan pair.

Proof. Here we will again assume that K is algebraically closed.
To prove that h ∩ g1 = h1 we proceed in the same way as for (6). Next, by

Lemmas 2.2 and 2.3, we have that a ⊆ p is commutative and reductive in g.
Therefore, to prove that a is a Cartan subspace, it remains to show the inclusion
Cp(a) ⊆ a. For that purpose, let x ∈ Cp(a) be arbitrary. Having Δ′ and Δ′′as
above, write x as in (7); here we use Lemma 2.3 again. The same argument as in
Proposition 2.7 gives that now x = α ∈ a. �

By the last lemma, it is clear that we can refine our definition of Cartan pairs
as follows:

Definition 2.11. A Cartan pair (g, g1) will be called a Cartan pair of type I if we
have rk g1 < rk g, and for a and h as in (Cp1) there exists a Cartan subalgebra h1

of g1, contained in h, so that a is given as in (3). If (g, g1) is not of type I, we will
say that it is a Cartan pair of type II.

The corollary given below is in fact [Š1, Thm. 2.7(i)].

Corollary 2.12. Assume that K is algebraically closed. Then the definition of
Cartan pairs of type I does not depend on the choice of a Cartan subalgebra of g1.
More precisely, suppose that h1 and c1 are two Cartan subalgebras of g1, and then
let h ad c be the (unique) Cartan subalgebras of g so that h1 ⊆ h and c1 ⊆ c. Let ah
and ac be the corresponding subspaces of p. Then (Cp2) holds, with h and a = ah,
if and only if it holds with h replaced by c and a = ac.

Now we will show that when we focus on Cartan subspaces, our notion of Cartan
pair generalizes the notion of symmetric pair. Moreover, we characterize those
symmetric pairs that are of type I.

Proposition 2.13. Let (g, g1) be a symmetric pair of Lie algebras. Then it is a
Cartan pair.

Suppose that rk g1 < rk g. Then the following are equivalent:

(a) There exists a Cartan subalgebra h1 of g1 such that a = Cg(h1) ∩ p is a
Cartan subspace of g.

(b) For every Cartan subspace a of g we have the equality

(8) rk g1 = rkCg1
(a).

(c) There exists a Cartan subspace a of g for which we have (8).
(d) The Cartan pair (g, g1) is of type I.

Provided that K is algebraically closed, the above four statements are further
equivalent to the following:

(e) For every Cartan subalgebra h1 of g1, the set a = Cg(h1) ∩ p is a Cartan
subspace of g.
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Proof. For a symmetric pair it is well known that (C) holds. We have (Q1) as
well; for a more general result, see [Š2, Cor. 4.5]. Having the usual decomposition
g = g1 ⊕ p, there exists a Cartan subspace a ⊆ p of g. Furthermore, for a Cartan
subalgebra l of Cg1

(a), the subspace h = l⊕ a is a Cartan subalgebra of g. Clearly,
h ∩ g1 = l. Thus we have (Cp1) of Definition 2.6. In order to see that (Cp2) holds
as well, one just has to take into account [D, Prop. 1.13.9(iii)].

Let us now show that the above statements are mutually equivalent. First note
that the implications (b)⇒(c), (d)⇒(a) and (e)⇒(a) are trivial.

Suppose that (a) holds, and let h1 be as there. Also let a′ be an arbitrary Cartan
subspace of g. Define m′ = Cg1

(a′). Let l′ be any Cartan subalgebra of m′; then
l′ ⊕ a′ is a Cartan subalgebra of g. On the other hand, for the Cartan subalgebra
h = Cg(h1) we have that a = ah = h∩p is a Cartan subspace of g. Furthermore, by
Lemma 2.3, we know that h1 ⊕ a = h. As a and a′ are of the same rank, we deduce
that dim l′ = dim h1; i.e., rkm

′ = rk g1. Thus we have proved that (b) holds.
Now suppose (c) holds, but let us write a′ instead of a. We know that (g, g1) is

a Cartan pair, and so it satisfies the two conditions of Definition 2.6. Let a and h

be as there. We have to show that there is a Cartan subalgebra h1 of g1 such that
h1 ⊆ h. To see this, first note that

(9) rkm = rk g− rk a,

where m = Cg1
(a). At the same time we have

rk g1 = rkm′ = rk g− rk a′,

where m′ = Cg1
(a′). It follows that rk g1 = rkm. Now define h1 = h ∩ g1. Clearly,

by the condition (Cp1) and (9), we have that h1 ⊆ m and dim h1 = rkm. Thus, h1
is a Cartan subalgebra of m, and so it is a Cartan subalgebra of g1 as well, what
we had to show.

Suppose now that K is algebraically closed, and that (a)–(d) hold. Let h′1 be
an arbitrary Cartan subalgebra of g1. Then h′ = Cg(h

′
1) is a (unique) Cartan

subalgebra of g containing h′1. Define a′ = h′ ∩ p. We will show that it is a Cartan
subspace of g. For that, take a and h to be as in Definition 2.6. As (g, g1) is of type
I, there is a Cartan subalgebra h1 of g1 such that h1 ⊆ h. For the adjoint group
G1 of g1, let g ∈ G1 be such that g · h1 = h′1. As g · h is a Cartan subalgebra of g
containing h′1, it follows that g · h = h′. Furthermore, we have g · p = p, and as an
immediate consequence that g · a = a′. This shows that a′ is a Cartan subspace of
g. �

In order to see what we could expect to have in more general situations, let us
close the paper by recalling in detail one example; see [Š1, Sect. 3]. Notice that
the notation in the cited work is different than here.

Example 2.14. Let s = so(8,K), standardly embedded in sl(8,K). Put Hi =
Eii − E9−i,9−i, for 1 ≤ i ≤ 4. Then t = span

K
{H1, . . . , H4} is a split Cartan

subalgebra of s. Let (εi) be the dual basis of (Hi). Define h = span
K
{H1, H2, H3},

and the restrictions ηi = εi|h. Put

Δ+ = {η1, η2, η3} ∪ {ηi ± ηj | 1 ≤ i < j ≤ 3},
and Δ = Δ+ ∪ (−Δ+). For 1 ≤ i ≤ 3 define

Xηi
= 2Ei4 + E4,9−i, X−ηi

= −2E9−i,4 − E4i,



2242 BORIS ŠIROLA

and for 1 ≤ i < j ≤ 3 define

Xηi−ηj
= Eij − E9−j,9−i, X−ηi+ηj

= −Eji + E9−i,9−j ,

Xηi+ηj
= Ei,9−j − Ej,9−i, X−ηi−ηj

= −E9−j,i + E9−i,j .

Then

g = h⊕
⊕
φ∈Δ

KXφ

is a simple Lie algebra of type B3; i.e., g = so(7,K). Also let Π = {β1, β2, β3},
where β1 = η1− η2, β2 = η2− η3 and β3 = η3. Then Π is a basis of the root system
Δ.

Consider the Dynkin diagram of type D4, labeled as in [LS]. Let σ be its order
3 automorphism satisfying σ(ε3 + ε4) = ε3 − ε4. Lift this σ (uniquely) to an auto-
morphism of s. Let g1 = sσ be the fixed point algebra for σ. Then g1 is a simple
Lie algebra of type G2, and h1 = g1 ∩ t is its split Cartan subalgebra. Choose a
basis Π1 = {α1, α2} of the root system Δ1 = Δ(g1, h1), so that the Chevalley basis
for g1 in terms of that for g is given as in [Š1, Sect. 3.3]; cf. [LS, Sect. 2.3]. Notice
that the root α1 is short, while α2 is long.

For the pair (g, g1), let g = g1 ⊕ p be the usual decomposition. Define the
one-dimensional subspace a ⊆ p by

a = Ka, for a = −H1 +H2 +H3.

Fact. The pair (g, g1) is a nonsymmetric Cartan pair of type I, and a is its Cartan
subspace. More precisely, this pair satisfies Definition 2.6, where a and h are as
above.

Furthermore, it will be instructive to observe one more fact. First define λ ∈ a∗

by λ(a) = 1. Then

Σ = Σ(g, a) = {±λ,±2λ}
and

gλ = span
K
{Xβ3

, Xβ2+β3
, X−β1−β2−β3

},
g−λ = span

K
{X−β3

, X−β2−β3
, Xβ1+β2+β3

},
g2λ = span

K
{X−β1

, X−β1−β2
, Xβ2+2β3

},
g−2λ = span

K
{Xβ1

, Xβ1+β2
, X−β2−2β3

}.

Define n = gλ + g2λ. Then we have a direct sum decomposition

g = g1 ⊕ a⊕ n,

which is an analogue of the classical Iwasawa decomposition for symmetric pairs.
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