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SKEW SYMMETRIC NORMAL OPERATORS

CHUN GUANG LI AND SEN ZHU

(Communicated by Marius Junge)

Abstract. An operator T on a complex Hilbert space H is said to be skew
symmetric if there exists a conjugate-linear, isometric involution C : H −→ H
so that CTC = −T ∗. In this paper, we shall give two structure theorems for
skew symmetric normal operators.

1. Introduction

In linear algebra, there is a lot of work on the theory of symmetric matrices (that
is, T = T t) and skew symmetric matrices (that is, T + T t = 0), which have many
motivations in function theory, matrix analysis and other mathematical disciplines.
They have many applications even in engineering disciplines. Many important re-
sults related to canonical forms for symmetric matrices or skew symmetric matrices
are obtained in [4, 11, 15]. In particular, L.-K. Hua [12] proved that each skew sym-
metric matrix can be written as A = UBU t, where U is a unitary matrix and

B =

[
0 λ1

−λ1 0

]
⊕
[

0 λ2

−λ2 0

]
⊕ · · · ⊕

[
0 λr

−λr 0

]
⊕ 0⊕ · · · ⊕ 0.

Generalizing the notion of complex symmetric matrices, Garcia and Putinar [6]
initiated the study of complex symmetric operators on Hilbert spaces. To proceed,
we first introduce some notation and terminologies. In this paper, H,K,K1,K2, · · ·
will always denote complex separable Hilbert spaces. We let B(H) denote the
algebra of all bounded linear operators on H.

Definition 1.1. A map C on H is called an antiunitary operator if C is conjugate-
linear, invertible and 〈Cx,Cy〉 = 〈y, x〉 for all x, y ∈ H. If, in addition, C−1 = C,
then C is called a conjugation.

Definition 1.2. An operator T ∈ B(H) is said to be complex symmetric if there
exists a conjugation C on H such that CTC = T ∗.

Many important operators, such as Hankel operators, the Volterra integration
operator, truncated Toeplitz operators, normal operators and binormal operators,
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have proved to be complex symmetric ([6, 7, 10]). A lot of important work has been
done concerning the structure of complex symmetric operators (see [6, 7, 8, 5, 9, 2,
10, 19, 20]). However, less attention has been paid to skew symmetric operators.

Definition 1.3 ([17]). An operator T ∈ B(H) is said to be skew symmetric if there
exists a conjugation C on H such that CTC = −T ∗.

Using [6, Lemma 1], one can easily deduce that T ∈ B(H) is skew symmetric
if and only if there exists an orthonormal basis (onb for short) {en} of H such
that 〈Ten, em〉 = −〈Tem, en〉 for all m,n; that is, T admits a skew symmetric
matrix representation with respect to {en}. In [17], Zagorodnyuk studied the polar
decomposition of skew symmetric operators and obtained some basic properties of
skew symmetric operators. In [18], Zagorodnyuk studied the skew symmetry of
cyclic operators.

Now we list some elementary facts about skew symmetric operators. The proofs
are simple and left to the reader.

Lemma 1.4. Let C be a conjugation on H. Denote SC(H) = {X ∈ B(H) : CXC =
−X∗}. Then:

(i) if A,B ∈ B(H), CAC = A∗ and CBC = B∗, then [A,B] := AB − BA ∈
SC(H);

(ii) if T ∈ SC(H), then CT 2nC = (T 2n)∗ for all n ∈ N;
(iii) the class SC(H) is norm-closed and forms a Lie algebra under the commu-

tator bracket [·, ·];
(iv) if T ∈ SC(H), then σ(T ) = −σ(T ).

Let us first see some concrete examples.

Example 1.5. Assume that T ∈ B(C3) admits the following representation:

T =

⎡
⎣1 0 0
0 −1 0
0 0 −1

⎤
⎦ e1

e2
e3

,

where {e1, e2, e3} is an onb of C3. Then T is not a skew symmetric operator.
Since the trace of a skew symmetric matrix is zero and the trace is invariant

under the unitary transform, taking the trace shows that T is not a skew symmetric
operator.

Example 1.6. Assume that T ∈ B(C2) admits the following representation:

T =

[
0 1
0 0

]
e1
e2

,

where {e1, e2} is an onb of C2. Then T is not a skew symmetric operator.
In fact, if not, then there exists a conjugation C on C2 such that CTC = −T ∗.

Hence Ce1 = αe2 for some α ∈ C with |α| = 1. It follows that CTCe1 = αCTe2 =
αCe1 = e2 and −T ∗e1 = −e2, a contradiction.

The two examples above illustrate that the spectral condition “σ(T ) = −σ(T )”
is in general not sufficient for a (normal) operator T to be skew symmetric. If
T ∈ B(H) and C is a conjugation on H satisfying CTC = −T ∗, then C(T −
λ)C = −(T + λ)∗ and C(T + λ)∗C = −(T − λ) for λ ∈ C. Thus we obtain
dimker(T − λ) = dimker(T − λ)∗. This shows that multiplicity is an important
invariant in the structure of skew symmetric operators.
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Example 1.7. Assume that T ∈ B(C3) admits the following representation:

T =

⎡
⎣0 1 0
0 0 1
0 0 0

⎤
⎦ e1

e2
e3

,

where {e1, e2, e3} is an onb of C3. Then T is a skew symmetric operator.
For x = α1e1 + α2e2 + α3e3, define Cx = −α3e1 + α2e2 − α1e3. Then it can

be verified that C is a conjugation on C3. Also, a direct calculation shows that
CTC = −T ∗. Hence T is skew symmetric. Set

U =

⎡
⎢⎣

1√
2

0 i√
2

0 1 0
− 1√

2
0 i√

2

⎤
⎥⎦ e1
e2
e3

.

It is easy to check that U is a unitary operator and

U∗TU =

⎡
⎢⎣

0 1√
2

0

− 1√
2

0 i√
2

0 − i√
2

0

⎤
⎥⎦ e1
e2
e3

.

Likewise, one can prove that each operator induced by a Jordan block with odd
order is skew symmetric.

It is straightforward to see that each complex symmetric operator is biquasitri-
angular (see [6, Proposition 1]). This is not the case for skew symmetric operators.
Here is an example.

Example 1.8. Let S be the unilateral shift on H defined by Sei = ei+1 for i ∈ N,
where {ei}i∈N is an onb of H. Set

T =

[
S + I 0
0 −S∗ − I

]
H
H .

Then T is skew symmetric.
In fact, we can define a conjugation C on H by C(

∑
i αiei) =

∑
i αiei for∑

i αiei ∈ H. Set

D =

[
0 C
C 0

]
H
H .

ThenD is a conjugation onH⊕H and one can verify thatDTD = −T ∗. It is easy to
see that T−I is a Fredholm operator and ind (T−I) = ind S+ind (−S∗−2I) = −1.
Hence T is skew symmetric but not a biquasitriangular operator.

This paper was inspired by [9] and [19], where the complex symmetry of partial
isometry and weighted shifts is studied. In view of various results on complex sym-
metric operators, it is natural to study analogously the structure of skew symmetric
operators. There are several motivations for our investigation.

For one thing, skew symmetric matrices have many applications in pure math-
ematics, applied mathematics and even in engineering disciplines. Real skew sym-
metric matrices are very important in applications, including function theory [11,
12], the solution of linear quadratic optimal control problems, robust control prob-
lems, model reduction, crack following in anisotropic materials and others (see
[1, 13, 14, 16]). In view of these applications, it is natural to investigate skew
symmetric operators in the setting of a Hilbert space.
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Another reason for studying skew symmetric operators is their close relation to
complex symmetric operators. Through Lemma 1.4 (i)/(ii), one may see this point.
It is often difficult to determine whether a given operator is complex symmetric.
Lemma 1.4 (ii) provides an approach to construct new complex symmetric oper-
ators. On the other hand, each operator T on H can be written as the sum of a
complex symmetric operator and a skew symmetric operator. In fact, arbitrarily
choose a conjugation C on H and set A = 1

2 (T + CT ∗C), B = 1
2 (T − CT ∗C).

Then A is complex symmetric, B is skew symmetric and T = A+ B. In a certain
sense, this reflects some universality of complex symmetric and skew symmetric
operators. By the following result, one can use complex symmetric operators to
construct skew symmetric operators.

Proposition 1.9. If A ∈ B(H) is complex symmetric, then T = A⊕ (−A) is skew
symmetric.

Proof. Since A is complex symmetric, there exists a conjugation C on H such that
CTC = T ∗. Set

D =

[
0 C
C 0

]
H
H .

It is easy to see that D is a conjugation on H⊕H and

DTD = (−CAC)⊕ (CAC) = (−A∗)⊕A∗ = −T ∗.

Hence T is skew symmetric. �

Also, it can be seen from Lemma 1.4 (iii) that skew symmetric operators may
have some internal connections to the Lie algebra of operators. All of the above-
mentioned connections constitute partial sources of skew symmetric operators in
the Hilbert space setting.

The main aim of this paper is to give a characterization of normal operators
which are skew symmetric. In fact, we shall give two structure theorems for skew
symmetric normal operators. In what follows, we denote Σ = {α ∈ C : Im α >
0} ∪ {α ∈ C : Im α = 0,Re α > 0}. Given a normal operator N , we denote by
EN (·) the projection-valued spectral measure corresponding to N .

Now we can list our main results.

Theorem 1.10 (Main Theorem 1). Let T ∈ B(H) be normal. Then the following
are equivalent:

(i) T is skew symmetric;
(ii) T |(kerT )⊥ � N ⊕ (−N), where N is a normal operator on some Hilbert

space K with EN (C \ Σ) = 0;
(iii) T |(kerT )⊥ � N ⊕ (−N), where N is a normal operator on some Hilbert

space K.

Here and in what follows, we let � denote the unitary equivalence relation of
operators.

Note that each normal operator acting on finite dimensional Hilbert space has a
diagonal matrix representation. Then, using Proposition 1.9 and the remark right
after Example 1.6, one can see that the result of Theorem 1.10 in the finite dimen-
sional case is obvious. However, the infinite dimensional case is not so easy, since
a general normal operator (Mz on L2[0, 1] for instance) does not have a diagonal
matrix representation.
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Theorem 1.11 (Main Theorem 2). A normal operator T ∈ B(H) is skew sym-
metric if and only if there are mutually singular measures μ∞, μ1, μ2, · · · (some of
which may be zero) such that (1) μj(σ) = μj(−σ) for any 1 ≤ j ≤ ∞ and any
Borel subset σ of C, and (2) T is unitarily equivalent to the operator

N =
⊕

1≤j≤∞
N

(j)
j ,

where Nj is the “multiplication by z” operator on L2(μj) (1 ≤ j ≤ ∞).

2. Proofs of main theorems

We first give some useful lemmas.

Lemma 2.1. A normal operator T ∈ B(H) is skew symmetric if and only if
T |(kerT )⊥ is skew symmetric.

Proof. Since T is normal, we have kerT = kerT ∗, and T can be written as

T =

[
0 0
0 A

]
kerT

(kerT )⊥
.

Then the sufficiency is obvious. We need only prove the necessity.
Suppose that T is skew symmetric and CTC = −T ∗ for some conjugation C. It

follows that C(kerT ) = kerT ∗ = kerT , and hence C can be written as

C =

[
C1 0
0 C2

]
kerT

(kerT )⊥
.

A simple calculation shows that C2 is a conjugation on (kerT )⊥ and C2AC2 = −A∗.
Hence A is skew symmetric. �

Theorem 2.2. Let T ∈ B(H) be normal. Assume that σ = Σ ∩ σ(T ) and C is a
conjugation on H such that CTC = −T ∗. Then C(ran ET (σ)) = ran ET (−σ).

Proof. Since T is skew symmetric, we have σ(T ) = −σ(T ). For a function f defined

on σ(T ), we denote f∗(z) = f(−z) for z ∈ σ(T ). Then f∗ is still a function on
σ(T ). For g(z) = αznzm, it is easy to see that

Cg(T )C = C(αTn(T ∗)m)C = α(−T ∗)n(−T )m = g∗(T ).

It follows that Cf(T )C = f∗(T ) for each bivariate polynomial f(z) = p(z, z).
Since all bivariate polynomials are uniformly dense in C(σ(T )) (the C∗-algebra of
all complex continuous functions on σ(T )), one can easily deduce that Cf(T )C =
f∗(T ) for all f ∈ C(σ(T )).

Obviously, there exists a sequence {fn}∞n=1 of continuous functions on σ(T ) such
that sup{|fn(z)| : n ∈ N, z ∈ σ(T )} < ∞ and fn(z) → χσ(z) for all z ∈ σ(T ),
where χσ(z) is the characteristic function of σ. Then f∗

n(z) → χ∗
σ(z) = χ−σ(z) for

all z ∈ σ(T ). Thus fn → χσ and f∗
n → χ∗

σ in the weak*-topology of L∞(μ), where
μ is the scalar spectral measure corresponding to T .

By the functional calculus for normal operators ([3, Theorem 8.10]), one obtains
fn(T ) → χσ(T ) and f∗

n(T ) → χ−σ(T ), both in the weak operator topology. It
follows that Cχσ(T )C = χ−σ(T ), that is, CET (σ)C = ET (−σ). Thus we conclude
that C(ran ET (σ)) = ran ET (−σ). �

Now we give the proof of Theorem 1.10.
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Proof of Theorem 1.10. By Lemma 2.1, without loss of generality, we may directly
assume that kerT = {0}.

“(i)=⇒(ii).” Assume that D is a conjugation on H such that DTD = −T ∗.
Denote σ = Σ∩σ(T ). Obviously, σ∪(−σ) = σ(T )\{0} and ran ET (σ), ran ET (−σ)
both reduce T . Note that kerT = {0}. Then ET ({0}) = 0 and ran ET (σ) ⊕
ran ET (−σ) = H. Hence T can be written as

T =

[
N 0
0 B

]
ran ET (σ)
ran ET (−σ)

.

It is easy to see that EN (C \ Σ) = 0. By Theorem 2.2, we have D(ran ET (σ)) =
ran ET (−σ). Hence D can be written as

D =

[
0 F−1

F 0

]
ran ET (σ)
ran ET (−σ)

,

where F : ran ET (σ) → ran ET (−σ) is conjugate-linear, invertible and satisfies
that 〈Fx, Fy〉 = 〈y, x〉 for all x, y ∈ ran ET (σ).

Since DTD = −T ∗, a short calculation shows that FNF−1 = −B∗ and B =
−FN∗F−1. It follows that T = N ⊕ (−FN∗F−1). By Theorem 2.2, we have
dim ran ET (σ) = dim ran ET (−σ). Then there exists a unitary operator U :
ran ET (−σ) → ran ET (σ) such that U(ran ET (−σ)) = ran ET (σ). Define W =
UF . It is easy to see that W is an antiunitary operator on ran ET (σ) and

T = N ⊕ (−FN∗F−1) � N ⊕ (−WN∗W−1).

Denote K = ran ET (σ). Since N is normal, there exists a conjugation C on K
such that CNC = N∗. Set V = WC. It is easy to verify that V ∈ B(K) is unitary.
Thus we have

T � N ⊕ (−WN∗W−1) = N ⊕ (−V CN∗CV −1) � N ⊕ (−N).

“(ii)=⇒(iii).” This is obvious.
“(iii)=⇒(i).” By Proposition 1.9, this is clear. �
If μ is a Borel measure on C, then we denote by μ− the Borel measure on C

defined by
μ−(σ) = μ(−σ).

Obviously, μ + μ− is a Borel measure on C and (μ + μ−)(σ) = (μ + μ−)(−σ) for
any Borel subset σ of C.

Proposition 2.3. Let μ be a positive Borel measure with compact support,
μ(C \ Σ) = 0 and C be a conjugation on L2(μ). If M1 and M are respectively the
“multiplication by z” operator on L2(μ) and L2(μ+ μ−), then M1 ⊕ (−M1) � M .

Proof. Define U : L2(μ)⊕ L2(μ) → L2(μ+ μ−) as

U(f, g)(z) =

{
f(z), z ∈ Σ,

g(−z), z ∈ −Σ.

Since μ(C\Σ) = 0, one can easily verify that U is unitary and U(M1⊕(−M1))U
∗ =

M . �
Lemma 2.4 ([3], Theorem 10.16). If N is a normal operator on H, then there are
mutually singular measures μ∞, μ1, μ2, . . . (some of which may be zero) such that

N � N (∞)
μ∞ ⊕Nμ1

⊕N (2)
μ2

⊕ · · · .
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Proof of Theorem 1.11. “⇐=”. Let j (1 ≤ j ≤ ∞) be fixed. Define a map Cj on

L2(μj) by (Cjf)(z) = f(−z). Since μj(σ) = μj(−σ) for each Borel subset σ of C,
one can deduce that Cj is well defined and Cj is a conjugation on L2(μj). A direct
calculation shows that

(NjCjf)(z) = zf(−z) = −(CjN
∗
j f)(z), ∀f ∈ L2(μj).

This means that CjNjCj = −N∗
j and Nj is skew symmetric. Thus

T �
⊕

1≤j≤∞
N

(j)
j

is skew symmetric.
“=⇒”. Assume that T is skew symmetric. Denote A = T |(kerT )⊥ and m =

dimkerT . By Lemma 2.1, A is a skew symmetric normal operator with kerA = {0}
and T � M

(m)
z ⊕A, where Mz is the “multiplication by z” operator on L2(ν) with

ν defined by ν({0}) = 1 and ν(C \ {0}) = 0.
Since A is skew symmetric, by Theorem 1.10 one can deduce that

A � N ⊕ (−N),

where N is a normal operator on some Hilbert space K with EN (C \ Σ) = 0.
By Lemma 2.4, N can be written as

N =

⎡
⎢⎢⎢⎣
N

(∞)
ν∞

Nν1

N
(2)
ν2

. . .

⎤
⎥⎥⎥⎦

K(∞)
∞
K1

K(2)
2
...

,

where Kj = L2(νj) (1 ≤ j ≤ ∞), ν∞, ν1, ν2, · · · (some of which may be zero) are
mutually singular, finitely supported Borel measures on C. In view of EN (C\Σ) =
0, we obtain νj(C \ Σ) = 0 for all 1 ≤ j ≤ ∞.

By Proposition 2.3, it follows that Nνj
⊕ (−Nνj

) � Mj for each j, where Mj

is the “multiplication by z” operator on L2(νj + νj
−). For 1 ≤ j ≤ ∞, denote

θj = νj + νj
−. Then θj(σ) = θj(−σ) for any j and any Borel subset σ of C. Thus

we have proved that

A �
⊕

1≤j≤∞
M

(j)
j ,

where Mj is the “multiplication by z” operator on L2(θj) (1 ≤ j ≤ ∞).
For 1 ≤ j ≤ ∞, set

μj =

{
θj , j �= m,

θj + ν, j = m.

Then μm = θm + ν is a Borel measure on C. It is easy to see that μj(σ) = μj(−σ)
for any 1 ≤ j ≤ ∞ and any Borel subset σ of C. Note that θm and ν are mutually
singular. Thus we have

T � M (m)
z ⊕A �

(
M (m)

z ⊕M (m)
m

)
⊕

⎛
⎝⊕

j �=m

M
(j)
j

⎞
⎠ �

⊕
1≤j≤∞

N
(j)
j ,

where Nj is the “multiplication by z” operator on L2(μj) (1 ≤ j ≤ ∞). This
completes the proof. �
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