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A NOTE ON CONCENTRATION FOR BLOWUP SOLUTIONS

TO SUPERCRITICAL SCHRÖDINGER EQUATIONS

QING GUO

(Communicated by James E. Colliander)

Abstract. We study the blowup dynamics of solutions to the L2-supercritical
nonlinear Schrödinger equation and prove that the blowup solution with
bounded Ḣsc norm must concentrate at least a fixed amount of the Ḣsc norm
and, also, its Lpc norm must concentrate at least a fixed Lpc norm. We show
these properties without any further symmetry assumptions on the solution
and partly generalize the results obtained in papers of Holmer and Roudenko
and of Zhu, which only deal with the radially symmetric case. Our proof is
based on the profile decomposition theorems.

1. Introduction

In this paper, we study several concentration properties of the blowup solutions
to the following L2-supercritical and Ḣ1-subcritical nonlinear Schrödinger equation:

(1.1)

{
iut +Δu+ |u|p−1u = 0, (x, t) ∈ RN × R,

u(x, 0) = u0(x),

where 4
N + 1 < p < 4

N−2 + 1.

By scaling, equation (1.1) is Ḣsc -critical with sc =
N
2 − 2

p−1 . As is well-known,

for sc < 0, the equation is L2-subcritical and all H1 solutions are global. The
smallest power for which blowup may occur is p = 4

N + 1, which is referred to

as the L2-critical case corresponding to sc = 0. For this case, the blowup theory
is mainly connected to the notion of the ground state: the unique positive radial

solution of the elliptic problem ΔQ−Q+ |Q| 4
N Q = 0. There is abundant literature

devoted to the study of the blowup mechanism (see [3, 15]), and it has been shown
that there is a minimal amount of concentration of the L2 norm (see [11, 14, 17]).

For the Ḣ1-critical case with sc = 1, the authors in [12] and [13] showed that any
blowup solution with bounded kinetic energy must concentrate at least the kinetic
energy of the ground state in the cases of dimensions N = 3, 4, 5 (for radially
symmetric initial data) and N ≥ 5 respectively.
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In this paper, we are concerned with the L2-supercritical and Ḣ1-subcritical
case, i.e., 0 < sc < 1. In this case, Ginibre and Velo [6] established the local well-
posedness results in the energy space H1, while Cazenave and Weissler [4] did that

in space Ḣsc ∩ Ḣ1. More precisely, setting 2∗ = 2N
N−2 , we have the following two

propositions.

Proposition 1.1 ([6]). Let 1 < p < 2∗ − 1 and u0 ∈ H1. Then, there exist some
time T+ > 0 and a unique solution u(x, t) ∈ C([0, T+);H

1) to equation (1.1) such
that either T+ = ∞ or T+ < ∞ and limt→T+

‖u(t, x)‖H1 = ∞. Moreover, u admits
the following conservation laws in space H1 : M(u)(t) ≡

∫
|u(x, t)|2dx = M(u0)

and

Energy : E(u)(t) ≡ 1

2

∫
|∇u(x, t)|2dx− 1

p+ 1

∫
|u(x, t)|p+1dx = E(u0).(1.2)

Proposition 1.2 ([4]). Let 1 < p < 2∗ − 1 and u0 ∈ Ḣsc ∩ Ḣ1. Then, there

exist some time T+ > 0 and a unique solution u(x, t) ∈ C([0, T+); Ḣ
sc ∩ Ḣ1) to

equation (1.1) such that either T+ = ∞ or T+ < ∞ and limt→T+
‖u(t, x)‖Ḣ1 = ∞.

Moreover, u satisfies the energy conservation law (1.2).

For the 3D cubic nonlinear Schrödinger equation with sc = 1
2 and p = 3, there

have been several results on both scattering and blowup solutions to (1.1), for which
one can refer to [8, 9, 10]. The author in [19] has extended the scattering results to
the general case 0 < sc < 1, while its blowup theory was also studied in [7]. In the
present paper, we further study the dynamical properties of blowup solutions in
such a general case. More precisely, applying profile decomposition theorems and
using the variational structure associated to the corresponding elliptic problems, we
prove that the blowup solution with bounded Ḣsc norm must concentrate at least
a fixed amount of Ḣsc norm and its Lpc norm must concentrate at least a fixed
Lpc norm as well (see Theorem 1.3 and Theorem 1.4 below). Following the idea
from Keraani [11] about the L2-critical case, our proof is based on the compactness
argument without any further symmetric assumptions on the solution and, thus,
has partly generalized the results obtained in [9, 20], which only dealt with the
radially symmetric case.

In this paper, we denote the Sobolev space H1(RN ) as H1 and the space Lp(RN )
as Lp with their norms denoted by ‖ · ‖H1 and ‖ · ‖p respectively for short. We

define the Fourier transform on RN by f̂(ξ) = (2π)−N/2
∫
e−ixξf(x)dx. For s ∈

R, the pseudo-differential operator (−Δ)s is defined by ̂(−Δ)sf(ξ) ≡ |ξ|2sf̂(ξ),
which in turn defines the homogeneous Sobolev space Ḣs = Ḣs(RN ): Ḣs ≡{
f ∈ S ′(RN ) :

∫
|ξ|2s|f̂(ξ)|2dξ < ∞

}
with its norm defined by ‖f‖Ḣs =‖(−Δ)

s
2 f‖2,

where S ′(RN ) denotes the space of tempered distributions. For convenience, we use
the notation C standing for variant absolute constants and introduce the following

notation: sc = N
2 − 2

p−1 , pc = 2N
N−2sc

= N(p−1)
2 , 2∗ = 2N

N−2 . Note that, by Sobolev

imbeddings, we have Ḣ1 ↪→ L2∗ and Ḣsc ↪→ Lpc .
The main results obtained in this paper are as follows:

Theorem 1.3. Let u0 ∈ Ḣsc ∩ Ḣ1 be such that the corresponding solution u to
(1.1) blows up in finite time T+ > 0 satisfying

sup
t∈[0,T+)

‖u(t)‖Ḣsc < ∞.(1.3)
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Assume that λ(t) > 0 such that

(1.4) λ(t)‖∇u(t)‖
1

1−sc
2 → ∞,

as t → T+. Then, there exists x(t) ∈ RN such that

lim inf
t→T+

∫
|x−x(t)|≤λ(t)

|(−Δ)
sc
2 u(t, x)|2dx ≥ ‖Q̃‖2

Ḣsc
,(1.5)

where Q̃ solves the elliptic equation

(1.6) −ΔQ+
p− 1

2
(−Δ)scQ− |Q|p−1Q = 0.

Theorem 1.4. Let u0 ∈ Ḣsc ∩ Ḣ1 be such that the corresponding solution u to
(1.1) blows up in finite time T+ > 0 and satisfies (1.3). Assume that λ(t) > 0
satisfying (1.4). Then, there exists x(t) ∈ RN such that

lim inf
t→T+

∫
|x−x(t)|≤λ(t)

|u(t, x)|pcdx ≥ ‖Q′‖pc
pc
,(1.7)

where Q′ solves the elliptic equation

(1.8) −ΔQ+ |Q|pc−2Q− |Q|p−1Q = 0.

Remark 1.5. In view of Proposition 2.3 to be introduced in the following section,
the Ḣsc norm bound assumption (1.3) should, in fact, be equivalent to ‖Q̃‖Ḣsc ≤
supt∈[0,T+) ‖u(t)‖Ḣsc < ∞ with the same Q̃ as in Theorem 1.3.

The paper is structured as follows. We prove Theorems 1.3 and 1.4 in section 3,
which follows a review of some variational facts related to some elliptic problems in
section 2. In the last section of this paper, we give some remarks on the divergent
solutions to (1.1) obtained in [7] and describe the corresponding concentration
properties as t → +∞, which, to the author’s knowledge, are new.

2. Some variational estimates

In this section, we review some variational facts related to the corresponding
elliptic equations which play an important role in our main theorems.

From [7], it is known that the sharp constant cGN in the Gagliardo-Nirenberg
inequality

(2.1) ‖u‖p+1
p+1 ≤ cGN‖∇u‖

N(p−1)
2

2 ‖u‖2−
(N−2)(p−1)

2
2

is attained by the function Q, which is the ground state of the elliptic equa-
tion −(1 − sc)Q + ΔQ + |Q|p−1Q = 0, and cGN can be expressed by cGN =

‖Q‖p+1
p+1

/
‖∇Q‖

N(p−1)
2

2 ‖Q‖2−
(N−2)(p−1)

2
2 .

Using the same method as in [18], we can obtain the following theorem, a vari-
ational structure to study the L2-supercritical problem (1.1).

Theorem 2.1. Let pc − 1 < p < 2∗ − 1. The best constant cpc
in

‖f‖p+1
p+1 ≤ cpc

‖f‖p−1
pc

‖∇f‖22, f ∈ Ḣ1 ∩ Lpc ,(2.2)

is attained at cpc
= p+1

2 ‖Q′‖−(p−1)
pc , where Q′ solves the elliptic equation (1.8).
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Proof. It suffices to show that

inf
u∈(Ḣ1∩Lpc )\{0}

J(u) =
2

p+ 1
‖Q′‖p−1

pc
, where J(u) =

‖u‖p−1
pc

‖∇u‖22
‖u‖p+1

p+1

.

We set J = infu∈(Ḣ1∩Lpc )\{0} J(u) and consider a minimizing sequence {vn}∞n=1.

By inequality (2.2), we observe that J > 0. Now, we rescale {vn}∞n=1 by setting
un(x) = μnvn(λn), where

λn = (‖vn‖pc
/‖∇vn‖2)

1
1−sc , μn = (‖vn‖

N
2 −1
pc /‖∇vn‖

N
2 −sc
2 )

1
1−sc

so that ‖un‖pc
= ‖∇un‖2 = 1. Thus, as n → ∞, we have ‖un‖−(p+1)

p+1 = J(un) →
J > 0.

According to Berestychi and Lions ([2]), if fn is a minimizing sequence, then
so is its Schwarz symmetrization. Thus, we may assume that {un}∞n=1 is radially
symmetric. Since pc < p+1 < 2∗, there exist a subsequence (still denoted by itself)

and u ∈ Ḣ1 ∩ Lpc such that un ⇀ u weakly in Ḣ1 ∩ Lpc and un → u strongly in
Lp+1. Then we get from the definition of J that

J ≤ J(u) =
‖u‖p−1

pc
‖∇u‖22

‖u‖p+1
p+1

≤
limn→∞ ‖un‖p−1

pc
limn→∞ ‖∇un‖22

‖u‖p+1
p+1

= lim
n→∞

J(un) = J,

which implies that J(u) = J and ‖u‖p−1
pc

‖∇u‖22 = limn→∞ ‖un‖p−1
pc

limn→∞ ‖∇un‖22
= 1 by construction. Since 0 < ‖u‖p−1

pc
, ‖∇u‖22 ≤ 1, we get from the above equality

that ‖u‖pc
= ‖∇u‖2 = 1. From J(u) = J , we obtain that d

dtJ(u+ tw)|t=0 = 0 for

all w ∈ Ḣ1 ∩ Lpc , and so we obtain that −Δu+ p−1
2 |u|pc−2u− J(p+1)

2 |u|p−1u = 0.
Now let Q′ be defined by u(x) = aQ′(bx) with

a =

(
(p+ 1)J

p− 1

) N
Npc−2pc−2N

, b =

(
p− 1

2

) 1
2
(
(p+ 1)J

p− 1

) Npc−2N
Npc−2pc−2N

so that Q′ is a solution of (1.8) and that ‖Q′‖pc
pc

= a−pcbN‖u‖pc
pc

= a−pcbN =(
p+1
2

)N
2 J

N
2 . That is, J = 2

p+1‖Q′‖p−1
pc

, and we complete the proof of Theorem 2.1.

�

As a consequence of (2.2), we can obtain a global well-posedness result.

Theorem 2.2. Let 1 < p < 2∗ − 1. Assume that u0 ∈ Ḣsc ∩ Ḣ1 and u(t) is
the corresponding solution to (1.1) such that supt ‖u(t)‖pc

< ‖Q′‖pc
with Q′ the

solution of the elliptic equation (1.8). Then u(t) exists globally in time.

Proof. By (2.2) and the conservation of energy, we immediately get

E(u0) = E(u) =
1

2
‖∇u‖22 −

1

p+ 1
‖u‖p+1

p+1 ≥ 1

2

(
1−

(
‖u‖pc

‖Q′‖pc

)p−1
)
‖∇u‖22,

which combined with the assumption supt ‖u(t)‖pc
< ‖Q′‖pc

implies that ‖∇u(t)‖2
is bounded for all t. In view of the well-posedness results (Proposition 1.2), we
obtain that the solution of (1.1) must be global. �

The same method can be used by showing another global existence result:



CONCENTRATION OF BLOWUP SOLUTIONS 4219

Proposition 2.3. Let 1 < p < 2∗ − 1. Assume that u0 ∈ Ḣsc ∩ Ḣ1 and u(t) is

the corresponding solution to (1.1) such that supt ‖u(t)‖Ḣsc < ‖Q̃‖Ḣsc , with Q̃ the
solution of the elliptic equation (1.6). Then, u(t) exists globally in time.

Similarly to Theorem 2.2, to show this proposition we just need another sharp
Gagliardo-Nirenberg inequality

(2.3) ‖u‖p+1
p+1 ≤ cG‖u‖p−1

Ḣsc
‖u‖2

Ḣ1 , u ∈ Ḣsc ∩ Ḣ1,

with the best constant cG = p+1

2‖Q̃‖p−1

Ḣsc

, where Q̃ solves the elliptic equation (1.6).

In fact, following the idea in [18] again, this result can be obtained by the same
method as used in the proof of Theorem 2.1, which we will not repeat here. One
can also find the result in [20].

Finally, we review some facts about the critical elliptic equation

(2.4) ΔW + |W | 4
N−2W = 0.

By the work of Aubin [1] and Talenti [16], we have the following characterization
of W (x), which is the radially symmetric and decreasing solution to (2.4):

(2.5) ‖u‖2∗ ≤ cN‖∇u‖2, u ∈ Ḣ1.

Moreover, the equality holds if and only if u(x) = eiθλ
N−2

2 W (λ(x− x0)) for some
(θ, λ, x0) ∈ [−π, π] × R+

∗ × RN , where R+
∗ = R+ \ {0}. The best constant cN can

be described as cNN‖∇W‖22 = 1.

Remark 2.4. By the interpolation inequality of the space Lp and the Sobolev imbed-
ding (2.5), we have ‖u‖p+1

p+1 ≤ ‖u‖p−1
pc

‖u‖22∗ ≤ c2N‖u‖p−1
pc

‖∇u‖22, which immediately

implies that cpc
≤ c2N .

3. Proof of the main results

The main tool we used to prove Theorem 1.3 and Theorem 1.4 is the following
proposition.

Proposition 3.1. Let {vn}∞n=1 be a bounded family of Ḣsc∩Ḣ1. Then there exist a
subsequence of {vn}∞n=1 (still denoted by itself), a family of sequences {xj

n} ⊂ RN ,

and a sequence of functions {V j}∞j=1 ⊂ Ḣsc ∩ Ḣ1 such that:
i) There holds the following asymptotic pairwise divergence as n → ∞:

∀k = j, |xk
n − xj

n| → ∞.(3.1)

ii) For every l ≥ 1 and every x ∈ RN , we have

(3.2) vn(x) =
l∑

j=1

V j(x− xj
n) + vln(x)

with lim supn→∞ ‖vln‖r → 0 as l → ∞ for every r ∈ (pc, 2
∗). Moreover,

(3.3) ‖vn‖2Ḣs =

l∑
j=1

‖V j‖2
Ḣs + ‖vln‖2Ḣs + o(1)

for any s ∈ [sc, 1], where o(1) = on(1) → 0 as n → ∞.



4220 QING GUO

The proof of Proposition 3.1 is similar to a well-known result from [11], where
the author considered the H1-bounded sequence. In fact, it is essentially because
H1 is no other than Ḣ s̃c ∩ Ḣ1 with s̃c = 0. In [20] there was a similar argument,
but to be self-contained, we now sketch the proof of Proposition 3.1.

Proof. Let V(vn) be the set of functions obtained as weak limits of subsequences of
the translated vn(· + xn) with {xn}∞n=1 ⊂ RN . We denote η(vn) = sup{(‖∇v‖22 +
‖v‖2

Ḣsc
)

1
2 : v ∈ V(vn)}. Clearly, η(vn) ≤ lim supn→∞(‖vn‖2Ḣsc

+‖vn‖2Ḣ1)
1
2 .We claim

that there exist a sequence {V j}∞j=1 of V(vn) and a family of sequences {xj
n} ⊂ RN

such that for any k = j, |xk
n − xj

n| → ∞ as n → ∞, and up to a subsequence,

(3.4) vn(x) =
l∑

j=1

V j(x− xj
n) + vln(x), η(vln) → 0 as l → ∞

such that (3.3) holds. Indeed, if η(vn) = 0, we can take V j ≡ 0 for all j. Otherwise,

we choose V 1 ∈ V(vn) such that (‖V 1‖2
Ḣsc

+‖V 1‖2
Ḣ1)

1
2 ≥ 1

2η(vn) > 0. By definition,

there exists some sequence {x1
n} ⊂ RN such that, up to a subsequence, vn(·+x1

n) ⇀

V 1 weakly in Ḣsc ∩Ḣ1. Setting v1n(x) ≡ vn(x)−V 1(x−x1
n), we get v

1
n(·+x1

n) ⇀ 0,
and then

‖vn‖2Ḣsc
= ‖V 1‖2

Ḣsc
+ ‖v1n‖2Ḣsc

+ o(1), ‖vn‖2Ḣ1 = ‖V 1‖2
Ḣ1 + ‖v1n‖2Ḣ1 + o(1).

(3.5)

It is known that for any s ∈ (sc, 2
∗), Ḣs is an interpolation space between Ḣsc and

Ḣ1, and the square of its norm ‖ · ‖2
Ḣs is equivalent to ‖ · ‖2

Ḣsc
+ ‖ · ‖2

Ḣ1 , which

by (3.5) implies (3.3) in the case l = 1. Now, we replace vn by v1n and repeat the
same process. If η(v1n) > 0 we get V 2 > 0, x2

n and v2n. Moreover, we can obtain
|x1

n − x2
n| → ∞ as n → ∞. Otherwise, if up to a subsequence, x1

n − x2
n → x0 for

some x0 ∈ RN , then since v2n(x+ x2
n) = v1n(x+ x2

n)− V 2(x) = v1n(x+ (x2
n − x1

n) +
x1
n) − V 2(x) and v1n(· + x1

n) ⇀ 0, we get V 2 = 0, a contradiction. An argument
of iteration allows us to construct the families {V j}∞j=1 and {xj

n}∞j=1 satisfying

the claims above. Furthermore, the convergence of the series
∑∞

j=1 ‖V j‖2
Ḣsc

+

‖V j‖2
Ḣ1 implies that ‖V j‖2

Ḣsc
+ ‖V j‖2

Ḣ1 → 0 as j → ∞. By construction, η(vjn) ≤
2(‖V j‖2

Ḣsc
+ ‖V j‖2

Ḣ1)
1
2 → 0 as j → ∞, which implies (3.4).

To complete the proof of Proposition 3.1, it suffices to show lim supn→∞ ‖vln‖r →
0 as l → ∞ for every r ∈ (pc, 2

∗). For that purpose, we introduce XR ∈ S(RN )
satisfying

X̂R(ξ) = 1 if
1

R
≤ |ξ| ≤ R; X̂R(ξ) = 0 if |ξ| ≥ 2R or |ξ| ≤ 1

2R
.

By Fourier transform, we have vln = XR ∗ vln + (δ − XR) ∗ vln, where ∗ stands for
the convolution and δ for the Dirac distribution. Using the Sobolev embedding
Ḣsc ↪→ Lpc , we have

‖(δ −XR) ∗ vln‖pc
≤ C‖(δ −XR) ∗ vln‖Ḣsc

≤ C(

∫
|ξ|2sc |(1− X̂R(ξ))v̂

l
n|2dξ)

1
2

≤ C(

∫
|ξ|≤ 1

R

|ξ|2sc |v̂ln(ξ)|2dξ +
∫
|ξ|≥R

|ξ|2sc |v̂ln(ξ)|2dξ)
1
2 .
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Since
∫
|ξ|2sc |v̂ln(ξ)|2dξ = ‖vln‖2Ḣsc

is uniformly bounded, then

lim sup
n→∞

∫
|ξ|≤ 1

R

|ξ|2sc |v̂ln(ξ)|2dξ +
∫
|ξ|≥R

|ξ|2sc |v̂ln(ξ)|2dξ → 0 as R → ∞.

Using the Sobolev embedding Ḣ1 ↪→ L2∗ , we have

‖(δ −XR) ∗ vln‖2∗ ≤ C‖(δ −XR) ∗ vln‖Ḣ1 ≤ C(

∫
|ξ|2|(1− X̂R(ξ))v̂

l
n|2dξ)

1
2

≤ C(

∫
|ξ|≤ 1

R

|ξ|2|v̂ln(ξ)|2dξ +
∫
|ξ|≥R

|ξ|2|v̂ln(ξ)|2dξ)
1
2 .

Since ‖vln‖2Ḣ1 is uniformly bounded, then

lim sup
n→∞

∫
|ξ|≤ 1

R

|ξ|2|v̂ln(ξ)|2dξ +
∫
|ξ|≥R

|ξ|2|v̂ln(ξ)|2dξ → 0 as R → ∞.

By Hölder inequalities,

lim sup
n→∞

‖(δ −XR) ∗ vln‖r(3.6)

≤ lim sup
n→∞

‖(δ −XR) ∗ vln‖1−θ
2∗ ‖(δ −XR) ∗ vln‖θpc

→ 0 as R → ∞,

where r ∈ (pc, 2
∗), satisfying 1

r = θ
pc

+ 1−θ
2∗ with 0 < θ < 1.

On the other hand, one can estimate

‖XR ∗ vln‖r ≤ C‖XR ∗ vln‖
r−pc

r∞ ‖XR ∗ vln‖
pc
r
pc ≤ C‖XR ∗ vln‖

r−pc
r∞ ‖XR ∗ vln‖

pc
r

Ḣsc
.

(3.7)

Observe that lim supn→∞ ‖XR ∗ vln‖∞ = sup{xn} lim supn→∞ |XR ∗ vln(xn)|. So by

definition of V(vln), we infer

lim sup
n→∞

‖XR ∗ vln‖∞ ≤ sup{
∫

XR(−x)V (x)dx : V ∈ V(vln)}.

By Parseval identity and Hölder’s inequality, we have

|
∫

XR(−x)V (x)dx| = |
∫

F−1[XR(−x)]F(V )dξ|

≤C

∫
1

2R≤|ξ|≤2R

1

|ξ| |ξ||V̂ (ξ)|dξ≤CR
N
2 +1‖∇V ‖2≤CR

N
2 +1η(vln),

where F and F−1 stand for the Fourier transform and its inverse transform re-
spectively. Since vln are uniformly bounded in Ḣsc ∩ Ḣ1, we obtain from (3.7)
that

lim sup
n→∞

‖XR ∗ vln‖r ≤ C(R)η(vln)
1− pc

r .(3.8)

Since lim supn→∞ ‖vln‖r ≤ lim supn→∞(‖XR ∗ vln‖r + ‖(δ −XR) ∗ vln‖r), then from
(3.6), (3.8) and η(vln) → 0 as l → ∞, we successively let l and R go to infinity
to obtain finally that for every pc < r < 2∗, lim supn→∞ ‖vln‖r → 0 as l → ∞,
concluding the proof of Proposition 3.1. �

Theorem 1.3 is a consequence of the following proposition.
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Proposition 3.2. Let {vn}∞n=1 be a bounded family of Ḣsc ∩ Ḣ1 such that

lim sup
n→∞

‖∇vn‖2 ≤ M, lim sup
n→∞

‖vn‖p+1 ≥ m > 0.

Then, there exists {xn}∞n=1 ∈ RN such that, up to a subsequence,

vn(·+ xn) ⇀ V weakly in Ḣsc ∩ Ḣ1

with

‖V ‖p−1

Ḣsc
≥ 2mp+1

(p+ 1)M2
‖Q̃‖p−1

Ḣsc
,

with the same Q̃ as that in Theorem 1.3.

We do not prove Proposition 3.2 here but will show a very similar proof (Theo-
rem 3.3) later, since they both can be proved with the same method. Now we prove
Theorem 1.3 using the above two propositions.

Proof of Theorem 1.3. Let {tn}∞n=1 be an arbitrary time sequence such that tn ↑
T+. Set

ρn =
‖∇Q̃‖

1
1−sc
2

‖∇u(tn)‖
1

1−sc
2

and vn = ρ
2

p−1
n u(tn, ρnx).

Then, by assumption (1.3), vn satisfies that ‖vn‖Ḣsc = ‖u(tn)‖Ḣsc < ∞ uniformly
in n. Moreover, we get

(3.9) ‖∇vn‖2 = ρ1−sc
n ‖∇u(tn)‖2 = ‖∇Q̃‖2

and

(3.10) E(vn) = ρ2(1−sc)
n E(u(tn)) = ρ2(1−sc)

n E(u0).

From the blowup criteria established in Proposition 1.2, we get that ρn → 0 and
thus E(vn) → 0 as n → ∞, which implies that ‖vn‖p+1

p+1 → p+1
2 ‖∇Q̃‖22.

If we set m = ( p+1
2 ‖∇Q̃‖22)

1
p+1 and M = ‖∇Q̃‖2, applying Proposition 3.2 to

{vn}∞n=1, which is a bounded sequence in Ḣsc ∩ Ḣ1 by construction, we obtain a
family {xn}∞n=1 and a profile V with

‖V ‖p−1

Ḣsc
≥ 2mp+1

(p+ 1)M2
‖Q̃‖p−1

Ḣsc
= ‖Q̃‖p−1

Ḣsc
(3.11)

such that, up to a subsequence, ρ
2

p−1
n u(tn, ρn ·+xn) ⇀ V weakly in Ḣsc ∩Ḣ1. Thus,

we infer from the definition of Ḣs (see section 1) that

(−Δ)
sc
2 ρ

2
p−1
n u(tn, ρn ·+xn) ⇀ (−Δ)

sc
2 V weakly in L2.

Consequently, for every R > 0,∫
|x|≤R

|(−Δ)
sc
2 V (x)|2dx ≤ lim inf

n→∞

∫
|x−xn|≤ρnR

|(−Δ)
sc
2 u(tn, x)|2dx.

Assumption (1.4) implies that λ(tn)
ρn

→ ∞ as n → ∞, which immediately gives∫
|(−Δ)

sc
2 V (x)|2dx ≤ lim inf

n→∞
sup
y∈RN

∫
|x−y|≤λ(tn)

|(−Δ)
sc
2 u(tn, x)|2dx.
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Since the sequence {tn}∞n=1 is arbitrary, we infer that∫
|(−Δ)

sc
2 V (x)|2dx ≤ lim inf

t→T+

sup
y∈RN

∫
|x−y|≤λ(t)

|(−Δ)
sc
2 u(t, x)|2dx.

For every fixed t ∈ [0, T+), the function y �→
∫
|x−y|≤λ(t)

|(−Δ)
sc
2 u(t, x)|2dx is con-

tinuous and goes to zero at infinity. Thus, there exists x(t) ∈ RN such that∫
|x−x(t)|≤λ(t)

|(−Δ)
sc
2 u(t, x)|2dx = sup

y∈RN

∫
|x−y|≤λ(t)

|(−Δ)
sc
2 u(t, x)|2dx,

which, together with (3.11), immediately gives (1.5) and completes the proof. �

In order to show Theorem 1.4 we should first prove the following theorem.

Theorem 3.3. Let {vn}∞n=1 be a bounded family of Ḣsc ∩ Ḣ1 such that

lim sup
n→∞

‖∇vn‖2 ≤ M, lim sup
n→∞

‖vn‖p+1 ≥ m > 0.

Then, there exists {xn}∞n=1 ∈ RN such that, up to a subsequence, vn(· + xn) ⇀ V

weakly in Ḣsc ∩ Ḣ1 with

‖V ‖p−1
pc

≥ 2mp+1

(p+ 1)M2
‖Q′‖p−1

pc
,

where we use the same Q′ as in Theorem 1.4.

Proof. Applying Proposition 3.1 to the sequence {vn}∞n=1, we obtain the decompo-

sition vn(x) =
∑l

j=1 V
j(x−xj

n)+ vln(x) such that (3.3) holds. Since pc =
2N

N−2sc
<

2N+2(1−sc)
N−2sc

= p+ 1 < 2∗, we get, in particular,

mp+1 ≤ lim sup
n→∞

‖
∞∑
j=1

V j(x− xj
n)‖

p+1
p+1.(3.12)

From the elementary inequality∣∣∣∣∣∣|
l∑

j=1

aj |p+1 −
l∑

j=1

|aj |p+1

∣∣∣∣∣∣ ≤ C
∑
k �=j

|aj ||ak|p

we get that∫
|

l∑
j=1

V j(x− xj
n)|p+1dx

≤
l∑

j=1

∫
|V j(x− xj

n)|p+1dx+ C
∑
j �=k

∫
|V j(x− xj

n)|p|V k(x− xk
n)|dx

=

l∑
j=1

∫
|V j(x− xj

n)|p+1dx+ C
∑
j �=k

∫
|V j(x)|p|V k(x+ (xj

n − xk
n)|dx.

From (3.1), |xj
n − xk

n| → ∞ as n → ∞ for j = k. Thus from the Hölder
inequalities, we get that V k(· + (xj

n − xk
n) ⇀ 0 for any j = k and that the

mixed terms in the sum of (3.12) tend to vanish as n → ∞. Thus, we obtain
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mp+1 ≤ lim supn→∞
∑∞

j=1 ‖V j‖p+1
p+1. On the other hand, in view of the Gagliardo-

Nirenberg inequality (2.2), we obtain that

∞∑
j=1

‖V j‖p+1
p+1 ≤ cpc

∞∑
j=1

‖V j‖p−1
pc

‖∇V j‖22 ≤ cpc
sup
j≥1

‖V j‖p−1
pc

∞∑
j=1

‖∇V j‖22.(3.13)

From (3.3), we get
∑∞

j=1 ‖∇V j‖22 ≤ lim supn→∞ ‖∇vn‖22 ≤ M2. Therefore,

(3.14) sup
j≥1

‖V j‖p−1
pc

≥ mp+1

cpc
M2

.

By the Sobolev imbedding Ḣsc ↪→ Lpc and in view of the convergence of the
series

∑∞
j=1 ‖V j‖2

Ḣsc
, we get that

∑∞
j=1 ‖V j‖2pc

< ∞. This implies that there exist

some j0 ≥ 1 such that ‖V j0‖pc
= supj≥1 ‖V j‖pc

. By Theorem 2.1, we have that

cpc
= p+1

2 ‖Q′‖−(p−1)
pc . Thus, (3.14) implies that

(3.15) ‖V j0‖p−1
pc

≥ 2mp+1

(p+ 1)M2
‖Q′‖p−1

pc
.

Now, by a change of variables, (3.2) gives that

vn(x+ xj0
n ) = V j0(x) +

∑
j �=j0

V j(x+ xj0
n − xj

n) + ṽln(x),

where ṽln(x) = vln(x+ xj0
n ). As discussed above, |xj0

n − xj
n| → ∞ as n → ∞ implies

that

V j(·+ xj0
n − xj

n) ⇀ 0 weakly in Ḣsc ∩ Ḣ1 for every j = j0.

Hence, we obtain that vn(·+xj0
n ) ⇀ V j0 + vl weakly in Ḣsc ∩ Ḣ1, where vl denotes

the weak limit of {ṽln}∞n=1. However, since

‖vl‖p+1 ≤ lim sup
n→∞

‖ṽln‖p+1 = lim sup
n→∞

‖vln‖p+1 → 0, l → ∞,

the uniqueness of the weak limit implies that vl = 0 for every l ≥ j0. Thus,
vn(·+xj0

n ) ⇀ V j0 weakly in Ḣsc∩Ḣ1. Then the sequence {xj0
n }∞n=1 and the function

V j0 fulfill the conditions of Theorem 3.3. �

Remark 3.4. From the proof above, we can also replace cpc
in (3.13) with c2N =

‖∇W‖−
4
N

2 (see section 2 and Remark 2.4), and by the same argument, we should
then obtain that the weak limit V satisfies that

(3.16) ‖V ‖p−1
pc

≥ mp+1

M2
‖∇W‖

4
N
2 .

Now we sketch the proof of Theorem 1.4 by the same method as used in the
proof of Theorem 1.3.

Proof of Theorem 1.4. Let {tn}∞n=1 be an arbitrary time sequence such that tn ↑
T+. Set ρn = ‖∇Q′‖

1
1−sc
2 /‖∇u(tn)‖

1
1−sc
2 and vn = ρ

2
p−1
n u(tn, ρnx). Similarly to the

proof of Theorem 1.3, we obtain

‖vn‖Ḣsc = ‖u(tn)‖Ḣsc < ∞, ‖∇vn‖2 = ‖∇Q′‖2, and E(vn) = ρ2(1−sc)
n E(u0).
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Moreover, ‖vn‖p+1
p+1 → p+1

2 ‖∇Q′‖22. Applying Theorem 3.3 to {vn}∞n=1 with m =

( p+1
2 ‖∇Q′‖22)

1
p+1 and M = ‖∇Q′‖2, we obtain a family {xn}∞n=1 and a profile V

with

‖V ‖p−1
pc

≥ 2mp+1

(p+ 1)M2
‖Q′‖p−1

pc
= ‖Q′‖p−1

pc
(3.17)

such that, up to a subsequence, ρ
2

p−1
n u(tn, ρn · +xn) ⇀ V weakly in Ḣsc ∩ Ḣ1.

Consequently, for every R > 0,∫
|x|≤R

|V (x)|pcdx ≤ lim inf
n→∞

∫
|x−xn|≤ρnR

|u(tn, x)|pcdx.

In view of assumption (1.4), by the same steps used in the proof of Theorem 1.3,
we finally obtain that

‖V ‖pc
pc

≤ lim inf
t→T+

∫
|x−x(t)|≤λ(t)

|u(t, x)|pcdx,

which together with (3.17) gives (1.7), concluding the proof. �
Remark 3.5. In view of Remark 2.4 and Remark 3.4, we can obtain another form
of concentration as follows:

Theorem 3.6. Let u0 ∈ Ḣsc ∩ Ḣ1 be such that the corresponding solution u to
(1.1) blows up in finite time T+ > 0 satisfying (1.3). Assume λ(t) > 0 satisfying
(1.4). Then there exists x(t) ∈ RN such that

lim inf
t→T+

‖u‖pc

Lpc (|x−x(t)|≤λ(t)) ≥
(
p+ 1

2

)N
2

‖∇W‖22,(3.18)

where W is the solution to (2.4).

In fact, to prove Theorem 3.6, we just need to take ρn =
‖∇W‖

1
1−sc
2

‖∇u(tn)‖
1

1−sc
2

, m =

( p+1
2 ‖∇W‖22)

1
p+1 and M = ‖∇W‖2 in the proof of Theorem 1.4 and follow the

argument there exactly. By Theorem 2.1 and Remark 2.4, we obtain without diffi-

culty that ‖Q′‖pc
pc

≥
(
p+1
2

)N
2 ‖∇W‖22, which implies that the concentration property

described in Theorem 1.4 should be better than that in Theorem 3.6.
Note that the quantity of the least concentration described in [20] for the Lpc

norm of the radial blowup solutions to (1.1) was indeed in accordance with that in
Theorem 3.6. In this regard, our result obtained in Theorem 1.4 not only removes
the radially symmetric assumption in the case that (1.3) holds but also quantita-
tively improves the concentration property obtained by [20].

4. Remarks on divergence of solutions in H1

Recall that in [7], the author proved the following result.

Proposition 4.1. Suppose u0 ∈ H1, M(u)
1−sc
sc E(u) < M(Q)

1−sc
sc E(Q) and

‖∇u0‖2‖u0‖
1−sc
sc

2 > ‖∇Q‖2‖Q‖
1−sc
sc

2 .

Then either u(t) blows up in finite forward time T+ > 0 or u(t) is forward global
and there exists a time sequence tn → ∞ such that ‖∇u(tn)‖2 → ∞ as n → +∞.
A similar statement holds for negative time.
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Since u0 ∈ H1 ⊂ Ḣsc ∩ Ḣ1, if the corresponding finite time blowup solution
u(t) to (1.1) satisfies (1.3), then the concentration properties (1.5) and (1.7) hold
by Theorem 1.3 and Theorem 1.4. On the other hand, if T+ = ∞ with the same
T+ as in Proposition 1.2 and the assumptions of Proposition 4.1 hold, then we,
furthermore, have the following result.

Theorem 4.2. Suppose u0 ∈ H1, M(u)
1−sc
sc E(u) < M(Q)

1−sc
sc E(Q) and

‖∇u0‖2‖u0‖
1−sc
sc

2 > ‖∇Q‖2‖Q‖
1−sc
sc

2 .

If the corresponding solution u(t) to (1.1) exists globally in positive time and satisfies
(1.3) with T+ = ∞, then there exists some time sequence tn → +∞ as n → +∞
and xn ∈ RN such that for any sequence Rn ∈ (0,+∞) satisfying

(4.1) Rn‖∇u(tn)‖
1

1−sc
2 → +∞, n → +∞,

the following hold:

lim inf
n→+∞

∫
|x−xn|≤Rn

|(−Δ)
sc
2 u(tn, x)|2dx ≥ ‖Q̃‖2

Ḣsc
(4.2)

and

lim inf
n→+∞

∫
|x−xn|≤Rn

|u(tn, x)|pcdx ≥ ‖Q′‖pc
pc
,(4.3)

where Q̃ and Q′ are the same as in Theorem 1.3 and Theorem 1.4.

Since the proof is similar to that for Theorem 1.3 and Theorem 1.4, we just
sketch it as follows. In view of Proposition 4.1, we have obtained a time sequence
tn → +∞ such that ‖∇u(tn)‖2 → ∞ as n → +∞. Using such a sequence u(tn),

we can construct ρn ∈ R+ \ {0} and a bounded sequence vn in Ḣsc ∩ Ḣ1, the same
as in the proof of Theorem 1.3 and Theorem 1.4. Correspondingly, we then get
a profile V with ‖V ‖Ḣsc ≥ ‖Q̃‖Ḣsc and some sequence {xn}n≥1 ⊂ RN such that

ρ
2

p−1
n u(tn, ρn ·+xn) ⇀ V weakly in Ḣsc ∩ Ḣ1. By assumption (4.1), we can finally

obtain that

lim inf
n→+∞

∫
|x−xn|≤Rn

|(−Δ)
sc
2 u(tn, x)|2dx ≥ ‖Q̃‖2

Ḣsc
,

which is (4.2). The concentration (4.3) can be obtained similarly.

References
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