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CLASS GROUPS IN CYCLIC �-EXTENSIONS:

COMMENTS ON A PAPER BY G. CORNELL

MICHAEL ROSEN

(Communicated by Matthew A. Papanikolas)

Abstract. Let E/F be a cyclic extension of number fields of degree �n, where
� is a prime. It is proved that the �-rank of the class group of E is bounded
by �n(t− 1+ rk�ClF ), where t is the number of primes of F , including infinite
primes, which ramify in E and ClF is the class group of F . This generalizes
a result of G. Cornell which applies when n = 1 and � is odd. A similar result
is shown to hold when the Galois group is an abelian �-group and the Hasse
norm theorem is valid for E/F .

Let E/F be a Galois extension of number fields whose Galois group G is a �-
group. In a paper published in 1983, G. Cornell gives an upper bound for the
�-rank of the class group of E, ClE, in terms of the �-rank of ClF , the ramification
of primes of F in E, and the degree [E : F ] (see Theorem 4 of [2]). The only
restriction he places on his results is that � not be equal to 2. In this paper, we
remove this restriction and also show that in the special case where G is cyclic, the
same method often leads to a stronger result. In fact, we can also prove that a
variant of our result holds for abelian �-extensions E/F for which the Hasse norm
theorem is true. See Theorems 2.2 and 3.2 which are stated below.

To fix ideas and notation, we start with the formal definition of an �-rank. In
this paper, � denotes any prime number. For a finite abelian group A, we define
the �-rank of A to be the dimension over Z/�Z of A/�A. We denote the �-rank of
A by rk�(A).

Section 1. Preliminaries

Recall that the genus field of E with respect to F , ẼF is the maximal abelian
unramified extension of E which is of the form KE, whereK is an abelian extension
of F . Let HE be the Hilbert class field of E. Set C = Gal(HE/E) and G =
Gal(HE/F ). Since C is abelian, the exact sequence 1 → C → G → G → 1 leads to
an action of G on C. Using class field theory we can identify the action of G on C
with the action of G on ClE ∼= C.

When G is abelian it is clear that ẼF is an abelian extension of F and that the
corresponding subgroup of G is [G,G]. The Galois group of ẼF over E is isomorphic
to C/[G,G]. The following is a restatement of Proposition 3 in [2].

Received by the editors March 9, 2011 and, in revised form, December 21, 2011 and February 23,
2012.

2010 Mathematics Subject Classification. Primary 11R29.
Key words and phrases. �-rank, class groups, genus field, central class field.

c©2013 American Mathematical Society
Reverts to public domain 28 years from publication

21

http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2013-11729-6


22 MICHAEL ROSEN

Proposition 1.1. Assume G is cyclic generated by γ. Let Z[G] be the group ring
of G over Z and let IG = Z[G](1 − γ) be the kernel of the augmentation map∑

σ a(σ)σ →
∑

σ a(σ). Then,

Gal(ẼF/E) ∼= ClE/IGClE .

It is worth noting that IGClE is the subgroup of ClE consisting of all elements
aγ/a as a runs through ClE.

If A is any finite abelian group, we define A(�) to be the �-primary subgroup of
A. We are interested in the �-rank of ClE. This is the same as the �-rank of ClE(�).
Let’s define the �-subfield of the genus field of E/F to be the maximal unramified
abelian �-extension of E of the form KE, where K is an abelian �-extension of F .

Denote this field by Ẽ
(�)
F . By working with the �-part of the Hilbert class field of

E, the proof of Proposition 1.1 can be adapted to prove the following result.

Proposition 1.2. Assume G is cyclic of �-power order. Then,

Gal(Ẽ
(�)
F /E) ∼= ClE(�)/IGClE(�) .

We want to find a bound for rk�ClE(�) in terms of the �-rank of ClE(�)/IGClE(�).
We will initially only assume that G is an abelian �-group, although the main
application will be to the case when G is cyclic.

Let A be a finite abelian �-group acted on by a finite abelian �-group G. Let
�m be the exponent of A, and �n be the order of G. Then, we can consider A
to be a module for the group ring R = (Z/�mZ)[G]. Let IG be the kernel of the
augmentation map from R to Z/�mZ. This is an inessential change in the definition
of IG from that given above. The ideal IG is the set of all elements of the form∑

σ a(σ)(σ − 1), where a(σ) ∈ Z/�mZ. Let M be the ideal �R + IG.

Lemma 1.3. M is a maximal ideal which is nilpotent. Consequently, R is a local
ring with M being its only maximal ideal. Also, R/M ∼= Z/�Z.

Proof. We first show that IG is nilpotent. Let α =
∑

σ a(σ)(σ − 1) ∈ IG. Raising
both sides to the �-th power we find α� ∈

∑
σ R(σ�− 1)+ �R. By induction we find

α�k ∈
∑

σ R(σ�k − 1) + �R. Recall that �n is the order of G. Then, it follows that

α�n ∈ �R. From this we see that αm�n ∈ �mR = (0). Thus, every element in IG is
nilpotent. Since R is commutative and IG is finitely generated, it follows that IG
is nilpotent. Since �R is clearly nilpotent, M is the sum of two nilpotent ideals and
is thus nilpotent itself.

Now,

(0) → M/IG → R/IG → R/M → (0)

is exact. We know that R/IG ∼= Z/�mZ. Also, M/IG = �R + IG/IG = �(R/IG) ∼=
�(Z/�mZ). It follows that R/M ∼= Z/�Z. Thus, M is a maximal ideal. Since it is
nilpotent, R must be a local ring. The proof is complete. �

We need one more lemma which involves the norm element of R. By definition,
the norm element is N =

∑
σ∈G σ. Clearly, RN = (Z/�mZ)N ∼= Z/�mZ.



CLASS GROUPS IN CYCLIC �-EXTENSIONS 23

Lemma 1.4. The �-ranks of R and R/NR are given by

(a) rk�(R) = �n

and

(b) rk�(R/NR) = �n − 1.

Proof. The first part is obvious since R is the direct sum of �n = #(G) cyclic groups
of order �m. The second part is also “obvious”, but our proof is a little indirect.

We prove a more general fact which implies part (b) as a special case. Let

(0) → A → B → C → (0)

be an exact sequence of finitely generated Z/�mZ-modules. Suppose A and B are
free. Then C is also free and the sequence splits. To see this pass to the Pontryagin
duals. We find (0) → Ĉ → B̂ → Â → (0). The Pontryagin dual of a finite

abelian group D is isomorphic to D. In particular, Â ∼= A, which is free. Thus the
sequence of duals must split. We have B̂ ∼= Â ⊕ Ĉ. Now, we dualize again and
we find B ∼= A ⊕ C. Using the structure theorem for finite abelian groups we see
that C is free, which proves our “general fact”. Now apply this to the case where
A = RN and B = R and use part (a). The lemma follows. �

Proposition 1.5. The �-rank of A is bounded as follows:

(a) rk(A) ≤ �nrk(A/IGA).

Moreover, if N annihilates A we have

(b) rk(A) ≤ (�n − 1)rk(A/IGA).

Proof. To ease notation, let’s set A′ = A/IGA. By Lemma 1.3, R is a Noetherian
local ring withM as its maximal ideal. Thus, the minimal number of generators of A
as an R-module is the dimension of A/MA over the residue class field R/M ∼= Z/�Z,
i.e. rk�(A/MA).

We claim that rk�(A/MA) = rk�(A
′). To see this, note that

A/MA ∼= (A/IGA)/(MA/IGA) = (A/IGA)/(�A+ IGA) / IGA) .

Now, (�A+ IGA)/IGA = �(A/IGA). Thus, A/MA ∼= A′/�A′, which shows that
rk�(A/MA) = rk�(A

′) as asserted.
Let’s denote rk�(A

′) by d. We have shown that A is the epimorphic image
of the direct sum of d copies of R. Since the �-rank of R is �n, it follows that
rk(A) ≤ �nd = �nrk�(A

′).
If the norm element N annihilates A, then we can replace R with R/NR in the

above argument. By Lemma 1.4, the �-rank of R/NR is �n − 1. We conclude that
rk�(A) ≤ (�n − 1)rk�(A

′). �

This proposition generalizes Proposition 5 of Cornell’s paper [2], where the group
G is assumed cyclic of order �.
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Section 2. The main theorem

In this section we assume that G = Gal(E/F ) is cyclic of order �n where � is an
arbitrary prime. We will apply Proposition 1.5 to the case A = ClE(�). The integer
m is defined to be the smallest positive integer such that �m annihilates ClE(�).

Before stating and proving our main result, we recall the definition of the ramifi-
cation group of an infinite prime. Let E be an algebraic number field. We will think
of a prime on E as an equivalence class of absolute values. The infinite primes on F
are defined by embeddings of F into the complex numbers C. If λ : F → C is such
an embedding, the corresponding absolute value is |a|λ = |λ(a)|, where |z| is the
usual absolute value of a complex number. If the image of λ lies in R we say that λ
is a real prime; if the image of λ is not in R we say λ is a complex prime. If λ is a
complex prime it defines the same absolute value on E as its complex conjugate, so
a complex embedding and its complex conjugate embedding give rise to the same
infinite prime of E. Now suppose E/F is an extension of number fields and λ is
an embedding of E and λ0 is its restriction to F . We say that λ is ramified over
λ0 if λ is complex and λ0 is real. Otherwise we say that λ is unramified over λ0.
If E/F is Galois with group G and λ is an embedding ramified over λ0, there is a

unique σ ∈ G of order 2 such that for all a ∈ E we have λ(σa) = λ(a). The group
generated by σ is, by definition, the ramification group of λ over λ0. If λ over λ0

is unramified, we define the ramification group of λ over λ0 to be 〈e〉. The main
property of these groups which we will use is contained in the following proposition.

Proposition 2.1. Let E/F be a Galois extension of algebraic number fields with
group G. Let H be a subgroup of G and K its fixed field. If all the ramification
groups at infinite primes of E are contained in H, then K/F is unramified at all
the infinite primes of F .

The proof of this proposition is straightforward from the definitions, so we leave
it to the reader.

From now on in this paper, a prime of a number field will refer to either a finite
or an infinite prime.

We are now in a position to state and prove our main result. It should be
emphasized that the basic idea of the proof is due to G. Cornell. His proof covers
the case in which G is cyclic of odd prime order.

Theorem 2.2. Let � be a prime number and E/F be a Galois extension of number
fields with G = Gal(E/F ) cyclic of order �n. Let t be the number of primes (finite or
infinite) in F which are ramified in E. If E/F is unramified, rk�ClE ≤ �n rk�ClF .
If t ≥ 1,

rk�ClE ≤ �n(t− 1 + rk�ClF ) .

In the case where the class number of F is not divisible by �, we have

rk�ClE ≤ (�n − 1)(t− 1) .

Proof. To begin with, assume E/F is unramified. Then, Ẽ
(�)
F /F is unramified, as is

any abelian �-extension K/F such that KE/E is unramified. It follows easily that

Ẽ
(�)
F = H

(�)
F E, where H

(�)
F is the �-part of the Hilbert class field of F . From this we

see that Gal(Ẽ
(�)
F /E) is isomorphic to a subgroup of ClF (�) ∼= Gal(H

(�)
F /F ). From

Proposition 1.2 and Proposition 1.5, part (a), we deduce rk�ClE ≤ �n rk�ClF . This
concludes the proof of our first assertion.
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We recall that when G is abelian, the genus field Ẽ
(�)
F is an abelian extension of

F . Let G = Gal(Ẽ
(�)
F /F ). If p is a prime of F, the ramification subgroup of p in

G, Tp, is isomorphic to the ramification group of p in G. This follows from the fact

that ẼF is unramified over E. Since we are assuming that G is cyclic, it follows
that all the ramification subgroups of G are cyclic.

Now, assume t ≥ 1 and suppose {p1, p2, . . . , pt} is the complete set of primes
of F which ramify in E. Let the corresponding ramification subgroups of G be

denoted by {T1, T2, . . . , Tt}. Let L be the fixed field of T1. Then, Ẽ
(�)
F /L is totally

ramified at primes of L above p1 and L/F is ramified at at most t− 1 primes of F

(since it is unramified at p1). We claim that Ẽ
(�)
F = LE. This is because Ẽ

(�)
F over

LE is simultaneously totally ramified at primes above p1 and unramified since it is

contained in the unramified extension Ẽ
(�)
F /E. It follows that Gal(Ẽ

(�)
F /E) maps,

by restriction, injectively into Gal(L/F ).
Since all the Ti are cyclic, the ramification groups of p2, . . . , pt in Gal(L/F ) are

also cyclic. Let R ⊆ Gal(L/F ) be their product and K be the fixed field of R.
Since R is the product of at most t− 1 cyclic �-groups, we have rk�R ≤ t− 1. On
the other hand, K/F is unramified everywhere, including the primes at infinity. It
follows that ClF maps onto Gal(K/F ). Putting all of this together, we conclude
that

rk�Gal(ẼF /E) ≤ rk�Gal(L/F ) ≤ t− 1 + rk�ClF .

From Proposition 1.2 and Proposition 1.5, part (a), applied to A = ClE(�) we
find that

rk�ClE ≤ �nrk�(ClE(�)/IGClE(�)) = �nrk�Gal(Ẽ
(�)
F /E) ≤ �n(t− 1 + rk�ClF ) .

This proves the second assertion of the theorem.
Finally, assume the class number of F is not divisible by �. Then, ClF (�)

is trivial. It follows that rk�(ClF ) = 0 and that the norm element annihilates
ClE(�). Using this information, Proposition 1.2, and applying part (b) of Proposi-
tion 1.5, we derive, by the same sequence of steps as above, the inequality rk�ClE ≤
(�n − 1)(t− 1). �

Section 3. A generalization

In this section, we will add a comment on Theorem 2.2 and sketch a generaliza-
tion.

To begin with, we compare our Theorem 2.2 with Theorem 4 of Cornell’s paper
[2]. Suppose E = Fn ⊃ Fn−1 ⊃ · · · ⊃ F0 = F is a chain of number fields with
Fi+1/Fi cyclic of degree � �= 2. Suppose ti primes of Fi ramify in Fi+1. If ti ≥ 1
set ei = ti. Otherwise, set ei = 1. Cornell’s Theorem 4 states that

rk�ClE ≤
n−1∑

i=0

�n−i(ei − 1) + �nrk�ClF ,

and if � does not divide the class number of F , one has

rk�ClE ≤
n−1∑

i=0

�n−i(ei − 1)− �n−1(e0 − 1) .

In [2] the first sum starts from i = 1, but this is a misprint. It should start from
i = 0.
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Both results follow from the case n = 1 of Theorem 2.2 and are proved by
a straightforward induction. This result is very general but a little difficult to
apply because of the need to compute the numbers ei. In the special case of cyclic
extensions, Theorem 2.2 shows that one needs only the one number t. Moreover,
in this special case, it usually gives a somewhat stronger conclusion. To see this
consider a cyclic extension of Q of odd degree �n with exactly t ≥ 1 primes of
Q ramified in E. We also assume each ramified prime is totally ramified. Using
the theory of cyclotomic fields, it is not hard to construct such extensions. It
is immediate that ei = ti = t for all i. By Cornell’s second inequality, we find

rk�ClE ≤ (
∑n−1

i=0 �n−i − �n−1)(t − 1). On the other hand, Theorem 2.2 yields
rk�ClE ≤ (�n − 1)(t − 1), which is smaller as soon as n ≥ 2 and is considerably
smaller when n is large.

Next, we want to explain why we proved Proposition 1.5 for any abelian �-group
G, but in Theorem 2.2 we use it only in the case when G is cyclic. To this end
we recall the notion of the central class field and compare it to the genus field (see
Y. Furuta [3]).

Let E/F be a Galois extension of number fields with group G. The central class

field of E/F is defined to be the maximal unramified extension ÊF of E which is

Galois over F and has the property that Gal(ÊF /E) is in the center of Gal(ÊF /F ).
As in Section 1, let HE be the Hilbert class field of E, C = Gal(HE/E), and

G = Gal(HE/F ). It is easy to see that the subgroup of G corresponding to ÊF is

[G, C] and the subgroup corresponding to ẼF is [G,G]∩C (we are not assuming yet
that G is abelian). It follows that the genus field is contained in the central class
field. In general these fields are different, as can be seen by means of the formulas
Furuta provides for their degree over E: equation (2) on page 319 of [3] and in the
statement of Satz 1 on pages 320-21 of the same article. We note that there is a
misprint in formula (2): [K0 : K] should be [K0 : k]. The following result is an
almost immediate consequence of these formulas.

Proposition 3.1. Suppose E/F is a Galois extension of number fields for which
the Hasse Norm Theorem (HNT) holds (i.e. every element of F ∗ which is a norm

everywhere locally is a global norm). Then ẼF = ÊF .

Proof. Comparing the formulas of Furuta referred to above, it is enough to show
that [k∗ ∩ NK/kJK : NK/kK

∗] = 1 and that [Ek : Ek ∩ NK/kK
∗] = [Ek : Ek ∩

NK/kUK ]. We are using the notation of Furuta’s paper where K/k is a Galois
extension of number fields. The ideles of K are denoted by JK , and the unit
ideles of K are denoted by UK . The units of K and k are denoted by EK and Ek

respectively. The first equality is equivalent to the HNT. To see the second equality
it is sufficient to show that Ek ∩NK/kK

∗ = Ek ∩NK/kUK when the Hasse Norm
Theorem holds. To show that the left hand side is contained in the right hand side,
use the fact that a unit which is a local norm must be the local norm of a local unit.
If α ∈ Ek is in NK/kUK , it must be in NK/kK

∗ by the HNT. Thus, the right hand
side is a subset of the left hand side. It follows that the two sides are equal. �

Since the Hasse Norm Theorem is true for cyclic extensions, the genus field is
equal to the central class field in this case. This also follows from the much more
elementary fact that a group which is a central extension by a cyclic group is
abelian.



CLASS GROUPS IN CYCLIC �-EXTENSIONS 27

Since the subgroup of G corresponding to ÊF is [G, C], we see that Gal(ÊF/E) ∼=
C/[G, C] is, via the Artin map, isomorphic to ClE/IGClE. So, in general this
quotient belongs to the central class field, not the genus field. However, when G is
cyclic, both fields coincide. This provides a deeper understanding of Proposition 1.1.

These considerations also enable us to generalize Theorem 2.2 to the case where
the HNT is valid for E/F . In fact, it would be enough to generate the hypothesis
that the genus class field is equal to the central class field. However, I know of no
general way to check this hypothesis except via the HNT.

Before stating the theorem, we note that HNT is valid whenever there is a
prime P in E whose decomposition group is equal to the whole Galois group.
See pages 198-99 of J. Tate’s article in [7]. If this happens at a prime which is
unramified over F , this forces the Galois group to be cyclic. So, we get something
new only when it happens at a prime P which is ramified over F . For example,
HNT holds whenever there is a prime in F which is totally ramified in E. A family
of examples is given by the cyclotomic fields Kn = Q(ζ2n+1) for n ≥ 2. The Galois
group Gal(Kn/K) is a cyclic group of order 2 times a cyclic group of order 2n−1.
Nevertheless, HNT holds, since 2 is totally ramified in all of these extensions.

It might be of interest to give an example where one can use Tate’s criterion at
a prime which is neither unramified nor totally ramified. Consider the extension
K = Q(

√
5),

√
−1)/Q. The prime (2) of Q is inert in Q(

√
5), and the prime above

(2) in Q(
√
5), P say, is totally ramified in K. Set P = P2. Then the decomposition

group of P over Q is the full Galois group Gal(K/Q), but 2 is not totally ramified
in K. Nevertheless, the HNT holds for this extension. It is easy to construct many
examples of this type.

Theorem 3.2. Let � be a prime and suppose E/F is an abelian �-extension of
number fields of degree �n for which the Hasse Norm Theorem holds. Let t be the
number of finite primes of F which are tamely ramified plus, when � = 2, the number
of infinite primes of F ramified in E. Let ε� = 1 if at least one prime of F above �
is ramified in E. Otherwise, set ε� = 0. Then,

rk�ClE ≤ �n(t+ 2ε�[F : Q]− 1 + rk�ClF ) .

In the case that � does not divide the class number of F , we have

rk�ClE ≤ (�n − 1)(t+ 2ε�[F : Q]− 1) .

Proof. Since E/F is an �-extension, finite primes of F which do not lie above � are
tamely ramified in E and consequently have cyclic ramification groups. The ramifi-
cation groups of primes lying above � are wildly ramified in E, and the ramification
groups can well be non-cyclic. Nevertheless, local class field theory enables us to
bound their �-rank. Let {q1, . . . , qr} be the primes of F which lie above � and are
ramified in E. Let Fi be the completions of F at qi and Ei the completion of E
at some prime lying above qi. The Galois group, Gi, of Ei over Fi is isomorphic
to the decomposition group of qi in E. With this identification, it is a fact (see
the corollary to Proposition 13 of Chapter XIII in [6]) that the norm residue map
sends Ui, the local units in F ∗

i , onto the ramification group Ti of qi in E. Thus,
rk�Ti ≤ rk�(Ui/U

�
i ) = [Fi : Q�] + δi, where δi = 1 if Fi contains a primitive �-th

root of unity and is 0 otherwise. Thus,

rk�

r∏

i=1

Ti ≤
r∑

i=1

([Fi : Q�] + δi) ≤ [F : Q] + r ≤ 2[F : Q] .
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We have used the fact that the sum of the local degrees is equal to the global degree.
To sum up, we have shown that all the ramification groups of E/F are either

cyclic or belong to primes in F lying above � and have explicitly bounded �-ranks.
The other main tools in the proof of Theorem 2.2 are Proposition 1.2 and Propo-
sition 1.5. For Proposition 1.2 we assumed G is cyclic, but we have seen above
that the conclusion of that proposition holds if E/F satisfies HNT. As for Proposi-
tion 1.5, it holds for any abelian �-extension. With these remarks it is now an easy
matter to show that the proof of the present theorem will follow almost word for
word from the proof of Theorem 2.2. �

Readers who would like to know more about the Hasse Norm Theorem should
consult D. Garbanati [4] and M. Razar [5].
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