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ON THE ANALYTIC INTEGRABILITY

OF THE 5–DIMENSIONAL LORENZ SYSTEM

FOR THE GRAVITY–WAVE ACTIVITY
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(Communicated by Yingfei Yi)

Abstract. For the 5-dimensional Lorenz system

dU/dT = −VW + b V Z,

dV/dT = UW − bUZ,

dW/dT = −UV,

dX/dT = −Z,

dZ/dT = b UV +X

(with b ∈ R a parameter), describing coupled Rosby and gravity waves, we
prove that it has at most three functionally independent global analytic first
integrals and exactly three functionally independent global analytic first inte-
grals when b = 0. In this last case the system is completely integrable with an
additional functionally independent first integral which is not globally analytic.

1. Introduction

E.N. Lorenz constructed in [4] the following 5–dimensional differential system in
R

5:

dU

dT
= −VW + bV Z,

dV

dT
= UW − bUZ,

dW

dT
= −UV,(1.1)

dX

dT
= −Z,

dZ

dT
= bUV +X

(where b ∈ R is a parameter), describing coupled Rosby waves and gravity waves.
He was mainly interested in its slow manifolds. Here our interest will be in studying
its integrability and in particular its analytic integrability; i.e. what is the maximal
number of functionally independent analytic first integrals that the system (1.1)
can exhibit? This question has been considered for many other relevant differential
systems and other classes of first integrals not necessarily analytic; see for instance
[2, 5, 6] and the references therein.
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Let Ω be an open subset of R5 invariant by the flow of the differential system
(1.1); i.e. if a solution of system (1.1) has a point in Ω, then all the points of
this solution are contained in U . A first integral of the differential system (1.1) in
Ω is a continuous function H = H(U, V,W,X,Z) : Ω → R non–constant on any
open subset of Ω and satisfying that it is constant on every solution of system (1.1)
contained in Ω. In other words, a continuously differentiable function H is a first
integral of system (1.1) in Ω if and only if

(−VW + b V Z)
∂H

∂U
+ (UW − b UZ)

∂H

∂V

− UV
∂H

∂W
− Z

∂H

∂X
+ (b UV +X)

∂H

∂z
≡ 0, in Ω.

The maximal open set Ω for which H : Ω → R is a first integral of system (1.1) is
called the domain of definition of the first integral H.

Of course, when the first integral H is an analytic function, we say that H is an
analytic first integral. If the first integral H is analytic in R5, we say that H is a
global analytic first integral.

Let H1 : Ω1 → R and H2 : Ω2 → R be two first integrals of the 5–dimensional
Lorenz system (1.1). They are functionally independent in Ω1∩Ω2 if their gradients
are linearly independent over a full Lebesgue measure subset of Ω1 ∩ Ω2.

It is well known (see [4]) and easy to check that the 5–dimensional Lorenz system
(1.1) has the two functionally independent global analytic first integrals

U2 + V 2

and

V 2 +W 2 +X2 + Z2,

having domains of definition equal to R5.
Our main result on the global analytic first integrals of system (1.1) is the fol-

lowing one.

Theorem 1.1. For the 5–dimensional Lorenz differential systems (1.1) the follow-
ing statements hold:

(a) If b = 0, system (1.1) has three functionally independent global analytic
first integrals, namely U2 + V 2, V 2 +W 2 and X2 + Z2. Furthermore, any
other global analytic first integral is an analytic function in the variables
U2 + V 2, V 2 +W 2 and X2 + Z2.

(b) If b �= 0, the number of functionally independent global analytic first in-
tegrals of system (1.1) is either 2 or 3. Two of these are U2 + V 2 and
V 2 +W 2 +X2 + Z2.

Theorem 1.1 is proved in section 2.
We say that system (1.1) is completely integrable in an invariant open set U of

R5 if there exist 4 first integrals functionally independent in U .

Proposition 1.2. The 5–dimensional Lorenz differential system with b = 0 is
completely integrable.

Proposition 1.2 is proved in section 3.
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2. Proof of Theorem 1.1

In the proof of Theorem 1.1 we will use a characterization of the maximum
number of local analytic first integrals that an analytic differential system can have
in a neighborhood of a singularity.

We denote by Z+ the set of non–negative integers. The following result, due to
Zhang [7], will be used in the proof of Theorem 1.1.

Theorem 2.1. For an analytic differential system defined in a neighborhood of the
origin of Rn for which the origin is a singularity, let λ1, . . . , λn be the eigenvalues
of its linear part at the origin. Set

G =

{
(k1, . . . , kn) ∈ (Z+)

n :
n∑

i=1

kiλi = 0,
n∑

i=1

ki > 0

}
.

Assume that the differential system has r < n functionally independent analytic first
integrals Φ1(x), . . . , Φr(x) in a neighborhood of the origin. If the R–linear space
generated by G has dimension r, then any non-trivial analytic first integral of the
system in a neighborhood of the origin is an analytic function of Φ1(x), . . . ,Φr(x).

Proof of Theorem 1.1. For the singularities (0, 0,W0, 0, 0) with W0 ∈ R, system
(1.1) has the eigenvalues λ1 = 0, λ2,3 = ±W0i, λ3,4 = ±i, where i =

√
−1. Consider

the set

GW0
=

⎧⎨
⎩(k1, k2, k3, k4, k5) ∈ Z

5
+ :

5∑
j=1

kjλj = 0,

5∑
j=1

kj ≥ 1

⎫⎬
⎭ ,

with λ1 = 0, λ2 = W0i, λ3 = −W0i, λ4 = i, λ5 = −i. Clearly, if W0 is irra-
tional, the maximal number of linearly independent elements of GW0

is three. So,
by Theorem 2.1, system (1.1) has at most three functionally independent analytic
first integrals in some neighborhood of (0, 0,W0, 0, 0) with W0 irrational, and con-
sequently system (1.1) has at most three functionally independent global analytic
first integrals.

If b = 0 it is easy to check that U2 + V 2, V 2 +W 2 and X2 + Z2 are three func-
tionally independent global analytic first integrals. Therefore, no other additional
independent global analytic first integral can exist, and any other global analytic
first integral must be a function in the variables U2 + V 2, V 2 +W 2 and X2 + Z2.
This completes the proof of statement (a) of Theorem 1.1.

In fact, when b = 0 we can provide a precise proof of the claim that any other
global analytic first integral must be a function in the variables U2 + V 2, V 2 +W 2

and X2+Z2. Indeed, let H be an analytic first integral of system (1.1) with b = 0.
Then by definition we have

(2.1) −VW
∂H

∂U
+ UW

∂H

∂V
− UV

∂H

∂W
− Z

∂H

∂X
+X

∂H

∂Z
≡ 0.

We expand H in the Taylor series,

H =

∞∑
j=m

Hj(U, V,W,X,Z),

where m ≥ 1 is a positive integer, and Hj , j = m,m + 1, . . ., are homogenous
polynomials of degree j.
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Comparing the homogenous polynomials in (2.1) of the same degree, we get

−Z
∂Hm

∂X
+X

∂Hm

∂Z
= 0,(2.2)

−Z
∂Hj+1

∂X
+X

∂Hj+1

∂Z
= VW

∂Hj

∂U
− UW

∂Hj

∂V
+ UV

∂Hj

∂W
,(2.3)

for j = m,m+ 1, . . . .

The characteristic equation associated with the linear partial differential equation
(2.2) has the first integral X2 + Z2, so by the method of characteristic curves for
solving linear partial differential equations we get that the general solution of (2.2)
is

Hm(U, V,W,X,Z) = Gm(X2 + Z2, U, V,W ),

where Gm must be a polynomial function in its variables because Hm is a homoge-
nous polynomial in the variables U, V,W,X,Z.

For j = m, since X2 + Z2 is a first integral of the characteristic equation asso-
ciated with −Z∂Hm+1/∂X +X∂Hm+1/∂Z = 0, we make the change of variables

A = X2 + Z2, Z = Z,

with its inverse X =
√
A− Z2 and Z = Z. Then equation (2.3) with j = m

becomes the ordinary differential equation√
A− Z2

dH̃m+1

dZ
= VW

∂Gm

∂U
− UW

∂Gm

∂V
+ UV

∂Gm

∂W
,

taking U, V,W as constants, where H̃m+1 is Hm+1 written in U, V,W,A,Z instead
of U, V,W,X,Z. This last equation can be written as

(2.4)
dH̃m+1

dZ
=

(
VW

∂Gm

∂U
− UW

∂Gm

∂V
+ UV

∂Gm

∂W

)
1√

A− Z2
.

Integrating this ordinary differential equation with respect to Z, we get

H̃m+1(U, V,W,A,Z)

=

(
VW

∂Gm

∂U
− UW

∂Gm

∂V
+ UV

∂Gm

∂W

)
arcsin

Z√
A

(2.5)

+ G̃m+1(U, V,W,A),

where G̃m+1 is an integrating constant w.r.t. Z. Since Hm+1(U , V,W,X,Z) is a
homogenous polynomial, we must have

(2.6) VW
∂Gm

∂U
− UW

∂Gm

∂V
+ UV

∂Gm

∂W
≡ 0.

The characteristic equations associated with this last partial differential equation
have the two functionally independent first integrals

B = U2 + V 2, C = V 2 +W 2.

Hence the general solution of the linear partial differential equation (2.6) is g(B,C),
with g any continuous differentiable function. This forces that

Hm(U, V,W,X,Z) = Gm(U, V,W,A) = Rm(A,B,C),

with Rm a homogenous polynomial in A,B,C. So m must be even. From (2.5)
we have

H̃m+1(U, V,W,A,Z) = G̃m+1(U, V,W,A).
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This shows that

Hm+1(U, V,W,X,Z) = Gm+1(X
2 + Z2, U, V,W ),

where Gm+1 is G̃m+1 written in U, V,W,X,Z instead of U, V,W,A,Z.
Now equation (2.3) with j = m+ 1 is

−Z
∂Hm+2

∂X
+X

∂Hm+2

∂Z
= VW

∂Gm+1

∂U
− UW

∂Gm+1

∂V
+ UV

∂Gm+1

∂W
.

Working in a similar way to get Hm+1, we apply the method of characteristic curves
to the last linear partial differential. In order to obtain a polynomial solution we
must have

VW
∂Gm+1

∂U
− UW

∂Gm+1

∂V
+ UV

∂Gm+1

∂W
≡ 0.

This implies that

Gm+1(X
2 + Z2, U, V,W ) = Rm+1(X

2 + Z2, U2 + V 2, V 2 +W 2),

with Rm+1 a homogenous polynomial in A,B,C. Since Hm is a homogenous poly-
nomial of even degree, we must have

Gm+1 ≡ 0,

because Gm+1 cannot be of odd degree by its expression. Furthermore we have

Hm+2(U, V,W,X,Z) = Gm+2(U, V,W,A),

where Hm+2 is a homogenous polynomial of degree m+ 2.
By induction we can prove from (2.3) that

Gm+2k(U, V,W,X,Z) = Rm+2k(A,B,C),
Gm+2k−1(U, V,W,X,Z) = 0,

k = 1, 2, . . . ,

where Rm+2k are homogeneous functions in A,B,C. This proves the claim.
Finally, statement (b) of Theorem 1.1 follows immediately from the fact that

U2+V 2 and V 2+W 2+X2+Z2 are two independent global analytic first integrals
of system (1.1) when b �= 0, and the fact that system (1.1) has at most three
functionally independent global analytic first integrals. �

3. Proof of Proposition 1.2

The following result is due to Jacobi. For a proof in a more general setting, see
Theorem 2.7 of [3].

Theorem 3.1. Consider an analytic differential system in Rn of the form

(3.1)
dx

dt
= ẋ = P (x), x = (x1, . . . , xn) ∈ R

n,

with P (x) = (P1(x), . . . , Pn(x)). Assume that

n∑
i=1

∂Pi

∂xi
= 0 (i.e. it has zero divergence)

and that it admits n− 2 first integrals, Ii(x) = ci with i = 1, . . . , n− 2 functionally
independent. These integrals define, up to a relabeling of the variables, an invertible
transformation mapping from (x1, . . . , xn) to (c1, . . . , cn−2, xn−1, xn) given by

yi = Ii(x), i = 1, . . . , n− 2, yn−1 = xn−1, yn = xn.
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Let Δ be the Jacobian of the transformation

Δ = det

⎛
⎜⎜⎜⎝

∂x1
I1 ∂x2

I1 · · · ∂xn−2
I1

∂x1
I2 ∂x2

I2 · · · ∂xn−2
I2

...
...

. . .
...

∂x1
In−2 ∂x2

In−2 · · · ∂xn−2
In−2

⎞
⎟⎟⎟⎠ .

Then system (3.1) admits an extra first integral given by

In−1 =

∫
1

Δ̃

(
P̃n dxn−1 − P̃n−1 dxn),

where the tilde denotes the quantities expressed in the variables (c1, . . ., cn−2, xn−1,
xn). Moreover, this first integral is functionally independent with the previous n−2
first integrals; that is, the system is completely integrable.

Proof of Proposition 1.2. It is immediate to verify that the Lorenz system (1.1) in
R5 has zero divergence. If b = 0 by statement (a) of Theorem 1.1, the Lorenz system
has 3 = 5−2 first integrals functionally independent. So, the Lorenz system satisfies
the assumptions of Theorem 3.1. Therefore, if b = 0, it is completely integrable in
the open and dense set of R5 where the additional first integral I4 is defined. �
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[2] Isaac A. Garćıa, Maite Grau, and Jaume Llibre, First integrals and Darboux polynomials of
natural polynomial Hamiltonian systems, Phys. Lett. A 374 (2010), no. 47, 4746–4748, DOI
10.1016/j.physleta.2010.09.060. MR2728364 (2011m:34001)

[3] Alain Goriely, Integrability and nonintegrability of dynamical systems, Advanced Series in
Nonlinear Dynamics, vol. 19, World Scientific Publishing Co. Inc., River Edge, NJ, 2001.
MR1857742 (2002k:37001)

[4] Edward N. Lorenz, On the existence of a slow manifold, J. Atmospheric Sci. 43 (1986),
no. 15, 1547–1557, DOI 10.1175/1520-0469(1986)043〈1547:OTEOAS〉2.0.CO;2. MR855190
(87h:76037)

[5] Andrzej J. Maciejewski and Maria Przybylska, Differential Galois obstructions for
non-commutative integrability, Phys. Lett. A 372 (2008), no. 33, 5431–5435, DOI
10.1016/j.physleta.2008.06.050. MR2439693 (2009j:37086)

http://www.ams.org/mathscinet-getitem?mr=2242407
http://www.ams.org/mathscinet-getitem?mr=2242407
http://www.ams.org/mathscinet-getitem?mr=2728364
http://www.ams.org/mathscinet-getitem?mr=2728364
http://www.ams.org/mathscinet-getitem?mr=1857742
http://www.ams.org/mathscinet-getitem?mr=1857742
http://www.ams.org/mathscinet-getitem?mr=855190
http://www.ams.org/mathscinet-getitem?mr=855190
http://www.ams.org/mathscinet-getitem?mr=2439693
http://www.ams.org/mathscinet-getitem?mr=2439693


ANALYTIC INTEGRABILITY OF 5–DIMENSIONAL LORENZ SYSTEM 537

[6] S. I. Popov, W. Respondek, and J.-M. Strelcyn, On rational integrability of Euler equa-
tions on Lie algebra so(4,C), revisited, Phys. Lett. A 373 (2009), no. 29, 2445–2453, DOI
10.1016/j.physleta.2009.04.075. MR2543752 (2010g:37092)

[7] Xiang Zhang, Local first integrals for systems of differential equations, J. Phys. A 36 (2003),
no. 49, 12243–12253, DOI 10.1088/0305-4470/36/49/007. MR2025828 (2004i:34094)
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E-mail address: rsaghin@gmail.com

MOE-LSC, Shanghai Jiao Tong University, Shanghai, 200240, People’s Republic of

China

E-mail address: xzhang@sjtu.edu.cn

http://www.ams.org/mathscinet-getitem?mr=2543752
http://www.ams.org/mathscinet-getitem?mr=2543752
http://www.ams.org/mathscinet-getitem?mr=2025828
http://www.ams.org/mathscinet-getitem?mr=2025828

	1. Introduction
	2. Proof of Theorem 1.1
	3. Proof of Proposition 1.2
	Acknowledgments
	References

