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THE CLOSURE OF A RANDOM BRAID

IS A HYPERBOLIC LINK

JIMING MA

(Communicated by Daniel Ruberman)

Abstract. Let μ be a probability distribution on the braid group Bn with
n ≥ 3 strands. We observe that for a random walk ωn,k of length k on Bn,

the probability that the closure ω̂n,k is a hyperbolic link in S3 converges to
1 as k tends to infinity. Moreover, under a mild assumption on μ, we prove
the probability that the closure ω̂n,k is a hyperbolic knot which has no non-
trivial exceptional surgeries is larger than zero for k large enough. The proofs
combine several recent deep results.

1. Introduction

It is well-known (for example, see [1]) that there are three types of knots in
S3: torus knots, satellite knots and hyperbolic knots. Similarly there is a rough
classification of links in S3, which is a little more complicated; i.e., we should
also consider split links. According to the Geometrization Theorem for Haken
Manifolds of Thurston ([9,21]), most links in S3 should be hyperbolic. To describe
this statement more precisely, we need the notion of random links in S3.

There are several models of random links: for example, via random walks on
braid groups or via random bridge presentations of links, and there is a more com-
binatorial model given by a uniformly distributed collection of unit length sticks
stuck end to end [4]. The question is whether random links via these models are
hyperbolic. Unfortunately, a random knot via the third model is not hyperbolic;
actually, with a high probability the knot is a satellite knot [8]. Thus, the hyper-
bolicity of a random link is a non-trivial question.

In this note, we address this question via the random braid model:

Theorem 1.1. Let μ be a non-elementary probability distribution with finite first
moment on the braid group Bn with n ≥ 3 strands. Then for a random walk ωn,k

of length k on Bn, the probability that the closure ω̂n,k is a hyperbolic link in S3

converges to 1 as k → ∞.

This result should be compared to [15], where Malyutin uses quasi-morphisms
and some results tracing back to works of Bestvina-Fujiwara, J. Birman, I. Dyn-
nikov, Malyutin-Netsvetaev and W. Menasco to show that for a non-degenerate
random walk on Bn, the subset of Bn consisting of braids whose closures are non-
prime links is transient. In particular, for a non-degenerate random walk on Bn,
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the asymptotic probability that the closure of it is a hyperbolic link, a torus link
or a link with essential torus but without essential meridian annulus and sphere in
its complement is 1. The author does not know whether Malyutin’s method can be
sharpened to show that the probability of the hyperbolicity of a random link is 1.

We remark that the (more difficult) question of whether a random closed 3-
manifold is hyperbolic was solved affirmatively by J. Maher [13] and Lustig-Moriah
[11, 12] with the help of the Geometrization Theorem for 3-manifolds via different
models of random Heegaard splittings.

IfM is a finite volume hyperbolic 3-manifold with exactly one torus cusp, then by
the Hyperbolic Dehn Surgery Theorem [18, 21], all but finitely many Dehn fillings
of M result in closed hyperbolic 3-manifolds, and a slope with which the Dehn
filling is performed such that the resultant is a non-hyperbolic 3-manifold is called
an exceptional slope. Let L = {K1,K2, . . . ,Kn} be a hyperbolic link in S3. Recall
that there is a canonical way to parameterize the space of (multiple) Dehn fillings
of S3 − intN(L): we fix a homology basis (mi, li) for each boundary component
of S3 − intN(L), where mi bounds a disk in N(Ki) and li is homologically zero
in S3 − intN(Ki). Thus, if a slope represents (pmi + qli) in the first homology of
∂N(Ki), we have an element pi/qi of Q ∪ ∞ uniquely defined by the slope, and
conversely.

We call (∞,∞, . . . ,∞) the trivial slope for S3− intN(L) (or L for short), and so
any n-tuple α = (a1, a2, . . . , an) �= (∞,∞, . . . ,∞) is non-trivial. Moreover, if none
of ai is ∞, then we say a is strictly non-trivial.

Since the Dehn filling along (∞,∞, . . . ,∞) results in S3, there is always an
exceptional slope for L. Purcell [19] and Futer-Purcell [5] formulate combinatorial
conditions on the diagram of a link L in S3 which ensure that all strictly non-trivial
slopes are non-exceptional slopes. We show that links in S3 with this property are
overwhelming:

Proposition 1.2. Let μ be a non-elementary probability distribution on the braid
group Bn with n ≥ 3 strands. Then for a random walk ωn,k of length k on Bn, the
probability that the closure ω̂n,k is a hyperbolic link in S3 such that every strictly
non-trivial slope is non-exceptional converges to 1 as k → ∞.

Since it is possible that a Dehn filling along a slope α which is non-trivial but also
not strictly non-trivial results in a hyperbolic 3-manifold when L is a link with at
least two components. For example, when L = {K1,K2}, the Dehn filling along a
slope (∞, p/q) �= (∞,∞) may result in a hyperbolic 3-manifold if K2 is hyperbolic.

We consider the probability that for a random link in S3, all but finitely many
Dehn fillings in the (multiple) Dehn filling space result in hyperbolic 3-manifolds.
We want to know whether this probability is one. (Of course, there are links which
admit infinitely many non-hyperbolic Dehn fillings; for example, see [16].) For
instance, if L = {K1,K2} is a hyperbolic link such that the meridian in each cusp
has small normalized length (see Section 2), and we also assume Ki is a hyperbolic
knot with the same condition on normalized length for i = 1, 2, then it is easy to
see all non-trivial slopes of L are non-exceptional, and then there is exactly one
exceptional slope for L.

We expect that links with only finitely many exceptional slopes are prevalent in
S3. We cannot prove the probability is one. But under a mild condition on the ran-
dom walk, we can show that the probability that the closure of a random braid is a
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knot without non-trivial exceptional slopes is positive. In particular, the probabil-
ity that the closure of a random braid is a link with only finitely many exceptional
slopes is positive.

There is a natural map π from Bn to Sn, the permutation group on n letters
Ω = {1, 2, . . . , n}: let σ1, σ2, . . . , σn−1 be the canonical generators of Bn—that is,
when viewing Bn as the mapping class group of a disk with n punctures, σi is the
(right) half-twist which permutes the i-th and (i + 1)-th punctures—and let si be
the simple transposition on the letters i and i+1 for 1 ≤ i ≤ n−1; then π(σi) = si.
Thus, a probability distribution μ on Bn induces a probability distribution on Sn

(we denote it also by μ for simplicity), and then a random walk on Bn induces
a random walk on Sn. The number of components of our link ω̂n,k is just the
number of orbits of π(ωn,k) on Ω = {1, 2, . . . , n}, i.e., the number of a presentation
of π(ωn,k) as a product of disjoint cycles. The probability that ω̂n,k is a knot is
exactly the probability that π(ωn,k) is an n-cycle. It is unknown to the author
whether a generic random walk on Sn is uniformly distributed, i.e., whether or not
P(wk = s) converges to 1/n! as k diverges to infinity for any s ∈ Sn. This question
seems non-trivial. For example, consider the canonical probability distribution on
Sn, where μ(si) = 1/(n − 1). In this case, only the random walk ω2k can arrive
at the identity; i.e., we must take care of parity issues. I. Rivin [20] considers
this question for random walks on finite groups. But unfortunately, the canonical
random walk on Sn does not satisfy the second term of Condition 11.1 of [20]; i.e.,
the condition on 1-dimensional unitary representations. The author also does not
know of any general condition which ensures that the probability that a random
walk on Sn arrives at an n-cycle is positive, which in turn ensures the positive
probability of knots in the closures of random braids.

We consider a mild condition on the probability distribution μ on Bn, which is
motivated by [3], such that its projection to Sn satisfies

(1.1) μ(e = 1/n) and μ(si,j = 2/n2),

where si,j is the transposition on the letters i and j with i �= j.

Theorem 1.3. Let μ be a non-elementary probability distribution on the braid
group Bn with n ≥ 10 strands which satisfies assumption (1.1). Then for a random
walk ωn,k of length k on Bn, the probability that the closure ω̂n,k is a hyperbolic
knot in S3 without non-trivial exceptional slopes is larger than zero when k is large
enough.

2. Proofs

Let G be the mapping class group (or a subgroup of the mapping class group
which preserves some preferred punctures) of a surface F with negative Euler char-
acteristic. A probability distribution μ on G is non-elementary if the semigroup
in G generated by the support of μ contains two independent pseudo-Anosov ele-
ments. We don’t give the precise definition of a finite first moment here; see [23].
But we remark that if the support of μ is finite, then it has a finite first moment,
and moreover if the support of μ generates a finite index subgroup of G, then μ is
non-elementary.

The probability distribution μ generates a random walk (Markov chain) on G,
with transition probability P(x, y)=μ(x−1y), which we assume starts at the identity
element of G. We denote by ωk the random variable corresponding to the k-step
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random walk. Thus, P(ωk ∈ X) is given by the k-fold convolution μ∗k of μ for
a subset X in G. In particular, if the support of μ is finite, then P(ωk = x) =
Σμ(x1)μ(x2) . . . μ(xk), where the summand ranges over all tuples (x1, x2, . . . , xk)
with x1x2 . . . xk = x.

Proof of Theorem 1.1. Our proof of Theorem 1.1 is based on the recent results of
[6], [14] and on the behavior of Dehn fillings along long slopes [2, 7, 10]. Here we
use the notion of normalized length [7], which is more convenient for our purpose.

Recall that a cusp in a finite volume hyperbolic 3-manifold M is topologically
T × [0,∞), where T a torus, and any T ×{x} admits a Euclidean structure τx. The
Euclidean structure on T ×{y} is a re-scaling of the Euclidean structure on T ×{x}
for different x and y in [0,∞). For a slope λ in T , the normalized length of λ ([7])
is

(2.1) lN (λ) = Lengthτx(λ)/
√
Area(T × {x});

then lN (λ) is independent of the choice of x ∈ [0,∞).
There are two complexes associated to a surface F (for our purpose, we assume

F is a sphere with at least 4 punctures), the curve complex C (F ) and the arc
complex A (F, p) with some preferred cusps p. The curve complex C (F ) is the
graph whose vertices are isotopy classes of essential curves in F . If F is not a
4-punctured sphere, then two vertices are connected by an edge of length 1 if and
only if they have disjoint representatives, while in the 4-punctured sphere case two
vertices are connected by an edge of length 1 if and only if they have representatives
which intersect in two points. The arc complex A (F, p) with some preferred cusps
p is the graph whose vertices are isotopy classes of essential arcs in F with at least
one endpoint in the preferred punctures p, and two vertices are connected by an
edge of length 1 if and only if there are representations of them which are disjoint.

For an arc x in F , let b be those punctures in F corresponding to the ends of x.
Then the boundary of a neighborhood of x∪ b, say ∂N(x∪ b), is one or two curves
in F , at least one of which is essential in F . Denote the essential components of
∂N(x ∪ b) by cx, so cx has one or two components. If x and y are two arcs which
are disjoint in F , then cx intersects cy in at most two points. Thus, any component
c′x ∈ cx and any component c′y ∈ cy have distance at most 2 in C (F ) by elementary
surgeries on curves.

Recall that for a map f in the mapping class group of F , the stable translation
length of f on A (F, p) is

(2.2) lA (F,p)(f) = lim
m→∞

dA (F,p)(x, f
m(x))/m,

for any arc x in A (0)(F, p), which is well-defined independent of the choice of x.
A similar definition holds for the curve complex. The stable translation length is
larger than zero if and only if f is a pseudo-Anosov map.

The main result of [14] asserts that the stable translation length of a random
walk on the mapping class group of F on C (F ) increases linearly: there are two
positive constants α and β such that the probability P(βk ≤ lC (F )(ωk) ≤ αk)
converges to one as k diverges to infinity. (Maher works on a relative metric of
the mapping class group, which is quasi-isometric to C (F ), so we just have two
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constants α and β, but we don’t know whether they can be chosen asymptotically
equal.) In particular, a random walk ωk is a pseudo-Anosov map in the mapping
class group with asymptotic probability one.

For any arc x, we have dA (F,p)(x, f
m(x)) ≥ dC (F )(cx, f

m(cx))/2 by the previ-
ous paragraphs, so lA (F,p)(ωk) ≥ lC (F )(ωk). In particular, for any N ∈ N, the
probability P(lA (F,p)(ωk) ≥ N) converges to 1 as k → ∞.

Now let wn,k be a random walk of length k on Bn, and ŵn,k be the closure of
wn,k in S3. We view our link ŵn,k as a Dehn filling on a fibered 3-manifold M
with fiber an (n+ 1)-punctured sphere F : a braid wn,k corresponds to a mapping
class in an n-punctured disk D which fixes ∂D pointwisely, and we view the n-
punctured disk as an (n+ 1)-punctured sphere F with a preferred puncture p; the
preferred puncture p is just the boundary of the disk. The fibered 3-manifold M
is D × [0, 1]/ ∼, where the equivalence relation ∼ is (z, 0) = (wn,k(z), 1). M is
hyperbolic if and only if wn,k is pseudo-Anosov ([17, 22]). S3 − ŵn,k is the Dehn
filling on M along the slope S1 = {z} × [0, 1]/ ∼. Now from Theorem 1.5 of [6]
we have that for any slope λ in ∂D × [0, 1]/ ∼ except the longitude ∂D × {t} (the
longitude is defined from the viewpoint of fibered 3-manifolds, and it is the meridian
from the viewpoint of links in S3), the normalized length of λ is bounded below by

(2.3)
lA (F,p)(wn,k)/(536χ(F )4)√

9lA (F,p)(wn,k)χ(F )2
=

√
lA (F,p)(wn,k)

1608χ(F )5
.

In particular, the normalized length of {z} × [0, 1]/ ∼ is sufficiently large with
probability one as k → ∞. Then by Theorem 5.11 of [7], S3 − ŵn,k is hyperbolic
(we actually use a variation of Theorem 5.11 of [7], i.e., when there is a Dehn filling
along one cusp and the remaining cusps remain open). �

Proof of Proposition 1.2. Now the proof of this proposition runs along the same
lines as Theorem 1.1. We consider another manifold M ′ = D× [0, 1]/ ∼′, where the
equivalence relation ∼′ is (z, 0) = (wn!

n,k(z), 1). M
′ is a cover of M and has exactly

(n+1) cusps. The lower bound on the normalized length of a non-longitude slope on
every cusp of M ′ gives a lower bound on the normalized length of a non-longitude
slope on every cusp of M , up to the multiplicative factor n!.

A Dehn filling on S3 − ŵn,k is just a special Dehn filling on the fibered manifold
M , where one factor of the Dehn filling slope is fixed. Theorem 1.5 of [6] gives a
lower bound on the normalized length for each factor of a strictly non-trivial slope
of S3 − ŵn,k. Then the probability that the normalized length of each factor of a
strictly non-trivial slope on M is sufficiently large converges to 1 when k is large.
Then, again by the theorem of Hodgson-Kerckhoff, we are done. �

Proof of Theorem 1.3. Under assumption (1.1), we can use Theorem 1 of [3], which
asserts that the distance between the k-fold convolution μ∗k and the uniform dis-
tribution decays roughly exponentially with k when n ≥ 10. In particular, μ∗k

nearly uniformly distributes when k is large. There are (n− 1)! n-cycles in Sn, so
the probability of a random walk ωn,k on Bn results in a knot that converges to
(n− 1)!/n! = 1/n as k diverges to infinity. �
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