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Abstract. For any function f belonging to Qp,λ, a certain proper subspace
of the classical Morrey space Lp,λ, a sharp capacity weak-type estimate is
obtained for its Riesz potential Iαf . This extends a 1969 result due to Franco
Conti.

1. Introduction

The function spaces presented here were inspired by G. Stampacchia in the late
1960’s (though the name Mock Morrey Spaces is mine). But for this, we first must
consider the originals formulated in a 1938 paper [M]; C.B. Morrey, there, first
wrote and used this condition, which defines a Morrey space. Their history goes
through the theory of Campanato spaces of the early 1960’s [P]. More recently, new
developments have been added by J. Xiao and the author; see [AX1, AX2, AX3,
AX4]. In particular, this note might be read in conjunction with this new Morrey
theory.

We shall say that a real valued function f(x) belongs to the Morrey space Lp,λ

on Euclidean RN , N ≥ 1, if

(1)

(
sup
r>0,x

rλ−N

∫
B(x,r)

|f(y)|p dy

)1/p

≡ ‖f‖Lp,λ < ∞,

where B(x, r) is a ball in RN , centered at x and of radius r, 0 < λ < N , 1 < p < ∞.
When p = 1 in the above, we admit signed Borel measures μ in the usual way;
|μ| = total variation measure.

In fact, one might consider this article to be the fulfillment of an obligation
that the author took on as a postdoc at the CNR in Rome, Italy, in 1970, when
Stampacchia challenged him to consider this then-new space presented by F. Conti
in 1969 [C]. Stampacchia knew at the time that the author was very much interested
in the concept of “the capacity of a set” E ⊂ RN . So, some 40+ years later, we will
try to bring that challenge into the perspective of the present technology, especially
that of the recent developments in nonlinear potential theory, represented now by
[AH], [MS2].

A Mock Morrey space, loosely speaking, will be any space, initially defined for
arbitrary sets E (usually restricted to the class of all compact subsets of RN ), which
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becomes exactly a Morrey space when that set E is everywhere replaced by a ball
or a cube in RN , with sides parallel to the coordinate axes. Of main interest here
are those f(y) that satisfy

(2)

(
sup
E

∫
E
|f(y)|p dy

S(E)(N−λ)/σ

)1/p

≡ ‖f‖Qp,λ(S) < ∞,

where S is a non-negative set function on subsets of RN such that S(B(x, r)) ∼ rσ.
Here∼means that the ratio is bounded above and below by positive constants for all
sets under consideration — here the collection of all balls B(x, r) ⊂ RN . Standard
set functions used below may include Lebesgue N -measure LN , Hausdorff capacity
(content) Λd, 0 < d < N , Riesz capacity Ċα,p, α > 0, and/or Bessel capacity Cα,p;
see [AH] for definitions and a full discussion of these latter set functions. When

S = Ċα,p and λ = αp < N , these Q spaces coincide with a space of Sobolev

multipliers γ ∈ M [L̇α,p → Lp]; see [MS2], or [MS1].
Notice that one easily has the inclusions

Qp,λ(LN ) ⊃ Qp,λ(Ċα,p) ⊃ Qp,λ(Ċβ,p),

0 < α < β, upon discovering that Ċα,p(B(x, r)) ∼ rN−αp, 0 < αp < N . Also,

Qp,λ(LN ) ⊂ Lp,λ.

Further, note that if f ∈ Qp,λ(LN ), then f belongs to the Lorentz space Lq,∞, i.e.,
weak-Lq for q = Np/λ > p. It is of some interest that this does not happen for
arbitrary f ∈ Lp,λ; i.e., it was noted in [A3] that such f ’s cannot, in general, belong
to any Lq

loc space, q > p. Thus, again we see Qp,λ(LN ) � Lp,λ, as noted by Conti.
Note also that

(3) |y|−λ/p ∈ Qp,λ(LN ).

Indeed, ∫
E

|y|−λ dy ≤ cLN (E)1−λ/N

holds for some constant c independent of E, 0 < λ < N .
The main result of this article (as well as that of Conti, in the eyes of this author)

is the establishment of the following capacity weak-type inequalities for the Riesz
potential Iαf of any f ∈ Qp,λ(Ċα,p):

Theorem 1. If f ∈ Qp,λ(Ċα,p), then there is a constant A > 0 such that

(4) Ċα,p ([|Iαf | > t]) ≤ At−q0‖f‖q0
Qp,λ(Ċα,p)

for q0 = (N − αp)p/(λ− αp), αp < λ, and

Iαf(x) =

∫
RN

|x− y|α−Nf(y) dy,

0 < α < N .

Theorem 2. If λ = αp in Theorem 1, then

(5) Cα,p ([|Gαf | > t]) ≤ Ae−at/‖f‖,

for some constant a > 0 independent of f ; ‖f‖ = the Qp,λ(Cα,p) norm of f .
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2. The classical operators on Qp,λ(Ċα,p)

Our first result is to recall a key idea of Verbitsky (see [MV] and [MS1]): the
Calderon-Zygmund operator K and the Hardy-Littlewood maximal operator M0

are bounded operators on the spaces Qp,λ(Ċα,p). (This is also the case for the
spaces Lp,λ; see [P] and [CF].) The key idea is that the Wolff potentials Wμ

α,p(x),

μ = Ċα,p capacity measure for the compact set E ⊂ RN , when raised to the β
power, 0 < β < (p − 1)N/(N − αp), are A1-weights in the sense of Muckenhoupt;
see [S]. For example,∫

E

(M0f)
p dx ≤

∫
(M0f)

p(Wμ
α,p)

β dx

≤ A

∫
|f |p(Wμ

α,p)
β dx

= A

∫ M

0

∫
Et

|f |p dx tβ−1 dt

≤ A

∫ M

0

Cα,p(Et)
δtβ−1 dt · ‖f‖pQ

≤ A

∫ M

0

t−(p−1)δtβ−1 dt · ‖f‖pQ Cα,p(E)δ,

where μ is chosen so that W ≥ 1 on E and

Wμ
α,p(x) =

∫ ∞

0

[
rαp−Nμ(B(x, r))

]p−1 dr

r
;

M is the L∞ bound of W , Et = [W > t], and δ = (N − λ)/(N − αp) ≤ 1. Thus∫
E

(M0f)
p dx ≤ ‖f‖pQ Cα,p(E)δ,

since β needs only to exceed (p− 1)δ.

The same argument also shows that K is bounded on the Qp,λ(Ċα,p) spaces.
Below, we will also need that the operators Tα of Dahlberg [D] are also bounded

on the Qp,λ(Ċα,p) spaces. This is due to the Lp bounds of Dahlberg plus the usual
extrapolation argument of [GCRdF].

3. The Conti-Stampacchia iteration scheme

To obtain Theorem 1, we iterate an inequality of the form

(6) φ(2k) ≤ A2−kpφ(2k−1)δ,

where φ(t) is a decreasing function of t > 0 and δ < 1. For Theorem 2,

(7) φ(hs) ≤
1

e
φ(hs−1),

where hs = k0 + s(Ae)1/p, s > 0; see [C] and [St].
In fact, in the first case, we argue that

φ(2k) ≤ A1+δ+δ2+···+δk−1

φ(1)δ
k

2p
∑k−1

1 (k−j)δj−1
,
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and since
k−1∑
j=1

(k − j)δj−1 =
k

1− δ
− 1− δk

(1− δ)2
,

we get

(8) φ(t) ≤ φ(1)A1/(1−δ)2p/(1−δ)2

tp/(1−δ)
.

Iterating (7) gives

(9) φ(t) ≤ Ae−t

with A = φ(k0).

4. The iteration inequality

Next we show how one can deduce inequality (6) for φ(t) = Ċα,p ([|Iαf | > t]).
Here, we use the techniques of [A2] and [D] for αp < λ. First in the case α =
positive integer ∈ (0, N), we smoothly truncate Iαf , with H(t) ∈ C∞(0,∞),

H(t) =

{
0, t ≤ 1/2,

1, t ≥ 1.

Then it easily follows, as in [A2], that∫ ∣∣∣∣DαH

(
Iαf

2k

)∣∣∣∣
p

dx ≤ A

∫
Ek−1

(M0f)
p
dx · 2−kp

≤ A

∫
(M0f)

p (
Wμ

α,p

)β · 2−kp,

Ek−1 = [Iαf > 2k−1], f ≥ 0, where again we are using the Wolff potential to the
power β as an A1-weight. This then yields

Ċα,p([Iαf > 2k]) ≤ A‖f‖p
Qp,λ(Cα,p)

2−kpĊα,p([Iαf > 2k−1])δ

with δ = (N − λ)/(N − αp), αp < λ.
For the fractional case, we use the estimates of [D]. In particular,

H(Iαf) = Iαg

for some g, with

‖g‖Qp,λ(Ċα,p)
≤ A‖f‖Qp,λ(Ċα,p)

via the Tα operator generalizing the Strichartz fractional integral operator Sα; see
[D]. Notice that support of H(Iαf/2

k) = Iαgk is contained in Ek−1.
Inequality (7) follows in a similar manner, again with Cα,p([Gαf > hs]) = φ(hs);

cf. [St]. Here Gα is the Bessel potential operator; see [AH].

5. Some remarks

(a) Some readers might object to the severity of the above arguments. However,
it seems to be a good idea here to present just the basic outline of the proofs as
given rather than to repeat the calculations of others. And after 40+ years, the
Conti results [C] haven’t received much attention, so it is doubtful that these results
are in the mainstream of analysis.
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(b) It is interesting to compare the results (esp. Theorem 1) with the literature.
We can easily get

(10) Mp,λ
p ⊂ Qp,λ(Ċα,p) ⊂ Lp,λ,

where Mp,λ
q was introduced in [A3]:

sup
x

∫ ∞

0

(
rλ−N

∫
B(x,r)

|f(y)|p dy
)q/p

dr

r
< ∞.

In fact, the following embedding (an extension of the result Iα : L
p,λ → Lp̃,λ, p̃ =

λp/(λ− αp), αp < λ, first presented in [A1]) holds:

Iα : M
p,λ
q → M p̃,λ

r ,

with r = λq/(λ − αp), as stated in [A3] — again a result of estimates for Iαf in
terms of the fractional maximal function Mα; see [A1] and [A3].

Notice now the following:

Iα :

⎧⎪⎨
⎪⎩
Lp,λ → Lq

loc(Ċα,p), q < p(N−αp)
λ−αp) = q0,

Qp,λ(Ċα,p) → Lq0,∞
loc (Ċα,p), q = q0,

Mp,λ
p → Lq0

loc(Ċα,p).

The first result above can be found in [AX3]. In particular, these results reflect the
proper inclusions (10).

(c) It is well-known that

Gα : L
p,λ → BMO

for λ = αp. This together with the well-known J-N Lemma [JN] agrees with
estimate (5).
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