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GEVREY HYPOELLIPTICITY FOR SUMS OF SQUARES WITH

A NON-HOMOGENEOUS DEGENERACY

ANTONIO BOVE AND DAVID S. TARTAKOFF

(Communicated by James E. Colliander)

Abstract. In this paper we consider sums of squares of vector fields in R
2 sat-

isfying Hörmander’s condition and with polynomial, but non-(quasi-)homoge-
neous, coefficients. We obtain a Gevrey hypoellipticity index which we believe
to be sharp. The general operator we consider is

P = X2 + Y 2 +
L∑

j=1

Z2
j ,

with

X = Dx, Y = a0(x, y)x
q−1Dy, Zj = aj(x, y)x

pj−1ykj Dy ,

with aj(0, 0) �= 0, j = 0, 1, . . . , L and q > pj , {kj} arbitrary. The theorem we

prove is that P is Gevrey-s hypoelliptic for s ≥ 1
1−T

, T = maxj
q−pj
qkj

.

1. Introduction

The purpose of the present paper is to give a proof of the Gevrey (possibly
analytic) regularity of all distribution solutions of the equation

(1.1) Pu = f,

where f denotes a Gevrey-class function defined in a neighborhood of the origin in
R

2 and P is a sum of squares of vector fields of the form

(1.2) P = X2 + Y 2 +

L∑

j=1

Z2
j ,

where

(1.3) X = Dx, Y = a0(x, y)x
q−1Dy, Zj = aj(x, y)x

pj−1ykj Dy,

where aj(0, 0) �= 0, j = 0, 1, . . . , L. Here L ∈ N, and q, pj , kj ∈ N and are such that
pj < q for every j.

The operator (1.2) is a generalization of Métivier’s operator,

PM = D2
x + (x2 + y2)D2

y,

which is known to be Gevrey-2 hypoelliptic and no better (see the paper [7] for a
proof of the optimality of the Gevrey order 2 for this operator).
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The characteristic set for the operator P , Char(P ), is given by

Char(P ) = {(x, y; ξ, η) ∈ T ∗
R

2 | ξ = x = 0, η �= 0},

if min1≤j≤L pj > 1 and

Char(P ) = {(x, y; ξ, η) ∈ T ∗
R

2 | ξ = x = 0, y = 0 η �= 0},

if min1≤j≤L pj = 1.
On the other hand, Hörmander’s condition is satisfied (with order q in a neigh-

borhood of the origin (see [5])), and thus the operator P is 1/q subelliptic and
thus C∞ hypoelliptic in a neighborhood of the origin. To investigate the Gevrey
(analytic) regularity of the solutions to Pu = f when f is Gevrey or real analytic in
a neighborhood of the origin, we need a more precise analysis of Char(P ) in terms
of the Poisson–Treves stratification. See the papers [11] and [3] for a definition of
the stratification and some examples.

Denote

p∗ = min
1≤j≤L

pj .

Let j∗ ∈ {1, . . . , L} be one of the indices where the above minimum is attained.
Then it is evident that

adp∗−1
X1

(Zj∗) = (p∗ − 1)!ykj∗η,

thus giving a commutator of length p∗ < q which vanishes if y = 0 and does not
vanish if y �= 0, yielding a change of rank for the symplectic form at the origin.

Hence the Poisson–Treves stratification associated to P is just a non-symplectic
real analytic manifold if p∗ = 1 and if p∗ > 1 is given by the strata

(1.4) Σ1,±,± = {(x, y; ξ, η) ∈ T ∗
R

2 | ξ = x = 0 y ≶ 0, η ≶ 0}

and

(1.5) Σp∗,± = {(x, y; ξ, η) ∈ T ∗
R

2 | ξ = x = 0, y = 0, η ≶ 0}.

Moreover at depth q we reach, near the origin, the zero section of the cotangent
bundle; i.e. we have Hörmander’s condition at order q, which in particular implies
C∞ hypoellipticity with a loss of 2(q − 1)/q = 2(1− 1

q ) derivatives.

Microlocally near a point of the first stratum, which is a symplectic submanifold,
we expect analytic hypoellipticity according to Treves’ conjecture. This turns out
to be true because of the paper [8] (see also [4] for a different proof).

In this paper we prove the following theorem.

Theorem 1.1. Near the origin, i.e. microlocally at a point of Σp∗,± in (1.5), the
operator P is Gevrey hypoelliptic of order

(1.6) max
1≤j≤L

kj
kj − 1 +

pj

q

=
1

1−max1≤j≤L
q−pj

qkj

.

This is a microlocal statement near points where x = y = 0 and ξ = 0, while
η �= 0 (see above for a discussion of the associated stratification). It is also clear
that if we stay away from that region, e.g. we consider P near ξ �= 0, we obtain a
better regularity, actually analyticity, in the latter region.
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A particular case of this theorem, and perhaps a bit easier to read, would be
that for

P = D2
x + (x4Dy)

2 + (xy2Dy)
2 + (x3y3Dy)

2,

and the theorem would read that P is Gs−hypoelliptic for

s ≥ 1

1− T
, T = max{ 5− 2

5kj × 2
,
5− 3

5× 3
} =

3

10
,

i.e., for s ≥ 10
7 .

We point out that if L = 1 and p1 = q, then we obtain that P is G1− hypoelliptic,
i.e., analytic hypoelliptic. Since in that case

P = D2
x + x2(q−1)(1 + y2k1)D2

y,

this is a consequence of [8]. This also makes us think that the Gevrey index in (1.6)
above is optimal, but we do not hazard an optimality proof here.

2. Preliminaries

Away from the origin, P is either elliptic or its characteristic variety is symplectic.
Thus to show Gevrey-s hypoellipticity of P at the origin, any localizing function
ϕ(x, y) ≡ 1 near the origin will be ‘invisible’: it will pass freely wherever we want
under a norm unless it receives a derivative, and its derivatives will be supported
away from the origin, where P is known to be analytic hypoelliptic. Thus we will
not explicitly introduce a localizing function, since it will merely be dragged along
and just complicate the notation.

By standard L2 techniques, it is sufficient to bound powers of the coordinate
derivatives in the L2 norm locally by

‖Da
xD

b
yu‖L2 ≤ CCa+b(a+ b)!s,

but the operator permits transferring Dx derivatives to Dy derivatives, so in fact
it suffices to bound only

‖Db
yu‖L2 ≤ CCbb!s

(recall that localization is present but ‘invisible’).

3. The a priori estimate

We denote by ‖w‖t(y) the (fractional) norm ‖(1+ |η|2)t/2ŵ(x, η)‖L2 , where ˆ de-
notes Fourier transformation in the y variable alone. While the subelliptic estimate
enjoyed by P is of course in both variables, it will do no harm to use the same
notation for it as if it were in the y variable alone and drop the (y) in the subscript
on the norms.

We have, then, for the particular case when

q = 5, (p1, k1) = (2, 2), (p2, k2) = (4, 3),

since x4Dy = Y, xy2Dy = Z1, x
3y3Dy = Z2,

‖v‖21
5
+ ‖xv‖22

5
+ ‖x2v‖23

5
+ ‖x3v‖24

5
+ ‖x4v‖25

5=1

+‖x3y3v‖21 + ‖x3y2v‖2
2×1+1× 4

5
3 = 14

15

+ ‖x3yv‖2
1×1+2× 4

5
3 = 13

15

+‖xy2v‖21 + ‖xyv‖2
1+ 2

5
2 = 7

10

+ ‖Dxv‖20 � |(Pv, v)0|+ ‖v‖2L2 .
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These terms are obtained as follows: from the subelliptic term ‖v‖21/5 to ‖x4v‖21 =

‖Y v‖20 the terms in between are interpolated or, if one prefers, written as inner
products, one x shifted to the other side, e.g.,

‖x3v‖24/5 = (Λ4/5x3v,Λ4/5x3v) = (Λ5/5x4v,Λ3/5x2v)

≤ ‖x4v‖21 + ‖x2v‖23/5.

Here Λ denotes the pseudodifferential operator (1 +D2
y)

1/2 which is (microlocally)
elliptic in the conic region |ξ| < Cη, η > 0. Note that a cutoff of this type can
always be “embedded” in the unknown function u.

Similarly but with a weighted Schwarz inequality,

‖x2v‖23/5 ≤ s.c.‖x3v‖24/5 + l.c.‖xv‖22/5,

where s.c. denotes a(n arbitrarily) small constant and l.c. denotes a correspondingly
large constant. And finally, the last term is

l.c.‖xv‖22/5 ≤ s.c.‖x2v‖23/5 + l.c.‖v‖21/5.

The first term on the right in the last inequality will be absorbed on the left hand
side of the previous one, and the first term of the previous one by the left hand
side of the one before that. In all, this controls the first five terms of the a priori
estimate, since the terms ‖v‖21/5 and ‖x4v‖21 = ‖Y v‖0 are known to be estimated

in the simpler a priori estimate

‖v‖21/5 + ‖Y v‖20 � |(Pv, v)|+ ‖v‖20.

Similarly, since ‖Zjv‖20 are also controlled, one may interpolate between them
and the terms with powers of y missing, which are among the first five terms of the
estimate. This controls the next three terms of the estimate by the terms ‖x3v‖24/5
and ‖Z2v‖20 and the following two by ‖xv‖2/5 and ‖Z2v‖20, as indicated.

For the general case, analogous calculations yield

‖v‖21
q
+ ‖xv‖22

q
+ . . .+ ‖xpi−1v‖2pi

q
+ . . .+ ‖xq−1v‖21 +

L∑

i=1

‖xpi−1ykiv‖21

as well as ‖Xv‖20, estimated by |(Pv, v)| + ‖v‖20 (‖Y v‖20 is already included above
on the left in the term containing xq−1v).

Now to include lower powers of y on the left, we may interpolate terms with
yk just as before between the corresponding term with k = ki and the term with
k = 0, which is already included above. The result is that each ‘gain’ of one
power of y en route from k = ki to k = 0 corresponds to a change in norm of
1−pi/q

ki
, which leads to control of ‖xpi−1yki−1v‖2pi

q +
ki−1

ki
(1− pj

q )
by |(Pv, v)| + ‖v‖20

as well. This particular term will be of interest because ki times xpi−1yki−1Dyv
is the principal term in the bracket between Dy and Zi, and the crucial step in
establishing our theorem will be estimating Dr

yv, which will necessarily introduce

the brackets [Zi, D
r
y]u ∼ rxpi−1yki−1Dr

y modulo double brackets; this will be the
principal bracket that arises in treating |([P,Dr

y]u,D
r
y)|. Double brackets will turn

out to be handled identically.
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4. Use of the inequality

By subellipticity (the term ‖v‖21/q in the a priori estimate), we know that any

distribution solution is smooth. Again recalling the disclaimer on localizing, we
will estimate ‖Dr

yu‖ � Crr!s (uniformly in r and u) for certain s. While the range
of s for which we can prove this is not (yet) known to be maximal, in view of our
recent proof of hypoellipticity and non-hypoellipticity ([1]), we believe it to be so.
In fact both this operator and the operator in [1] exhibit a behavior determined
by a pseudodifferential operator in one variable (the variable y) whose regularity is
determined in an optimal way.

The principal contribution in applying the a priori estimate to v = Dr
yu is the

bracket [W,Dr
y]u with W = Zj , since in fact [X,Dr

y] = [Y,Dr
y] = 0. We have

‖Dr
yu‖21

q
+ ‖xDr

yu‖22
q
+ . . .+ ‖xpi−1Dr

yu‖2pi
q
+ . . .+ ‖xq−1Dr

yu‖21

+

L∑

i=1

‖xpi−1ykiDr
yu‖21 + ‖XDr

yu‖20 � |(PDr
yu,D

r
yu)|+ ‖Dr

yu‖20

� |(Dr
yPu,Dr

yu)|+ E + ‖Dr
yu‖20,

where
E ∼

∑

j

‖[Zj , D
r
y]u‖20 +

∑

j

|([Zj , [Zj , D
r
y]]u,D

r
yu)|.

Now
[Zj , D

r
y] = −rkj x

pj−1ykj−1Dr
y,

and, as we have seen above, we may interpolate such a term by both raising and
lowering powers of y (and Λy) until the powers (of y) are either kj or 0. When the
power of y is zero, we have the first terms in the estimate to call on, and when the
power is kj , the operator xp−1ykjDy = Zj . More precisely,

‖xpj−1ykj−1v‖2pj
q +

kj−1

kj
(1− pj

q )
≤ ‖xpj−1ykjv‖21 + ‖xpj−1v‖2pj

q

,

both of which are bounded in the estimate by |(Pv, v)|+ ‖v‖20.
This means that in the expression for the bracket

[Zj , D
r
y] = −rkj x

pj−1ykj−1Dr
y,

if we let �j =
kjpj+(kj−1)(q−pj)

kjq
, then a simple calculation yields that

‖[Zj , D
r
y]u‖20 � r2 k2j ‖xpj−1ykj−1Dr

yu‖20
� r2‖xpj−1ykj−1Dr−�j

y u‖2�j � r2|(PDr−�j
y u,Dr−�j

y u)|+ r2‖Dr−�j
y u‖20.

That is, the role played by Dr
yu has been replaced by D

r−�j
y u with a bounded

constant times r. If one were to continue this cycle until there were no powers of
Dy left, the power of r obtained would be r times the inverse of �j , leading to

‖WDr
yu‖0 � CCrrr(�j)

−1

,

which characterizes the Gevrey class Gs with

s = �−1
j =

kjq

kjpj + (kj − 1)(q − pj)
.

If a different value of j leads to a larger value of �−1
j , then it would be that Gevrey

class which would limit the regularity we are able to prove.
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