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WEAK AMENABILITY

OF COMMUTATIVE BEURLING ALGEBRAS

YONG ZHANG

(Communicated by Thomas Schlumprecht)

Abstract. For a locally compact Abelian group G and a continuous weight

function ω onG we show that the Beurling algebra L1(G,ω) is weakly amenable
if and only if there is no nontrivial continuous group homomorphism φ: G → C

such that supt∈G
|φ(t)|

ω(t)ω(t−1)
< ∞. Let ω̂(t) = lim sups→∞ ω(ts)/ω(s) (t ∈ G).

Then L1(G,ω) is 2-weakly amenable if there is a constant m > 0 such that

lim infn→∞
ω(tn)ω̂(t−n)

n
≤ m for all t ∈ G.

1. Introduction

Let G be a locally compact group. The integral of a function f on a measurable
subsetK of G against a fixed left Haar measure will be denoted by

∫
K
fdx. A weight

on G is a positive valued continuous function ω on G that satisfies ω(st) ≤ ω(s)ω(t)
for all s, t ∈ G. let L1(G) and M(G) be, respectively, the usual convolution group
algebra and measure algebra of G. Consider

L1(G,ω) = {f : fω ∈ L1(G)},
where fω denotes the pointwise product of f and ω. In our discussion, most of
time G is fixed, so we will normally write L1(ω) for L1(G,ω). Equipped with the
norm

‖f‖ω =

∫
G

|f(t)|ω(t)dt (f ∈ L1(ω))

and with the convolution product, L1(ω) is a Banach algebra. When ω ≡ 1 this is
just the usual group algebra L1(G).

Let A be a Banach algebra and let X be a Banach A-bimodule. A derivation D:
A → X is a linear mapping from A into X that satisfies D(ab) = aD(b) +D(a)b
(a, b ∈ A). For each x ∈ X the mapping a �→ ax − xa (a ∈ A) is a continuous
derivation, called an inner derivation. The Banach algebra A is called amenable
if each continuous derivation from A into the dual module X∗ is inner for every
Banach A-bimodule X. The Banach algebra A is called weakly amenable if every
continuous derivation from A into A∗ is inner, and A is n-weakly amenable for an

integer n > 0 if every continuous derivation from A into A(n), the n-th dual of A,
is inner. If A is n-weakly amenable for each n > 0, then it is called permanently
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weakly amenable. We refer to the monograph [5] for the background and history of
these notions.

It is well-known that the group algebra L1(G) is always weakly amenable [16].
In fact, L1(G) is permanently weakly amenable for any locally compact group G
[4].

For Beurling algebras, N. Grønbæk [12] showed that L1(G,ω) is amenable if
and only if G is amenable and the function ω(t)ω(t−1) is bounded on G. Weak
amenability of L1(ω) was first studied by W.G. Bade, P.C. Curtis and H.G. Dales
in [2], where they showed for the additive group Z of all integers and for the weight
ωα(x) = (1+ |x|)α on Z that L1(Z, ωα) is weakly amenable if and only if 0 ≤ α < 1

2 .

Following this work, Grønbæk showed in [11] that L1(Z, ω) is weakly amenable if

and only if lim infn→∞
ω(n)ω(−n)

n = 0. Recently E. Samei [18] (also see [9]) showed

that for a commutative group G, if lim inf ω(tn)ω(t−n)
n = 0 for all t ∈ G, then L1(ω) is

weakly amenable. For 2-weak amenability H.G. Dales and A. T.-M. Lau showed in
[7] that L1(Z, ωα) is 2-weakly amenable if and only if 0 ≤ α < 1 and that the same
is also true for L1(R, ωα). They conjectured that for an Abelian group G, L1(ω) is

2-weakly amenable whenever lim infn→∞
ω(tn)

n = 0 for all t ∈ G, after showing that

this is true if ω is almost invariant in the sense that limt→∞ sups∈K |ω(st)
ω(t) −1| = 0 for

each compact set K ⊂ G. The last result was improved in [18], where the almost
invariance condition was replaced by the weaker condition that the function ω̂

defined by ω̂(s) = lim supt→∞
ω(ts)
ω(t) is bounded onG. Related to 2-weak amenability

of L1(ω), we note that if G is Abelian, L1(ω) is semisimple [3], and so, by the Singer-
Wermer Theorem [5, 2.7.20], zero is the only continuous derivation on L1(ω).

In this paper we study weak amenability and 2-weak amenability for commuta-
tive Beurling algebras.

In Section 3 we show that a commutative Beurling algebra L1(ω) is weakly
amenable if and only if there is no nontrivial continuous group homomorphism φ:
G → C (note that such homomorphisms are called characters in [13, 24.33]) such

that supt∈G
|φ(t)|

ω(t)ω(t−1) < ∞. With this characterization we may easily derive some

well-known results obtained in [2, 12, 18] on the weak amenability of commutative
Beurling algebras. We will also study special cases in the section. For example, we
will explore the weak amenability of L1(G,ω) when G is the additive group of the
real line R, when G is the product group of two or several factors and when L1(ω)
is the tensor product of two Beurling algebras.

In Section 4 we show that L1(ω) is 2-weakly amenable if there is a constantm > 0

such that lim infn→∞
ω(tn)ω̂(t−n)

n ≤ m for all t ∈ G. This result covers several known
results on the 2-weak amenability of commutative Beurling algebras. We will also
give an example of a 2-weakly amenable L1(ω) for which ω̂ is unbounded.

In Section 5 we will discuss some open problems on weak amenability for Beurling
algebras.

2. Preliminaries

Given a Banach space X, its dual space will be denoted by X∗. The action of
f ∈ X∗ at x ∈ X will be denoted either by f(x) or by 〈x, f〉.

Let A be a Banach algebra and let X be a Banach A-bimodule. The module
action of A on X will be denoted by “·”. But if no confusion may occur, we will
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simply write ax or xa instead of a · x or x · a (a ∈ A, x ∈ X). As is well-known,
the dual space X∗ of X is a Banach A-bimodule with the natural module actions
defined by

〈x, a · f〉 = 〈xa, f〉, 〈x, f · a〉 = 〈ax, f〉
for a ∈ A, f ∈ X∗ and x ∈ X. In particular, A∗ is a Banach A-bimodule.
The bidual space A∗∗ of A may be equipped with two Arens products � and �,
respectively defined by

〈f, u�v〉 = 〈v · f, u〉, 〈a, v · f〉 = 〈fa, v〉
and

〈f, u � v〉 = 〈f · u, v〉, 〈a, f · u〉 = 〈af, u〉
for u, v ∈ A∗∗, f ∈ A∗ and a ∈ A. With either � or � giving the product, A∗∗

becomes a Banach algebra containing A as a closed subalgebra. For any Banach A-
bimodule X, X∗ is also a Banach left (A∗∗,�)-module and a Banach right (A∗∗, �)-
module (but in general it is not an A∗∗-bimodule regardless of whether � or � is
used for the product of A∗∗). The corresponding module actions are given by

〈x, u · f〉 = 〈f · x, u〉, where f · x ∈ A∗, 〈a, f · x〉 = 〈xa, f〉 (a ∈ A)

and

〈x, f · u〉 = 〈x · f, u〉, where x · f ∈ A∗, 〈a, x · f〉 = 〈ax, f〉 (a ∈ A)

for u ∈ A∗∗, f ∈ X∗ and x ∈ X. For any u ∈ A∗∗ we denote by �u and ru
respectively the left multiplier operator and the right multiplier operator on X∗

defined by �u(f) = u·f and ru(f) = f ·u (f ∈ X∗). If A has a bounded approximate
identity (eα), we may take a weak* cluster point E of (eα) in A∗∗. Then �E and
rE are A-bimodule morphisms on X∗.

Let G be a locally compact group and ω be a weight on it. The dual space of
L1(ω) may be identified with

L∞(1/ω) = L∞(G, 1/ω) = {f : f/ω ∈ L∞(G)}
with the norm given by

‖f‖sup,1/ω = ess sup
t∈G

∣∣∣∣ f(t)ω(t)

∣∣∣∣ (f ∈ L∞(1/ω)).

A function f ∈ L∞(1/ω) is called right ω-uniformly continuous if the mapping
t �→ Rt(f) is continuous from G into L∞(1/ω), where Rt denotes the right trans-
lation by t, i.e. Rt(f)(s) = f(st) (s ∈ G). The space of all right ω-uniformly
continuous functions is denoted by RUC(G, 1/ω) (or abbreviated RUC(1/ω)). It
is well-known (see [7, Proposition 7.17] for example) that

RUC(1/ω) = L1(ω) · L∞(1/ω).

Denote by C00(G) the space of all compactly supported continuous functions
on G. The closure of C00(G) in L∞(1/ω) is C0(1/ω) which is a Banach L1(ω)-
submodule of L∞(1/ω). The dual space of C0(1/ω) is M(ω), the space of all
complex regular Borel measures μ on G that satisfy

‖μ‖ω =

∫
G

ω(t)d|μ|(t) < ∞,

where |μ| denotes the total variation measure of μ. ‖μ‖ω is indeed the norm of μ in
M(ω). With the convolution product of measures, which is denoted by ∗, M(ω) is
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a Banach algebra containing L1(ω) as a closed ideal. In fact, M(ω) is the multiplier
algebra of L1(ω) [8].

Let X be a Banach space. Denote the space of all bounded linear operators on
X by B(X). The strong operator topology (or briefly so-topology) on B(X)×B(X)
is the topology induced by the family of seminorms {px : x ∈ X}, where

px(S, T ) = max{‖S(x)‖, ‖T (x)‖} (S, T ∈ B(X))

(see [5, page 327]). Indeed, B(X) is a Banach algebra with the operator norm
topology and the composition product. So is B(X) × B(X). As the multiplier
algebra of L1(ω), M(ω) is actually regarded as a subalgebra of B(L1(ω))×B(L1(ω))
with each μ ∈ M(ω) being identified with (�μ, rμ) ∈ B(L1(ω))×B(L1(ω)). See [5]
for details.

Lemma 2.1. Let G be a locally compact group and let ω be a weight on it. Then
lin{δt : t ∈ G}, the linear space generated by the point measures δt (t ∈ G), is
dense in M(ω) in the so-topology. In particular, for each h ∈ L1(ω) there is a net
(uα) ⊂ lin{δt : t ∈ G} such that ‖(uα − h) ∗ a‖ω → 0 and ‖a ∗ (uα − h)‖ω → 0 for
all a ∈ L1(ω).

Proof. Denote V = lin{δt : t ∈ G}. It is evident that V ⊂ M(ω). Let μ ∈ M(ω).
We show that there is a net (μα) ⊂ V such that ‖μα ∗ a − μ ∗ a‖ω → 0 and
‖a ∗ μα − a ∗ μ‖ω → 0 for every a ∈ L1(ω).

By [5, Proposition 3.3.41(i)] V is dense in M(G) in the so-topology. Since
u := ωμ ∈ M(G), there is a net (uα) ⊂ V such that

‖uα ∗ g − u ∗ g‖1 → 0 and ‖g ∗ uα − g ∗ u‖1 → 0

for every g ∈ L1(G). Let μα = 1
ωuα and g = ωa. Then μα still belongs to V and

g ∈ L1(G). We have

‖μα ∗ a− μ ∗ a‖ω ≤ ‖uα ∗ g − u ∗ g‖1 → 0

and
‖a ∗ μα − a ∗ μ‖ω ≤ ‖g ∗ uα − g ∗ u‖1 → 0.

Thus, μ ∈ so-cl(V ). This is true for every μ ∈ M(ω). The proof is complete. �

3. Weak amenability

We denote the additive group of complex numbers (with the usual metric topol-
ogy) by C and denote by R the closed subgroup of C consisting of all real numbers.

Theorem 3.1. Let G be a locally compact Abelian group and ω be a weight on G.
Then L1(ω) is weakly amenable if and only if there exists no nontrivial continuous
group homomorphism φ: G → C such that

(3.1) sup
t∈G

|φ(t)|
ω(t)ω(t−1)

< ∞.

Proof. If L1(ω) is not weakly amenable, then there is a nonzero continuous deriva-
tion D: L1(ω) → L∞(1/ω). It is standard (see [15] for example) that one can
extend D to a derivation, still denoted by D, from M(ω) to L∞(1/ω). Define
Δ(t) = δt−1 ·D(δt) (t ∈ G). Then Δ satisfies

Δ(t1t2) = δt−1
2 t−1

1
·D(δt1δt2) = δt−1

1
·D(δt1) + δt−1

2
·D(δt2)

= Δ(t1) + Δ(t2)(3.2)

for t1, t2 ∈ G, and Δ(e) = 0, where e is the unit of G.
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We note that D is so-weak* continuous. In fact, since L1(ω) has a bounded
approximate identity, by Cohen’s Factorization Theorem every f ∈ L1(ω) may be

written as f = f1 ∗ f2 for some f1, f2 ∈ L1(ω). So, if μα
so→ μ in M(ω), then

lim
α
〈f,D(μα)〉 = lim

α
〈f1, D(f2 ∗ μα)〉 − lim

α
〈μα ∗ f1, D(f2)〉

= 〈f1, D(f2 ∗ μ)〉 − 〈μ ∗ f1, D(f2)〉 = 〈f,D(μ)〉.
This clarifies the so-weak* continuity of D. Since span{δt : t ∈ G} is dense in M(ω)
in the so-topology (Lemma 2.1), Δ is a nontrivial mapping from G to L∞(1/ω).
So there is h ∈ L1(ω) such that φ(t) = 〈h,Δ(t)〉 is a nontrivial complex valued
function on G. By (3.2) the function φ is clearly a group homomorphism from G to
C. It is also continuous. To see this (again due to Cohen’s Factorization Theorem)
we write h = h1 ∗ h2 for some h1, h2 ∈ L1(ω). Then

φ(t) = 〈h1, D(h2)〉 − 〈δt ∗ h1, D(h2 ∗ δt−1)〉,
which is clearly continuous in t. Moreover,

|φ(t)| ≤ (‖D‖‖h‖ω)ω(t)ω(t−1) (t ∈ G).

Thus φ: G → C is a nontrivial continuous group homomorphism and it satisfies
(3.1).

For the converse, we assume φ: G → C is a continuous nontrivial group homo-
morphism that satisfies

sup
t∈G

|φ(t)|
ω(t)ω(t−1)

≤ m

for some m < ∞. Fix a compact neighborhood B of e in G. For each h ∈ L1(ω)
we define

(3.3) D(h)(t) =

∫
B

φ(t−1ξ)h(t−1ξ)dξ (t ∈ G).

It is standard to check that D(h)(t) is continuous (and hence is measurable) on G.
Since ∣∣∣∣D(h)(t)

ω(t)

∣∣∣∣ ≤ m

∫
B

ω(ξ−1)ω(t−1ξ)|h(t−1ξ)|dξ ≤ ml‖h‖ω

for all t ∈ G, we derive D(h) ∈ L∞(1/ω) for each h ∈ L1(ω), where

l = sup{ω(s−1) : s ∈ B}.
The mapping h �→ D(h) is clearly a nonzero bounded linear mapping from L1(ω)
to L∞(1/ω). We show it is indeed a derivation. Let a, b ∈ L1(ω). Then

D(a ∗ b)(t) =
∫
B

φ(t−1ξ)

∫
G

a(s)b(s−1t−1ξ)dsdξ

=

∫
B

∫
G

a(s)
(
φ(s−1t−1ξ) + φ(s)

)
b(s−1t−1ξ)dsdξ

=

∫
G

a(s)D(b)(ts)ds+

∫
G

D(a)(st)b(s)ds

= [a ·D(b) +D(a) · b](t) (t ∈ G).

In the above computation we have used the Fubini theorem to exchange the order
of integrals. We can do this because B is compact and the supports of a and b
are σ-finite. Therefore D(a ∗ b) = a · D(b) + D(a) · b for all a, b ∈ L1(ω); i.e.
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D:L1(ω) → L∞(1/ω) is a nonzero continuous derivation. Thus L1(ω) is not weakly
amenable. �
Remark 3.2. If G is an IN group, we take any compact neighborhood B of e in G
such that sBs−1 = B for all s ∈ G. Then the argument for the necessity part of
Theorem 3.1 may be adapted to show the following: If L1(ω) is weakly amenable,
then there is no continuous group homomorphism φ: G → C such that φ is not
trivial on B and such that (3.1) holds. To see this we first note

∫
B
f(sξ)dξ =∫

B
f(ξs)dξ for f ∈ L1(G,ω) and s ∈ G. This property ensures that the mapping D

defined by (3.3) is still a continuous derivation, assuming the above φ exists. If D
is inner, then it must be trivial at all h belonging to the center ZL1(ω) of L1(ω).
However, hφ := φχB ∈ ZL1(ω) and

D(hφ)(t) =

∫
B∩tB

|φ(t−1ξ)|2dξ =

∫
B∩t−1B

|φ(ξ)|2dξ

is nontrivial if φ is not trivial on B, where φ is the conjugate of φ and χB is
the characteristic function of B. So D is not inner and thus L1(ω) is not weakly
amenable.

Remark 3.3. For a discrete Abelian groupG, Theorem 3.1 was obtained by Grønbæk
in [11]. As indicated there, when G = Z (the discrete additive group of all inte-
gers), all group homomorphisms from Z to C are of the form φ(n) = nc0 (n ∈ Z,
c0 ∈ C). Therefore, for any weight ω on Z, �1(Z, ω) is weakly amenable if and only

if supn∈N
n

ω(n)ω(−n) = ∞ or, equivalently, infn∈N
ω(n)ω(−n)

n = 0.

The above argument certainly works also for G = R. But we have more to say
for R later in Corollary 3.7.

Remark 3.4. Since a commutative Banach algebra is permanently weakly amenable
if and only if it is weakly amenable [6], the condition in Theorem 3.1 is also a
necessary and sufficient condition for L1(ω) to be permanently weakly amenable.

When one applies Theorem 3.1, it suffices to consider only real valued group
homomorphisms. Precisely we have the following theorem.

Theorem 3.5. Let G be a locally compact Abelian group and ω be a weight on G.
Then L1(ω) is weakly amenable if and only if there exists no nontrivial continuous
group homomorphism φ: G → R such that (3.1) holds.

Proof. The necessity is trivial. For the sufficiency, suppose that L1(ω) is not weakly
amenable. Then, by Theorem 3.1, there is a continuous complex valued nonzero
homomorphism φ such that (3.1) holds. The real part φr and the imaginary part
φi of φ are both still continuous group homomorphisms, they satisfy the same
inequality (3.1), and they are real valued. If φ �= 0, then at least one of φr and φi is
nonzero. So there exists a nontrivial continuous real valued group homomorphism
such that (3.1) holds. �

We now consider some special cases to illustrate how Theorem 3.1 applies.

Corollary 3.6 ([18]). Let G be a locally compact Abelian group and ω be a weight
on G. If for each t ∈ G

(3.4) inf
n∈N

ω(tn)ω(t−n)

n
= 0,

then L1(ω) is weakly amenable.
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Proof. Let φ: G → R be any nontrivial group homomorphism and let s ∈ G be
such that φ(s) �= 0. We have φ(sn) = nφ(s) (n ∈ N). If (3.4) holds for t = s, then

sup
t∈G

|φ(t)|
ω(t)ω(t−1)

≥ sup
n∈N

|φ(sn)|
ω(sn)ω(s−n)

= sup
n∈N

|φ(s)|n
ω(sn)ω(s−n)

= ∞.

So (3.1) does not hold for any such nonzero homomorphism φ. By Theorem 3.5,
L1(ω) is weakly amenable. �

Corollary 3.7. Let ω be a weight on R. Then the following statements are equiv-
alent:

(1) The Beurling algebra L1(R, ω) is weakly amenable.

(2) lim supt→∞
|φ(t)|

ω(t)ω(−t) = ∞ for each nonzero continuous group homomor-

phism φ: R → C.

(3) lim inft→∞
ω(t)ω(−t)

|t| = 0.

(4) lim infn→∞
ω(nt)ω(−nt)

n = 0 for all t ∈ R.

(5) lim infn→∞
ω(n)ω(−n)

n = 0.

(6) There is t0 ∈ R such that t0 �= 0 and lim infn→∞
ω(nt0)ω(−nt0)

n = 0.

Proof. The equivalence of (1) and (2) follows straightforwardly from Theorem 3.1.
(2)⇒(3): Simply consider φ(t) = t (t ∈ R). We see immediately that (3) holds

if (2) is true.
(3)⇒(2): Given a nonzero continuous group homomorphism φ: R → C, it is a

well-known fact that there is z0 ∈ C, z0 �= 0, such that φ(t) = tz0. Thus,

|φ(t)|
ω(t)ω(−t)

= |z0|
|t|

ω(t)ω(−t)
.

This relation shows that (2) is the case if (3) holds.
(3)⇒(4): If t = 0, the limit in (4) is trivially true. If t �= 0, without loss of

generality, we may assume t = t0 > 0. If (3) holds, then there is a positive sequence
(ti) ⊂ R such that ti → ∞ and

lim
i→∞

ω(ti)ω(−ti)

ti
= 0.

Take ni ∈ N and 0 ≤ si < t0 such that ti = nit0 + si. We have

ω(ti)ω(−ti)

ti
≥ 1

(t0 + si/ni)ω(si)ω(−si)

ω(nit0)ω(−nit0)

ni
.

Since 0 ≤ si < t0, ni → ∞ and 1
(t0+si/ni)ω(si)ω(−si)

is uniformly bounded away

from 0 as i → ∞. The above inequality leads to

lim
i→∞

ω(nit0)ω(−nit0)

ni
= 0.

This shows that (4) holds when t = t0 for all t0 > 0. Therefore it holds for all
t ∈ R.

(4)⇒ (5), (5)⇒(6) and (6)⇒(3) are trivial. The proof is complete. �

Let H and R be two locally compact Abelian groups. We consider the product
group H × R = {(s, t) : s ∈ H, t ∈ R}. With the product topology it is a com-
mutative locally compact group. We may regard H and R as closed subgroups of
H ×R, identifying s with (s, eR) and t with (eH , t) for s ∈ H and t ∈ R, where eH



1656 YONG ZHANG

and eR are identities of H and R respectively. Let ω be a weight on H ×R. Then
ωH = ω|H and ωR = ω|R are weights on H and R respectively. Following [12] we
denote the symmetrization of ω by Ω, that is, Ω(s, t) = ω(s, t)ω(s−1, t−1) (s ∈ H,
t ∈ R).

Theorem 3.8. If both L1(H,ωH) and L1(R,ωR) are weakly amenable, then so is
L1(H × R,ω). Conversely, the algebra L1(H ×R,ω) is not weakly amenable in
either of the following conditions:

(1) L1(H,ωH) is not weakly amenable and sup(s,t)∈H×R
Ω(s,eR)
Ω(s,t) < ∞.

(2) L1(R,ωR) is not weakly amenable and sup(s,t)∈H×R
Ω(eH ,t)
Ω(s,t) < ∞.

Proof. If φ: H×R → C is a nonzero continuous group homomorphism, then either
φ|H or φ|R is nonzero. If (3.1) holds for G = H×R, then it holds for G = H and for
G = R. Thus at least one of L1(H,ωH) and L1(R,ωR) is not weakly amenable if
L1(H×R,ω) is not weakly amenable. This shows the first assertion of the theorem.

For the second assertion, suppose that (1) is the case (the proof for the other case
is similar). Then there is nonzero continuous group homomorphism φ: G = H → C

such that (3.1) holds. Let φ′(s, t) = φ(s) (s ∈ H, t ∈ R). φ′ is a nonzero continuous
group homomorphism from H ×R to C and

|φ′(s, t)|
Ω(s, t)

=
|φ(s)|

Ω(s, eR)

Ω(s, eR)

Ω(s, t)
≤ l

|φ(s)|
ωH(s)ωH(s−1)

,

where l is a constant such that sup(s,t)∈H×R
Ω(s,eR)
Ω(s,t) ≤ l. So (3.1) holds for φ′ and

G = H×R. Therefore, L1(H×R,ω) is not weakly amenable from Theorem 3.1. �

Example. Consider the polynomial weight ω(s, t) = (1+ |s|+ |t|)α on R
2 = R×R

(α > 0). Then ωH = ωR = ωα. From Corollary 3.7 we see L1(R, ωα) is weakly
amenable if and only if α < 1/2. Since ω(s, 0) ≤ ω(s, t) for s, t ∈ R, we have
Ω(s, 0)/Ω(s, t) ≤ 1. Therefore, the inequality in (1) (and (2)) of Theorem 3.8 holds.
From Theorem 3.8 we immediately derive that L1(R2, ω) is weakly amenable if and
only if α < 1/2.

We now discuss some consequences of Theorem 3.8.

Corollary 3.9. Let ω be a weight on the additive group R
n. Denote

ei = (0, · · · , 1, 0, · · · , 0)
(i = 1, 2, · · · , n), where 1 appears only at the i-th coordinate, and let ωi be the
weight on R defined by ωi(t) = ω(tei) (t ∈ R). If

lim inf
n→∞

ωi(n)ωi(−n)

n
= 0

for all i = 1, 2, · · · , n, then L1(Rn, ω) is weakly amenable.

Proof. From Corollary 3.7(5) L1(R, ωi) is weakly amenable for each i. Then The-
orem 3.8 applies. �

Corollary 3.10. Let G1 and G2 be two locally compact Abelian groups and let
ω1 and ω2 be weights on them, respectively. Then the (projective) tensor product
algebra L1(G1, ω1)⊗̂L1(G2, ω2) is weakly amenable if and only if both L1(G1, ω1)
and L1(G2, ω2) are weakly amenable.
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Proof. L1(G1, ω1)⊗̂L1(G2, ω2) ∼= L1(G1 ×G2, ω1 × ω2). For H = G1, R = G2 and
ω = ω1 × ω2 the inequalities in (1) and (2) of Theorem 3.8 evidently hold. Thus,
the result follows from Theorem 3.8. �
Corollary 3.11. Let G1, G2, · · · , Gk be k locally compact Abelian groups. Suppose
that ω is a weight on G1 × G2 × · · · × Gk and there is a constant r > 0 such that
for each i = 1, 2, · · · , k,

ω(Ti) ≤ rω(t1, t2, · · · , tk) (tj ∈ Gj , j = 1, 2, · · · , k),
where Ti represents the element of G1 × G2 × · · · × Gk whose i-th coordinate is ti
and each of the other coordinates is the unit element of the corresponding compo-
nent group. Then L1(G1 ×G2 × · · · ×Gk, ω) is weakly amenable if and only if all
L1(Gi, ωGi

) (i = 1, 2, · · · , k) are weakly amenable.

Proof. Simply apply induction and use Theorem 3.8. �
If G is a compactly generated locally compact Abelian group, then it is topologi-

cally isomorphic with R
p×Z

q×F for some integers p ≥ 0, q ≥ 0 and some compact
group F . We may write such a group as G = G1 × G2 × · · · × Gk × F , where Gi

is either R or Z (i = 1, · · · , k). Denote G+
i = {t ∈ Gi : t ≥ 0}. We note that

for any compact group F , L1(F, ω) is isomorphic with L1(F ) and hence is weakly
amenable for any weight ω.

Corollary 3.12. Let G = G1 × G2 × · · · × Gk × F be a locally compact, compact
generated Abelian group, where Gi is either R or Z (i = 1, · · · , k) and F is a
compact group. Let ω be a weight on G which can be written in the form

ω(t1, t2, · · · , tk, s) = w(|t1|, |t2|, · · · , |tk|, s), ((t1, t2, · · · , tk, s) ∈ G),

where w(x1, x2, · · · , xk, s) is a function on G+
1 × G+

2 × · · · × G+
k × F which is

increasing in each xi (i = 1, 2, · · · , k). Then L1(G,ω) is weakly amenable if and
only if all L1(Gi, ωGi

) (i = 1, 2, · · · , k) are weakly amenable.

Proof. It is readily checked that the condition of Corollary 3.11 is fulfilled with
r = sups∈F ω(0, 0, · · · , 0, s). �
Remark 3.13. In particular, if ω is a polynomial weight, then Corollary 3.12 gives
[18, Theorem 7.1(i)].

4. 2-weak amenability

Let G be a locally compact group and let ω be a weight on G. Define

ω̂(t) = lim sup
s→∞

ω(ts)

ω(s)
:= inf

K
sup

s∈G\K

ω(ts)

ω(s)
,

where the infimum is taken over all compact subsets of G. The function ω̂ is not
guaranteed to be continuous although it is indeed submultiplicative. It is not even
clear whether ω̂ is a measurable function onG. But we will not use the measurability
of ω̂ in our argument.

Theorem 4.1. Let G be a locally compact Abelian group and let ω be a weight on
G. If there is a constant m > 0 such that

(4.1) lim inf
n→∞

ω(tn)ω̂(t−n)

n
≤ m (t ∈ G),

then L1(ω) is 2-weakly amenable.
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Proof. As in [7], we use Aω to denote L1(ω). Suppose that D: Aω → Aω
∗∗ is a

continuous derivation. We aim to show that D = 0.
It was proved in [7] that, as a consequence of the Singer-Wermer theorem,

D(L1(ω)) ⊂ C0(1/ω)
⊥. Here C0(1/ω) is regarded as a closed submodule of the Aω-

bimodule L∞(1/ω). Denote the quotient module L∞(1/ω)/C0(1/ω) by X. Then

C0(1/ω)
⊥ ∼= X∗ as a Banach Aω-bimodules. Let (eα) be a bounded approximate

identity of Aω and let E be a weak* cluster point of (eα) in Aω
∗∗. We then have

X∗ = rE(X
∗)⊕ (I − rE)(X

∗),

where I denotes the identity operator on X∗. It is evident that rE(X
∗) ∼= (AωX)∗

and (I − rE)(X
∗) ∼= (X/AωX)∗ as Banach Aω-bimodules (see the proof of [15,

Proposition 1.8]). With this module decomposition the derivationD may be written
as the sum of two continuous derivations: D1 = rE ◦ D: Aω → rE(X

∗) and
D2 = (I−rE)◦D: Aω → (I−rE)(X

∗). Since the Aω-module actions on X/(AωX)
are trivial, D2 = 0 according to [15, Proposition 1.5]. Therefore D = D1, that is, D:
Aω → rE(X

∗). Note that X is a symmetric Aω-bimodule. So AωX = AωXAω is a
neo-unital Aω-bimodule. As is well-known, we may extend Aω-module actions on
AωX to M(ω)-bimodule actions so that AωX becomes a unital (symmetric) M(ω)-
bimodule. Moreover, D may be uniquely extended to a continuous derivation from
M(ω) to rE(X

∗). Thus, for each t ∈ G, D(δt) is well-defined in this sense. We
show D(δt) = 0 for all t ∈ G.

Note that AωX = RUC(1/ω)/C0(1/ω). Given any x ∈ AωX, any compact set
K ⊂ G and any ε > 0, there is f ∈ RUC(1/ω) such that

x = [f ], f |K = 0 and ‖f‖sup,1/ω ≤ ‖x‖+ ε,

where [f ] = f+C0(1/ω) represents the coset of f modulo C0(1/ω). In fact, from the
definition of the quotient norm one may choose h ∈ RUC(1/ω) such that x = [h]
and ‖h‖sup,1/ω ≤ ‖x‖ + ε. On the other hand, there is f0 ∈ C00(G) such that
0 ≤ f0 ≤ 1, f0(t) = 1 for t ∈ K. We take f = (1− f0)h. Then [f ] = [h] = x since
f0h ∈ C00(G). It is easily seen that ‖f‖sup,1/ω ≤ ‖h‖sup,1/ω ≤ ‖x‖ + ε. Then for
t ∈ G we have

‖x · δt‖ ≤ ‖f · δt‖sup,1/ω = sup
s∈G

∣∣∣∣f(ts)ω(s)

∣∣∣∣
≤ ‖f‖sup,1/ω sup

s∈G\(t−1K)

ω(ts)

ω(s)
≤ (‖x‖+ ε) sup

s∈G\(t−1K)

ω(ts)

ω(s)
.

Since ε > 0 and K ⊂ G were arbitrarily given, we derive

‖x · δt‖ ≤ ‖x‖ω̂(t) (x ∈ AωX, t ∈ G).

Then for Φ ∈ (AωX)∗,

|〈x, δt · Φ〉| = |〈x · δt,Φ〉| ≤ ‖x‖ω̂(t)‖Φ‖ (x ∈ AωX).

This implies that ‖δt · Φ‖ ≤ ω̂(t)‖Φ‖ (Φ ∈ (AωX)∗, t ∈ G).
As G is commutative, for each integer n we have

δt−n ·D(δtn) = nδt−1 ·D(δt) (t ∈ G).

The above discussion allows us to estimate the norm as follows:

‖δt−n ·D(δtn)‖ ≤ ω̂(t−n)‖D(δtn)‖ ≤ ω(tn)ω̂(t−n)‖D‖.
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We then have

‖δt−1 ·D(δt)‖ =
1

n
‖δt−n ·D(δtn)‖ ≤ ω(tn)ω̂(t−n)

n
‖D‖.

From the hypothesis we immediately obtain

‖δt−1 ·D(δt)‖ ≤ m‖D‖ (t ∈ G).

Let Δ(t) = δt−1 ·D(δt) (t ∈ G), and let B = Δ(G). Then B is a bounded subset
of rE(X

∗). However, similar to the counterpart that we showed in the proof of
Theorem 3.1, Δ(t1t2) = Δ(t1)+Δ(t2) for all t1, t2 ∈ G. As a consequence, one sees
easily via induction that Δ(tk) = kΔ(t) (t ∈ G). Therefore

‖Δ(t)‖ =
1

k
‖Δ(tk)‖ ≤ m‖D‖

k

for all integers k > 0. This shows that Δ(t) = 0. Hence D(δt) = 0 for all t ∈ G.
This implies that D(u) = 0 for u ∈ span{δt : t ∈ G}. As a continuous derivation
from Aω to (AωX)∗, D is so-weak* continuous. Since span{δt : t ∈ G} is dense in
M(ω) in the so-topology (Lemma 2.1), we finally get D(u) = 0 for all u ∈ M(ω).
So D = 0. This shows that L1(ω) is 2-weakly amenable.

�

Example. Consider the additive group Z
2 and the weight ω on it defined by

ω(s, t) = (1 + |s|+ |t|)α(1 + |s+ t|)β,
where α ≥ 0 and β ≥ 0. Then ω̂(s, t) = (1 + |s+ t|)β which is unbounded if β > 0.

However, it is readily seen that lim ω(ns,nt)ω̂(−ns,−nt)
n = 0 when α + 2β < 1. So

�1(Z2, ω) is 2-weakly amenable if α+ 2β < 1 due to Theorem 4.1.

In general, when a weight is the product of a polynomial weight of order less
than 1 and some other weight which does not increase “too fast”, the corresponding
Beurling algebra will be 2-weakly amenable. Precisely we have the following.

Corollary 4.2. Let G = R
m × Z

k, where m, k ≥ 0 are integers. Let

ω(s, t) = (1 + |s|+ |t|)αω0(s, t) (s ∈ R
m, t ∈ Z

k),

where 0 ≤ α < 1, |s| and |t| denote the Euclidean norm of s and t, and ω0 is a
weight on G satisfying

lim inf
n→∞

ω0(ns, nt)

n(1−α)/2
= 0 (s ∈ R

m, t ∈ Z
k).

Then L1(G,ω) is 2-weakly amenable.

Proof. It is readily seen that ω̂ = ω̂0 ≤ ω0. So

ω(s, t)ω̂(−s,−t) ≤ (1 + |s|+ |t|)αω0(s, t)ω0(−s,−t).

Therefore

lim inf
n→∞

ω(ns, nt)ω̂(−ns,−nt)

n
= 0

for all s ∈ R
m, t ∈ Z

k. By Theorem 4.1, L1(G,ω) is 2-weakly amenable. �

Remark 4.3. The product weights discussed in [7, page 168] clearly satisfy the
condition of the above corollary. So the 2-weak amenability of the corresponding
Beurling algebras also follows from this corollary.
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5. Further comments on open problems

1. Weak amenability of non-Abelian Beurling algebras.
When G is not Abelian and ω is not trivial, except for the necessary con-

dition discussed in Remark 3.2 for IN groups, weak amenability of L1(G,ω)
is completely unknown. In fact, to the author’s knowledge, thus far in the
literature there is not even an example of weakly amenable non-Abelian
Beurling algebras with a non-trivial weight.

2. 2-Weak amenability of Beurling algebras.
2-weak amenability of L1(G) is closely related to the well-known deriva-

tion problem for L1(G) which asks whether every continuous derivation
from L1(G) into M(G) is inner. The problem has recently been solved
affirmatively in general by V. Losert [17]. The derivation problem for a
Beurling algebra L1(G,ω) is still open and seems not to be approachable
by the method of Losert. In general, we would like to know when L1(G,ω)
is 2-weakly amenable. For Abelian groups G, after our Theorem 4.1 we
would like to know whether condition (4.1) is also necessary for L1(G,ω)
to be 2-weakly amenable.

3. Weak amenability of the center algebra of a non-abelian Beurling algebra.
The center ZL1(G,ω) of L1(G,ω) is an Abelian Banach subalgebra of

L1(G,ω). It is well-known that ZL1(G,ω) is not trivial if and only if G
is an IN group. Since ZL1(G,ω) = L1(G,ω) when G is abelian, studying
weak amenability of ZL1(G,ω) may be regarded as a natural extension to
the investigation of weak amenability for Abelian Beurling algebras. Even
for ω ≡ 1, we do not know a full answer to whether ZL1(G,ω) (abbreviated
ZL1(G)) is weakly amenable. However, it was shown in [1, Theorem 2.4]
that ZL1(G) is hyper-Tauberian if each conjugacy class of G is relatively
compact. Consequently, ZL1(G) is weakly amenable for this type of group
G [1, Theorem 0.2(i)]. In particular, ZL1(G) is weakly amenable if G is
compact. We conclude this paper with a simple proof of this last fact. The
proof is based on the famous Peter-Weyl theorem.

Proposition 5.1. For every compact group G, ZL1(G) is weakly amenable.

Proof. It is a simple fact that if an Abelian Banach algebra A contains a subset E
of mutually annihilating idempotents (that is, e2 = e for all e ∈ E, and e1e2 = 0 if
e1, e2 ∈ E and e1 �= e2) and if span(E) is dense in A, then A is weakly amenable.

Indeed, when G is compact, ZL1(G) has such a subset E = {dπχπ : π ∈ Ĝ}
(see [14, Section 27]), where Ĝ is the dual object of G, dπ is the dimension of
the associated irreducible unitary representation π, and χπ is the character of the
representation π. Therefore, ZL1(G) is weakly amenable if G is compact. �
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