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(Communicated by Jim Haglund)

Abstract. Let G be a simple graph of order n ≥ 3. Ore’s classical theorem
states that if d(x) + d(y) ≥ n for each pair of nonadjacent vertices x, y ∈
V (G), then G is Hamiltonian (Amer. Math. Monthly 67 (1960), 55). In
1984, Fan proved that if G is 2-connected and max{d(x), d(y)} ≥ n/2 for
each pair of vertices x, y with distance 2, then G is Hamiltonian. Fan’s result
is a significant improvement to Ore’s theorem, and the condition stated is

called Fan’s condition. Then in 1987, Benhocine and Wojda showed that
if G is a 2-connected graph with independence number α(G) ≤ n/2, and

max{d(x), d(y)} ≥ n−1
2

for each pair of vertices x, y with distance 2, then G
is Hamiltonian with some exceptions: either G is Hamiltonian or G belongs to
one of two classes of well characterized graphs. In 2007, Li et al. removed the
independence restriction, but they also reversed the Fan type bigger degree
lower bound condition to the stronger Ore type degree sum requirement.

In our present work, we drop the independence restriction while keeping
Benhocine and Wojda’s relaxed Fan type condition to prove that if G is 2-
connected and max{d(x), d(y)} ≥ n−1

2
for each pair of vertices x, y with dis-

tance 2, then either G is Hamiltonian or G is among certain classes of well
characterized graphs. This extends previous results in the literature.

1. Introduction and main results

Throughout this work we consider only simple graphs, i.e., graphs without multi-
edges or loops. For a graph G, let V (G) be the vertex set and E(G) be the edge set.
The complement graph ofG, denoted byGc, has the same vertex set V (Gc) = V (G),
but an edge is in E(Gc) if and only if it is not in E(G). The join of two graphs G1

and G2, denoted by G1∨G2, is the graph obtained from the disjoint union G1+G2

by adding the edges {uv|u ∈ V (G1) and v ∈ V (G2)}. We use Hk to represent the
collection of all graphs H of order k.

For two vertices u and v, let d(u, v) be the length of a minimum path between
vertices u and v in G, or equivalently the distance between u and v. The minimum
degree of a graph G is denoted by δ(G) or simply δ if the graph G under consider-
ation is understood. We also use u ∼ v to mean u and v are adjacent and u � v to
represent the contrary.
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For a subgraph H of G and a vertex u of V (G), let NH(u) be the set of vertices
in H that are adjacent to u, which is called the neighborhood of v in H, and denote
the cardinality of NH(u) by dH(u). In particular, if H = G, then we often omit the
subscript H; in this case, d(u) = |N(u)| is the degree of u. In addition, let G−H
and G[S] denote the subgraphs of G induced by V (G)− V (H) and S, respectively.

A cycle in a graph G that contains every vertex of G is called a Hamiltonian
cycle. A Hamiltonian graph is a graph that contains a Hamiltonian cycle.

We refer to the books [3], [12] and [4] for graph theory notation and terminology
not described above. To determine whether a Hamiltonian cycle exists in a given
graph, i.e. whether a given graph is a Hamiltonian graph, is NP-complete (see [7]
or [11], for instance). For a marvelous survey on the Hamiltonian problem up to
2002, see [8].

In 1952, Dirac provided a nontrivial sufficient condition for a graph to be Hamil-
tonian, which was probably the first milestone in the area.

Theorem 1.1. (Dirac, 1952 [5]). If G is a graph of order n ≥ 3 with minimum
degree δ(G) ≥ n

2 , then G is Hamiltonian.

In 1960, Ore gave the following refinement to Dirac’s theorem.

Theorem 1.2. (Ore [10]). If G is a graph of order n ≥ 3 and d(x) + d(y) ≥ n for
each pair of nonadjacent vertices x, y ∈ V (G), then G is Hamiltonian.

Since the establishment of the now-classical Theorem 1.2, efforts to improve it
have never stopped, although this proves to be an extremely difficult job. One
direction is to decrease the lower bound, such as the following result of 1985.

Theorem 1.3. (Ainouche and Christofides [1, Corollary 5]). If G is a graph of
order n ≥ 3 and d(x) + d(y) ≥ n − 1 for each pair of nonadjacent vertices x, y ∈
V (G), then either G is Hamiltonian or G ∈ H(n−1)/2 ∨ Kc

(n+1)/2, where in the

second case H(n−1)/2 denotes the collection of all graphs with order n−1
2 and n is

certainly odd.

Another direction led to G. Fan’s condition and his theorem, a breakthrough
made in 1984. Clearly, being Hamiltonian implies 2-connectedness.

Theorem 1.4. (Fan, 1984 [6]). If G is a 2-connected graph of order n ≥ 3 and
max{d(x), d(y)} ≥ n

2 for each pair of vertices x, y with distance 2, then G is Hamil-
tonian.

Note that Ore’s condition actually implies 2-connectivity (without assuming the
Hamiltonian cycle), while the lower bound of degree sums as described in Theorem
1.3 does not necessarily require it.

Then in 1987 Benhocine and Wojda extended Theorem 1.4 by slightly (but not
that easily!) decreasing its lower bound requirement.

Theorem 1.5. (Benhocine and Wojda, 1987 [2]). If G is a 2-connected graph of
order n ≥ 3 with independence number α(G) ≤ n/2, and max{d(x), d(y)} ≥ n−1

2 for
each pair of vertices x, y with distance 2, then either G is Hamiltonian or G ∈ Gn

or G = H9, where Gn is a class of well characterized graphs and H9 is a specific
graph of order 9.

In 2007, Li et al. removed the independence restriction, but in considering the
2-distance pairs they reversed the Fan type bigger degree requirement to the Ore
type degree sum requirement.
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Theorem 1.6. (Li, Li and Feng, 2007 [9]). If G is a 2-connected graph of order
n ≥ 3, and d(x) + d(y) ≥ n− 1 for each pair of vertices x, y with distance 2, then
either G is Hamiltonian or G belongs to an exceptional class of graphs Ln.

In this present paper, we drop the independence restriction as stated in Theorem
1.5 while assuming the slightly relaxed Fan type condition to give a Hamiltonian
characterization, therefore improving the results mentioned above in some sense.

Theorem 1.7. (Main theorem). If G is a 2-connected graph of order n ≥ 3, and
max{d(x), d(y)} ≥ n−1

2 for each pair of vertices x, y with distance 2, then either G
is Hamiltonian or G ∈ G∗

n or G ∈ Jn or G = H9, where G∗
n and Jn are two classes

of well characterized graphs and H9 is the graph prescribed in Theorem 1.5.

2. Proof of the main theorem

Note that to remove the limit on the independence number as described in The-
orem 1.5, it suffices to deal with the case α(G) = �n

2 �+1 only. This is because with
the conditions given, the independence number actually cannot be bigger. Indeed,
if there is any independence set of order m > �n

2 �+1, call it I, then there must be
some vertex v of G[V − I] having at least two neighbors x, y ∈ I (given the connec-
tivity and respective cardinalities). So d(x, y) = 2 and thus n−1

2 ≤ max{d(x), d(y)},
but clearly max{d(x), d(y)} ≤ n−m < n−�n

2 �− 1 ≤ n−1
2 . Nonetheless, in general

we do not consider independence in our treatment, unless occasionally for presenta-
tional necessities. Our principal technique is to investigate certain pairs of vertices,
where each vertex has degree ≥ n−1

2 and has distance 2 to some other vertex with
insufficient degree, but the distance between the two vertices in the studied pair
is not necessarily 2, and to study their degree sum in the specific configuration.
With the pair cleverly chosen at different stages, this method proves to be effective.
Another basis of our results is a lemma in Fan’s 1984 paper.

Lemma 2.1 ([6]). Let G be a 2-connected graph of order n ≥ 3 and max{d(x), d(y)}
≥ k/2 for each pair of vertices x, y with distance 2, where k is any positive integer
between 3 and n. Then the circumference of G is at least k.

The proof of our main theorem is achieved by three separate results according
to the magnitude of n.

Before we proceed, let’s make clear the graph classes that we talk about.

Definition 2.2. For any odd integer n ≥ 7, let G∗
n be the following class of graphs

on n vertices such that G ∈ G∗
n if its vertices are divided into three parts: a 2-

path or 3-clique G[(x, y, z)], and two disjoint cliques A and B, both of order n−3
2 .

Furthermore, there exist two vertices in each of A and B, denoted by a1, a2 and
b1, b2 respectively, any of which is adjacent to both x and z. The only other possible
edges in the graph are those linking x and z to the other vertices of A and B, where
the following type of pairs a, b are forbidden: a ∈ A−{a1, a2} and b ∈ B−{b1, b2},
and either NG[{x,z}](a) = NG[{x,z}](b) = {x} or NG[{x,z}](a) = NG[{x,z}](b) = {z}.

For any odd integer n ≥ 5, define Jn to be the class of graphs Hn−1
2

∨Kc
n+1
2

−
je − j′e′, where je means j edges all of which share an end from Kc

n+1
2

(called an

“incomplete end”), with 0 ≤ j ≤ n−5
2 and j′e′ is similarly defined.

Proposition 2.3. If G is a 2-connected graph of order n ≤ 8, and max{d(x), d(y)}
≥ n−1

2 for each pair of vertices x, y with distance 2, then either G is Hamiltonian,
or G ∈ G∗

7 (certainly when n = 7) or G ∈ Jn.
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Proof. The difference between our condition and Fan’s condition allows us to con-
sider only odd-order graphs, i.e. when n = 3, 5 or 7. The case n = 3 is trivial.

For n = 5, by Lemma 2.1, assume G is not Hamiltonian; then there is a 4-cycle
x1x2x3x4x1. To be 2-connected (while avoiding being Hamiltonian), the remaining
vertex x5 should be adjacent to exactly 2 vertices that must be nonconsecutive, say
x2 and x4. It is easy to see that x1 � x3. Let G[x1, x3, x5] = Kc

3 . So in this case
G ∈ J5 = H2 ∨Kc

3, where G[x2, x4] ∈ H2 is either an edge or a nonedge.
For n = 7, by Lemma 2.1, assume G is not Hamiltonian; then there is a 6-cycle

x1x2 · · ·x6x1. Let the remaining vertex be x7. Clearly 2 ≤ d(x7) ≤ 3 (to be both
2-connected and non-Hamiltonian).

(1) If d(x7) = 3, w.l.o.g., let N(x7) = {x2, x4, x6}. It’s easy to see that x1, x3, x5

must be an independent set, and thus G[x1, x3, x5, x7] is the empty graph Kc
4 .

Moreover, at least two of the statements x1 ∼ x4, x3 ∼ x6 and x5 ∼ x2 have to be
true. This is because otherwise there will be degree deficiency: if x1 � x4, x3 � x6,
say, then d(x1) + d(x3) ≤ 4 while d(x1, x3) = 2, violating the condition. As for
G[x2, x4, x6], it may be anything between Kc

3 and K3, as G[x1, x3, x5, x7] = Kc
4

already implies non-Hamiltonian. Therefore in this case G ∈ H3 ∨ Kc
4 or G ∈

H3 ∨Kc
4 − e, where “e” represents an edge between H3 and Kc

4 (by our notation
e is one of x1x4, x3x6, x5x2, isomorphically all the same). This means precisely
G ∈ J7.

(2) If d(x7) = 2, let x1 be one of the neighbors of x7. For the other neighbor,
by symmetry, we only need to consider two cases: x3 or x4. If x3 is the other
neighbor of x7, then x1x7x3x4x5x6x1 is a 6-cycle, with x2 being left out. However,
d(x7, x2) = 2 and d(x7) = 2 implies that d(x2) ≥ (7− 1)/2 = 3, thus we return to
the previous case (by replacing x7 with x2). So the only remaining situation is when
x4 is the other neighbor of x7. Hence x7 has distance 2 to each of x2, x3, x5, x6,
and therefore min{d(x2), d(x3), d(x5), d(x6)} ≥ 3. If any of the relations x2 ∼ x5,
x2 ∼ x6, x3 ∼ x5 and x3 ∼ x6 are true, then there is either a 7-cycle or a 6-cycle,
leaving a vertex of degree ≥ 3. So the missing degrees are supplemented by x2 ∼ x4,
x3 ∼ x1, x5 ∼ x1 and x6 ∼ x4 exactly. Now the structure is clear: we have either
a 2-path or a 3-clique (x1x7x4), or two 2-cliques (x2x3 and x5x6 respectively). In
each of the two 2-cliques, each of the two vertices is adjacent to both ends of the
2-path. Hence G ∈ G∗

7 . �

At this stage let’s point out that while expressed in a slightly different way, our
class G∗

n is a superset of the class Gn as defined in [2, (i)-(vi), p. 168]. It is natural
since we have relatively weaker requirements (without assuming the independence
number).

Proposition 2.4. If G is a 2-connected graph of order n = 9, and max{d(x), d(y)}
≥ 4 for each pair of vertices x, y with distance 2, then either G is Hamiltonian or
G ∈ G∗

9 or G ∈ J9 or G = H9, where H9 is the graph prescribed in Theorem 1.5.

Proof. Suppose G is not Hamiltonian, G /∈ G∗
9 and G 	= H9. As we have observed,

the only case not covered by Theorem 1.5 is when α(G) = 5. Again by Lemma
2.1, assume G is not Hamiltonian; then there is an 8-cycle x1x2 · · ·x8x1. Let
the remaining vertex be x9. Now 2 ≤ d(x9) ≤ 4 is both 2-connected and non-
Hamiltonian. The fact α(G) = 5 requires a 5-independent set which must include
x9 and four on the 8-cycle, say, x1, x3, x5 and x7. (1) If d(x9) < 4, then at least three
of x1, x3, x5, x7 have degree at least 4. W.l.o.g., assume d(x1), d(x3), d(x5) ≥ 4.
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This actually means N(x1) = N(x3) = N(x5) = {x2, x4, x6, x8}. If d(x7) = 4, then
G ∈ H4 ∨Kc

5 − je ⊆ J9, where 0 ≤ j ≤ 2 = 9−5
2 and the j missing edges share the

end x9. If d(x7) < 4, then N(x9) = {x2, x4} and N(x7) = {x6, x8}, in which case
G ∈ H4 ∨Kc

5 − 2e− 2e′ ⊆ J9, where x7 and x9 are the two incomplete ends of Kc
5 .

(2) If d(x9) = 4, w.l.o.g., assume d(x1) = d(x5) = 4. Either max{d(x3), d(x7)} =
4, in which case we have G ∈ J9, or N(x3) = {x2, x4} and N(x7) = {x6, x8}, in
which case we interchange the role of x3 with that of x9 and we are back to the
situation of (1). �

Now we are prepared to present the big n case.

Theorem 2.5. If G is a 2-connected graph of order n ≥ 10, and max{d(x), d(y)} ≥
4 for each pair of vertices x, y with distance 2, then either G is Hamiltonian or
G ∈ G∗

n or G ∈ Jn, where G∗
n, Jn are two classes of well characterized graphs as

described in Definition 2.2.

Proof. To be precise we shall use “≥ �n−1
2 �” instead of “≥ n−1

2 ”. For convenience
assume G satisfies the conditions as described in the statement but it is not Hamil-
tonian.

By Lemma 2.1, G has an (n− 1)-cycle (given that G is not Hamiltonian). Let’s
denote this (n−1)-cycle by Cn−1 = x1x2 . . . xn−1x1. By “consecutive pair on Cn−1”,
we mean two vertices of the type xixi+1, and by “pair of distance j on Cn−1”, we
mean two vertices of the type xixi+j (the pair is probably of shorter distance in G).
Throughout the remaining part of this paper the subscript computation is modulo
n− 1.

Let v = V (G) − V (Cn−1). Observe that there cannot be consecutive pairs on
Cn−1 within N(v), since by inserting v the graph G would be Hamiltonian.

(1) If d(v) > �n−1
2 �, then there has to be a consecutive pair on Cn−1 within

N(v). So this is impossible.
(2) If d(v) = �n−1

2 �, then N(v) = {xi, xi+2, . . .}. Let A = {xi+1, xi+3, . . .}∪ {v}
and |A| = �n−1

2 � + 1. Depending on the parity of n, A is either an independent
set (when n − 1 is even) or an independent set plus exactly one edge formed by
one consecutive pair (when n − 1 is odd). In the latter case d(v) = n−1

2 < �n−1
2 �,

so for instance d(xi+1) ≥ �n−1
2 � as d(v, xi+1) = 2. But this is impossible because

d(xi+1) ≤ d(v) = n−1
2 < �n−1

2 � (take xi+1 out of the consecutive pair). Hence
n − 1 must be even (i.e. n is odd). Now G[A] = Kc

n+1
2

, and at most one vertex

of {xi+1, xi+3, . . .} may have degree less than n−1
2 = �n−1

2 �. In conclusion, in this

case G ∈ Hn−1
2

∨Kc
n+1
2

− je, where 0 ≤ j ≤ n−5
2 . Hence any admissible graph G

belongs to the class Jn by definition.
(3) If 3 ≤ d(v) < �n−1

2 �, w.l.o.g., let xn−1 ∼ v, and due to no consecutive pairs
on Cn−1 within N(v) let xi, xj ∈ N(v) such that i < j and {x1, . . . , xi−1, xi+1, . . . ,
xj−1}∩N(v) = ∅. Note that {v, x1, xi+1, xj+1} is an independent set, v has distance
2 to each of the other three and since d(v) < �n−1

2 � ≤ �n−1
2 �, there must be

min{d(x1), d(xi+1), d(xj+1)} ≥ �n− 1

2
�.

Now we claim that either x1 ∼ xi+2 or xi+1 ∼ xj+2. We shall illustrate the
major technique of a “deficiency pair” by the following argument. In general, if P
is a statement, then the notation δ(P) is to be taken equal to one if P is true and
zero if P is false. Note that for 1 ≤ h ≤ i, either x1 � xh+1 or xi+1 � xh must be



2308 KEWEN CHAO, CHUNWEI SONG, AND PING ZHANG

true, while for i+1 ≤ h ≤ n− 1, either x1 � xh or xi+1 � xh+1 must be true. This
is because, otherwise, a Hamiltonian cycle would be constructed using the two new
edges. If the claim is not true, then

n− 1 ≤ 2�n− 1

2
� ≤ d(x1) + d(xi+1)

≤ n− 1 + δ(x1 ∼ x1) + δ(xi+1 ∼ xi+1)− |{xj+1}| = n− 2,

a contradiction. Note that the two judgement functions are to take care of certain
neglected points occurred from subscript manipulations. The technique above will
be used frequently in our proof. The number of points neglected, which is equivalent
to the number of δ supplements, is decided by the nature of a specific configuration.

Hence the claim xi+1 ∼ xj+2 is true. We get an (n− 1)-cycle

xivxjxj−1 · · ·xi+1xj+2xj+3 · · ·xi.

The only vertex being left out, xj+1, has degree at least �n−1
2 � ≥ �n−1

2 �, so we are
in the previous cases again.

(4) If d(v) = 2. W.l.o.g., assume N(v) = {xn−1, xi}. Clearly, 2 ≤ i ≤ n − 2.
The degree condition gives that

min{d(x1), d(xi−1), d(xi+1), d(xn−2)} ≥ �n− 1

2
�,

as each of the four vertices above has distance 2 to v. Note if xn−1 and xi are
taken away, then Cn−1 is turned into two parts (where it is possible that there
are edges between them). For convenience, denote L = {x1, x2, . . . , xi−1} and
R = {xi+1, xi+2, . . . , xn−2}, whereas |L| = i− 1 and |R| = n− 2− i. We discuss it
according to the following cases.

Case 1. Neither x1 nor xi+1 has any neighbor in the part that it does not belong
to. That is, N(x1) ∩R = ∅, and N(xi+1) ∩ L = ∅. We shall show that G[L ∪R] is
disconnected with the two components L and R.

Now, d(x1) ≥ �n−1
2 � gives that |{xn−1, xi}∪L−{x1}| = i ≥ �n−1

2 � and similarly

d(xi+1) ≥ �n−1
2 � gives that n − 1 − i ≥ �n−1

2 �. Therefore n must be odd and

d(x1) = d(xi+1) =
n−1
2 with i = n−1

2 . Specifically N(x1) = {xn−1, xi} ∪ L − {x1}
and N(xi+1) = {xn−1, xi} ∪R− {xi+1}.

Then there must be no edge between L− x1 and R− xi+1. Otherwise, suppose
xl ∼ xr, where 2 ≤ l ≤ i−1 and i+2 ≤ r ≤ n−2. But we get a Hamiltonian cycle:

vxixi−1 · · ·xl+1x1x2 · · ·xlxrxr−1 · · ·xi+1xr+1xr+2 · · ·xn−1v.

This means that G[L] and G[R] are both cliques. Actually, if xl1 � xl2 , where
2 ≤ l1, l2 ≤ i− 1, say, then d(xl1 , xl2) = 2 as they are both neighbors of x1, but the
degree condition will be unsatisfied.

Let G1, G2 be the following graphs of order n with a neat structure: for i = 1, 2,
Gi[{xn−1, v, xi}] is a 2-path, and Gi[L] and Gi[R] are two disjoint cliques, both
of order n−3

2 (again n must be odd); as for G1, each of the ends of L and R, i.e.
x1, xi−1, xi+1, xn−2, are adjacent to both ends of the 2-path, i.e. xn−1 and xi; as for
H2, every vertex in the two cliques is adjacent to both ends of the 2-path. In con-
clusion G1 ⊆ G ⊆ G2, except that the following type of pairs xl, xr are forbidden:
2 ≤ l ≤ i−1 and i+2 ≤ r ≤ n−2, either N{xn−1,xi}(xl) = N{xn−1,xi}(xr) = {xn−1}
or N{xn−1,xi}(xl) = N{xn−1,xi}(xr) = {xi}. This is because such a forbidden pair is
of distance 2 while having insufficient degrees. So any admissible graph G belongs
to the class G∗

n by definition.
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Case 2. W.l.o.g., assume x1 is adjacent to some vertex of R = {xi+1, xi+2, . . . ,
xn−2}. Apparently x1 � xi+1 and xn−2 � xi−1, for otherwise there would be an
n-cycle. We may further assume that x1 � xi+2 because otherwise we obtain an
(n− 1)-cycle covering v while excluding xi+1, thus returning us to the first 2 cases
discussed.

Now let xk ∈ NR(x1) be chosen with the smallest subscript so that i+ 3 ≤ k ≤
n− 2. Then obviously xk+1 � xi−1 and xk−1 � xi−1.

We claim that xi+1 ∼ xk: for xr ∈ {xi+1, xi+2, . . . , xn−1}, x1 ∼ xr and xi+1 ∼
xr+1 cannot hold simultaneously or there will be an n-cycle; similarly for xl ∈
{x1, x2, . . . , xi}, x1 ∼ xl+1 and xi+1 ∼ xl do not both hold. If xi+1 � xk, then on
one hand d(x1)+d(xi+1) ≤ n−1+ δ(x1 ∼ x1)+ δ(xi+1 ∼ xi+1)−|{xk−1}| = n−2,
while on the other hand d(x1) + d(xi+1) ≥ 2�n−1

2 � > n− 2, a contradiction. Thus
indeed xi+1 ∼ xk.

This means xk+1 � xk−1, for otherwise, there would be the Hamiltonian cycle

vxixi−1 · · ·x1xkxi+1xi+2 · · ·xk−1xk+1xk+2 · · ·xn−1v.

So now d(xk+1, xk−1) = 2 and hence max{d(xk+1), d(xk−1)} ≥ �n−1
2 �.

Subcase 2.1 xi−1 � xk.
2.1.1 d(xk+1) ≥ �n−1

2 �.
Note that for h ∈ {1, 2, . . . , n− 2}, xi−1 ∼ xh and xk+1 ∼ xh+1 cannot both be

true. Let’s assume xk−2 � xi−1. Because (i) xi−1 � xk and xk+1 � xk+1 and (ii)
xi−1 � xk−2 and xk+1 � xk−1, we have d(xi−1)+d(xk+1) ≤ n−2+δ(xi−1, xn−1)+
δ(xk+1, x1)−|{xk, xk−2}| = n−2, which is contradictory to the degree requirement.

Hence, it has to be xk−2 ∼ xi−1. Now because of the existence of an (n−1)-cycle,

vxixi+1 · · ·xk−2xi−1xi−2 · · ·x1xkxk+1 · · ·xn−1v,

we may assume that the only missing vertex xk−1 has degree 2 and in particular
xk−1 � xn−2.

Next for xl ∈ {x1, x2, . . . , xi−1}, xn−2 ∼ xl and xi−1 ∼ xl−1 do not both hold;
meanwhile for xr ∈ {xi, xi+1, . . . , xn−3}, xn−2 ∼ xr and xi−1 ∼ xr+1 do not both
hold either. By pairing up xn−2 and xi−1, we again derive a contradiction on
the degree sum: d(xn−2) + d(xi−1) ≤ n − 3 + δ(xn−2, xn−2) + δ(xn−2, xn−1) +
δ(xi−1, xi−1) + δ(xi−1, xi)− |{xk−1}| = n− 2.

2.1.2 d(xk−1) ≥ �n−1
2 �.

This is relatively easy due to the configuration with xk−1 in between. Again for
xl ∈ {x2, x3, . . . , xi−1}, xk−1 ∼ xl and xi−1 ∼ xl−1 do not both hold; meanwhile
for xr ∈ {xi, xi+1, . . . , xn−2}, xk−1 ∼ xr and xi−1 ∼ xr+1 do not both hold either.
Furthermore xk−1 � xk−1 and xi−1 � xk, so that d(xk−1) + d(xi−1) ≤ n − 3 +
δ(xk−1, x1) + δ(xk−1, xn−1) + δ(xi−1, xi−1) + δ(xi−1, xi)− |{xk−1}| ≤ n− 2 (recall
that δ(xk−1, x1) = 0 by the selection of xk).

To summarize what we have so far, the entire Subcase 2.1 is impossible. Hence,
we proceed to the case xi−1 ∼ xk.

Subcase 2.2 xi−1 ∼ xk.
Now that x1 ∼ xk and xi−1 ∼ xk, symmetrically, we have N(xk−1) ∩ {xn−2, x1,

xi−1} = ∅ and N(xk+1) ∩ {x1, xi−1, xi+1} = ∅ to avoid generating any n-cycle.
2.2.1 d(xk+1) ≥ �n−1

2 �.
For xr ∈ {xi+1, xi+2, . . . , xn−2}, xk+1 ∼ xr+1 and x1 ∼ xr do not both hold,

and for xl ∈ {x1, x2, . . . , xi−1}, xk+1 ∼ xl and x1 ∼ xl+1 do not both hold either.
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For r = k − 2, however, note that i + 3 ≤ k and thus k − 2 ≥ i + 1, and both
xk+1 � xk−1 and x1 � xk−2.

Hence d(xk+1) + d(x1) ≤ n − 3 + δ(xk+1 ∼ xi+1) + δ(xk+1 ∼ xi)+
δ(x1 ∼ x1) + δ(x1 ∼ xn−1)− |{xk−2}| ≤ n− 2, contradiction.

2.2.2 d(xk−1) ≥ �n−1
2 �. If xi−1 � xk+2, then similar to the argument of 2.1.2, by

pairing up xk−1 and xi−1, there is a contradiction (the only difference is replacing
“−|{xk−1}|” by “−|{xk+1}|”). So it must be xi−1 ∼ xk+2.

Similar to the argument in 2.1.1, by pairing up xk−1 and x1, it implies x1 ∼ xk+2

by the fact that xk−1 � xk+1 (otherwise d(xk−1)+ d(x1) ≤ n− 2+ δ(xk−1, xn−1)+
δ(x1, x1)− |{xk+1}| ≤ n− 2). Recall that xi−1 � xk+1 and x1 � xk+1. Inductively,
we claim that xi−1 and x1 are both nonadjacent to each vertex in {xk+1, xk+3, . . .}
and are both adjacent to each vertex in {xk, xk+2, . . .}. This is because if the
claimed pattern first breaks at the place of “k plus odd”, then it incurs an n-cycle,
while if the pattern first breaks at “k plus even”, then there is degree sum deficiency.
Now since it is known that xi−1 � xn−2, there must be xi−1 � xn−3 (thus n−k−3
is an even number).

Thus we get an (n− 1)-cycle

vxn−1x1x2 · · ·xi−1xn−3xn−4 · · ·xiv,

leaving only xn−2, which is a vertex of degree ≥ �n−1
2 � ≥ 3. But then we get back

to what we have discussed before.
The proof is now completed. �

The main result (Theorem 1.7) of this work is therefore a consequence of Propo-
sitions 2.3, 2.4 and Theorem 2.5.
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