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A NOTE ON NONNEGATIVE QUADRATIC ORTHOGONAL

BISECTIONAL CURVATURE

YANYAN NIU

Abstract. In this note, we give a new proof of the nonnegativity of the
scalar curvature under the condition of the nonnegative quadratic orthogonal
bisectional curvature.

1. Introduction

Let (Mn, g) be a complex n-dimensional Kähler manifold with n ≥ 2. We say
that (Mn, g) has nonnegative quadratic orthogonal bisectional curvature (NQOBC,
for short) at p ∈ M if for any unitary frame {ei}ni=1 of T 1,0

p M and real numbers

{ξi}ni=1,

(1.1)
∑

i �=j

Rīijj̄(ξ
i − ξj)2 ≥ 0.

A Kähler manifold (Mn, g) is said to have NQOBC provided that the NQOBC
condition (1.1) holds at any point p ∈ M . If the strict inequality in (1.1) holds at
any point p ∈ M , provided that not all ξi are the same, we say (Mn, g) has positive
quadratic orthogonal bisectional curvature, denoted as PQOBC.

Recall that (Mn, g) is said to have nonnegative orthogonal bisectional curva-
ture (NOBC for short) if, for any point q ∈ M and any vectors X,Y ∈ T 1,0

q M ,

R(X, X̄, Y, Ȳ ) ≥ 0 if 〈X,Y 〉 = 0. NOBC is a slightly weaker condition than requir-
ing that M has nonnegative bisectional curvature. By the work of Chen [5] and
Gu and Zhang [6], a compact simply connected irreducible Kähler manifold with
NOBC is either biholomorphic to CP

n or is isometrically biholomorphic to an irre-
ducible compact Hermitian symmetric space of rank at least 2. Their results extend
the generalized Frankel conjecture for compact Kähler manifolds with nonnegative
holomorphic bisectional curvature established by Bando [1] and Mok [8].

Obviously, a manifold with NOBC has NQOBC. Particularly, in complex di-
mension 2, the NQOBC condition is equivalent to that of NOBC. But in general, a
Kähler manifold with NQOBC may not have NOBC. In [7], the authors constructed
a compact 7-dimensional simply connected homogeneous Kähler manifold with sec-
ond Betti number b2 = 1 and NQOBC, which does not admit any Kähler metric
with NOBC. So the condition NQOBC is weaker than that of NOBC. Recently,
Chau and Tam [4] gave the necessary and sufficient conditions for an irreducible
Kähler C-space with b2 = 1 to have NQOBC or PQOBC.
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On a Kähler manifold, for a (1, 1) form φ, the Bochner formula asserts

(1.2) Δ∂̄φαβ̄ = −Δφαβ̄ −Rαβ̄γδ̄φδγ̄ +
1

2
(Rαγ̄φγβ̄ +Rγβ̄φαγ̄),

where Δ∂̄ is the Hodge Laplacian and Δ = 1
2 (∇i∇ī+∇ī∇i) is the tensor Laplacian.

From this, it is easy to obtain that on a compact Kähler manifold with NQOBC, the
harmonic (1, 1) form must be parallel. One can also reformulate the condition of
NQOBC by (1.2), that is, (Mn, g) has NQOBC if for any real (1, 1) form φ ∈ Λ1,1M ,

Rαβ̄γδ̄φβᾱφδγ̄ −Rαγ̄φγβ̄φβᾱ ≤ 0.

A Kähler manifold with NQOBC satisfies some interesting properties. In [9], this
condition was first considered. Moreover, the authors proved that on such compact
manifolds, any boundary class of the Kähler cone can be represented by a smooth
closed (1, 1) form which is nonnegative. After that, Chau and Tam [3] proved that
under NQOBC the scalar curvature is nonnegative by considering the integration
of the bisectional curvature and holomorphic sectional curvature over the unitary
group U(n). They also established some rigidity results there. In this note, we
give a new proof of their results about scalar curvature. Our proof follows from a
lower bound for the sum of two eigenvalues of Ricci curvature on a manifold with
NQOBC. The proof here is a bit more direct and only uses elementary algebra.
The main result is the following:

Theorem 1.1. Let (Mn, g) be a complete Kähler manifold with NQOBC. Then for
any point p ∈ M and any orthogonal unitary pair V,W ∈ T 1,0

p M , we have

(1.3) Ric(V, V ) + Ric(W,W ) ≥ 2R(V, V ,W,W ),

which implies that the scalar curvature must be nonnegative and the scalar curvature
S(p) = 0 at point p if and only if for any unitary pair V,W , R(V, V̄ , V, V ) +
R(W,W,W,W ) = 0 and R(V, V ,W,W ) = 0. If n ≥ 3, S(p) = 0 also implies that
R(V, V , V, V ) = 0 for all V ∈ T 1,0

p (M) and hence M is flat at p.

In fact, comparing with Theorem 3.1 in the paper by Chau and Tam [3], the new
content is the inequality (1.3).

2. Proof of Theorem 1.1

By the definition of NQOBC, we know at any point p ∈ M , for any unitary
frame e1, · · · , en ∈ T 1,0

p M and any real numbers {ξi}ni=1,
∑

i �=j

Rīijj̄(ξ
i − ξj)2 ≥ 0.

We assume that k �= l. By letting ξk = 0, ξl = 2, ξj = 1 for any j �= k, l, then

(2.1) 4Rkk̄ll̄ +
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) ≥ 0.

By letting ẽk = ek−el√
2

, ẽl = ek+el√
2

, ẽj = ej for j �= k, l, then {ẽi} is also an

orthonormal frame. Hence, by (2.1), we have

4R(ẽk, ¯̃ek, ẽl, ¯̃el) +
∑

j �=k,l

(R(ẽk, ¯̃ek, ẽj , ¯̃ej) +R(ẽl, ¯̃el, ẽj , ¯̃ej)) ≥ 0.
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After direct calculations, we get

(2.2) Rkk̄kk̄ +Rll̄ll̄ −Rkl̄kl̄ −Rlk̄lk̄ +
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) ≥ 0.

By replacing el with
√
−1el, we have

(2.3) Rkk̄kk̄ +Rll̄ll̄ +Rkl̄kl̄ +Rlk̄lk̄ +
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) ≥ 0.

By summing (2.2) and (2.3), we have

Rkk̄kk̄ +Rll̄ll̄ +
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) ≥ 0.

Then,

(2.4) Rkk̄ +Rll̄ = Rkk̄kk̄ +Rll̄ll̄ + 2Rkk̄ll̄ +
∑

j �=k,l

(Rkk̄jj̄ + Rll̄jj̄) ≥ 2Rkk̄ll̄.

This proves (1.3).

If we take ξk = 1, ξj = 0 for any j �= k, then
∑

j �=k

Rkk̄jj̄ ≥ 0 from (1.1). Then,

(2.5) S =
1

n− 1

∑

1≤k<l≤n

(Rkk̄ +Rll̄) ≥
2

n− 1

∑

1≤k<l≤n

Rkk̄ll̄ ≥ 0.

That is, the scalar curvature is nonnegative under NQOBC conditions.
If S(p) = 0, then

∑
1≤k<l≤nRkk̄ll̄ = 0. But S =

∑
j Rjj̄jj̄ + 2

∑
1≤k<l≤nRkk̄ll̄,

so
∑

j Rjj̄jj̄ = 0. On the other hand, by (2.5), S = 0 implies that for any k �= l,

Rkk̄kk̄ +Rll̄ll̄ +
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) = 0.

By taking ξk = 1, ξl = 1, ξj = 0 for any j �= k, l, from (1.1), we have
∑

j �=k,l

(Rkk̄jj̄ +Rll̄jj̄) ≥ 0.

Therefore, for any k �= l, Rkk̄kk̄ + Rll̄ll̄ ≤ 0. So we must have for any k �= l,
Rkk̄kk̄ +Rll̄ll̄ = 0 since

∑
j Rjj̄jj̄ = 0. Then, it is easy to obtain that Rkk̄ll̄ = 0 for

any k �= l.
Since

S =
1

n− 1

∑

k<l

(Rkk̄kk̄ +Rll̄ll̄) + 2
∑

k<l

Rkk̄ll̄,

then S(p) = 0 if Rkk̄kk̄ +Rll̄ll̄ = 0 and Rkk̄ll̄ = 0.
The last statement follows immediately from [3].

3. Some consequences of (1.3)

Here we bound the curvature tensor by scalar curvature under the condition
NQOBC. Let (Ric ∗ g)ij̄kl̄ = 1

2

(
Rij̄gkl̄ +Rkl̄gij̄ +Ril̄gkj̄ +Rkj̄gil̄

)
and W � Ric ∗

g−Rm, where Rm is the curvature tensor. Note thatW satisfies the first and second
Bianchi identities. Also, we have the following corollary directly from Theorem 1.1.
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Corollary 3.1. On a Kähler manifold (Mn, g) with NQOBC, for any orthogonal
unitary pair of (1, 0)-vectors X, Y , we have

W (X,X, Y, Y ) ≥ 0.

That is, W has nonnegative orthogonal bisectional curvature.

Also, we have the following estimates bounding the Ricci and the curvature
tensor by the scalar curvature.

Corollary 3.2. Suppose (Mn, g) has NQOBC at p ∈ M . Then,

(3.1) (n− 2)Rij̄ + Sgij̄ ≥ 0

where S is the scalar curvature at p. In fact, for any unitary frame {ei},

(3.2) (n− 2)Rīi + S ≥ 2
∑

j �=i

Rīijj̄ .

Moreover, if n ≥ 3, then

(3.3) − 1

n− 2
S ≤ Rīi ≤

2n− 3

n− 2
S,

and if i �= j, then

(3.4) −(2n− 3)S ≤ Rīijj̄ ≤
(2n− 3)

n− 2
S,

(3.5) − (n− 1)(2n− 3) + 1

n− 2
S ≤ Rīiīi ≤

2n− 3

n− 2
S.

In particular, the curvature tensor is bounded in terms of the bound of S.

Proof. Let {ei} be a unitary frame. By Theorem 1.1, for any j �= i,

Rīi +Rjj̄ ≥ 2Rīijj̄ .

Hence,

(n− 1)Rīi +
∑

j �=i

Rjj̄ ≥ 2
∑

j �=i

Rīijj̄ ≥ 0.

This proves (3.1) and (3.2).
To prove (3.3), the lower bound follows from (3.1). Again by (3.1),

−n− 1

n− 2
S + Rīi ≤

n∑

j=1

Rjj̄ = S.

From this the upper bound in (3.3) follows.
To prove (3.4), by (1.3) and (3.3), we have

2Rīikk̄ ≤ Rīi +Rkk̄ ≤ 2(2n− 3)

n− 2
S.

Now

0 ≤
∑

k �=i

Rīikk̄ = Rīijj̄ +
∑

k �=i,j

Rīikk̄ ≤ Rīijj̄ + (2n− 3)S.

Hence,

Rīijj̄ ≥ −(2n− 3)S.

Now (3.5) follows from (3.4) and (3.3). �
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