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VECTOR VALUED FORMAL FOURIER-JACOBI SERIES

JAN HENDRIK BRUINIER

(Communicated by Kathrin Bringmann)

Abstract. H. Aoki showed that any symmetric formal Fourier-Jacobi series
for the symplectic group Sp2(Z) is the Fourier-Jacobi expansion of a holomor-
phic Siegel modular form. We prove an analogous result for vector valued
symmetric formal Fourier-Jacobi series, by combining Aoki’s theorem with
facts about vector valued modular forms. Recently, this result was also proved
independently by M. Raum using a different approach. As an application, by
means of work of W. Zhang, modularity results for special cycles of codimen-
sion 2 on Shimura varieties associated to orthogonal groups can be derived.

1. Introduction

Let Γ(g) be the metaplectic extension of the integral symplectic group Spg(Z) of

genus g. The elements of Γ(g) are pairs (M,α), where M = (A B
C D ) ∈ Spg(Z), and

α is a holomorphic function on the Siegel upper half plane Hg such that α(Z)2 =
det(CZ +D). The product of two elements (M1, α1) and (M2, α2) is defined by

(M1, α1(Z)) · (M2, α2(Z)) = (M1M2, α1(M2Z)α2(Z)).

Let k ∈ 1
2Z, and let

ρ : Γ(g) −→ GL(Vρ)(1)

be a unitary representation on a finite dimensional complex vector space Vρ.
Throughout we assume that ρ is trivial on some congruence subgroup of sufficiently

large level. We denote by M
(g)
k (ρ) the vector space of holomorphic Siegel modular

forms for the group Γ(g) of weight k with representation ρ, that is, the space of
holomorphic functions f : Hg → Vρ on Hg satisfying the transformation law

f(MZ) = α(Z)2kρ(M,α)f(Z)(2)

for all (M,α) ∈ Γ(g) (and which are holomorphic at the cusp ∞ if g = 1); see [Fr].

For the trivial representation ρ0 on C, we briefly write M
(g)
k instead of M

(g)
k (ρ0).

Note that the transformation law for (1,−1) ∈ Γ(g) implies that M
(g)
k = 0 if k is

not integral.
In the present note we are mainly interested in the case g = 2. If we write the

variable Z ∈ H2 as

Z =

(
τ z
z τ ′

)
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with τ, τ ′ ∈ H1 and z ∈ C, then any f ∈ M
(2)
k (ρ) has a Fourier-Jacobi expansion of

the form

f(Z) =
∑
m≥0

φm(τ, z)q′m,(3)

where q′ = e2πiτ
′
, and the coefficients φm are Jacobi forms of weight k, index m,

with representation ρ. To explain this more precisely, recall that the (metaplectic)
Jacobi group ΓJ = Γ(1)�Z2 acts on the Jacobi half plane H1×C in the usual way;
see [EZ]. Moreover, there is an embedding SL2(Z)� Z2 → Sp2(Z),

((
a b
c d

)
, (λ, μ)

)
�−→

⎛
⎜⎜⎝
a 0 b aμ− bλ
λ 1 μ λμ
c 0 d cμ− dλ
0 0 0 1

⎞
⎟⎟⎠ ,(4)

which is compatible with the group actions on H1 × C and on H2. It lifts to an
embedding j : ΓJ → Γ(2), taking the cocycle α to itself. The restriction of ρ
defines a representation of the metaplectic Jacobi group. A holomorphic function
φ : H1 × C → Vρ is called a Jacobi form for ΓJ of weight k and index m with
representation ρ, if the function

φ̃(Z) = φ(τ, z)q′m(5)

on H2 satisfies the transformation law (2) for all (M,α) ∈ j(ΓJ), and φ is holomor-
phic at ∞. Here the latter condition means that the Fourier expansion of φ has the
form

φ(τ, z) =
∑
n∈Q
n≥0

∑
r∈Q

r2≤4mn

c(φ;n, r)qnζr(6)

with q = e2πiτ , ζ = e2πiz, and c(φ;n, r) ∈ Vρ. Because of our assumption that
ρ be trivial on some congruence subgroup, the coefficients c(φ;n, r) are supported
on rational numbers with bounded denominators. We write Jk,m(ρ) for the vector
space of Jacobi forms for ΓJ of weight k, index m, with representation ρ.

The element

δ =

⎛
⎜⎜⎝
⎛
⎜⎜⎝
0 1
1 0

0 1
1 0

⎞
⎟⎟⎠ , i

⎞
⎟⎟⎠ ∈ Γ(2)(7)

acts on H2 by Z = ( τ z
z τ ′ ) �→

(
τ ′ z
z τ

)
. The transformation law (2) implies that the

Fourier-Jacobi coefficients (3) of any f ∈ M
(2)
k (ρ) satisfy the symmetry relation

c(φm;n, r) = i2kρ (δ) c(φn;m, r).(8)

This motivates the following definition.

Definition 1.1. A formal Fourier-Jacobi series for the group Γ(2) of weight k with
representation ρ is a formal series

f =
∑
m≥0

φm(τ, z)q′m(9)
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whose coefficients φm(τ, z) belong to Jk,m(ρ). We denote the vector space of such

formal Fourier-Jacobi series by N
(2)
k (ρ). We call f ∈ N

(2)
k (ρ) symmetric if its

coefficients satisfy (8) for all triples m,n, r.

For the trivial representation ρ0 on C, we briefly write N
(2)
k instead of N

(2)
k (ρ0).

The above considerations show that the Fourier-Jacobi expansion of any f ∈
M

(2)
k (ρ) is a symmetric Fourier-Jacobi series. In the present note we consider the

following converse.

Theorem 1.2. Every symmetric f ∈ N
(2)
k (ρ) is the Fourier-Jacobi expansion of

some Siegel modular form in M
(2)
k (ρ). In particular, f converges absolutely.

Such a result was first proved by Aoki in [Ao] for the trivial representation
ρ. His proof relies on classical facts on Taylor expansions of Jacobi forms [EZ]
and comparisons of dimension formulas. Variants for paramodular groups of small
level and the trivial representation are proved in [IPY, Theorem 1.2]. In a recent
preprint [Ra], Raum proves Theorem 1.2 (for possibly non-trivial representations
as in (1)), by employing the Hirzebruch-Riemann-Roch theorem and the Lefschetz
fixed point formula, combined with asymptotic estimates for the dimensions of
symmetric formal Fourier-Jacobi series.

In the present note we show that the full statement of Theorem 1.2 can be derived
from Aoki’s original result for the scalar case by employing some facts about vector
valued Siegel modular forms and their Fourier-Jacobi expansions. We hope that
this approach might also help to attack the analogous problem in other situations
(e.g. in higher genus) by reducing the vector valued to the scalar case.

An important application of Theorem 1.2 is an analogue of the Gross-Kohnen-
Zagier theorem [GKZ] for codimension 2 special cycles on Shimura varieties associ-
ated with orthogonal groups of signature (n, 2). It states that the generating series
of special cycles of codimension 2 is a vector valued Siegel modular form for the
group Γ(2) of weight 1 + n/2 with values in the second Chow group. This result
was conjectured (in greater generality) by Kudla in [Ku3], motivated by his joint
work with Millson on geometric generating series; see e.g. [KM], [Ku1]. Employing
[Bo], it was proved by Zhang [Zh] that the generating series is a symmetric formal
Fourier-Jacobi series. Theorem 1.2 implies that it actually converges and therefore
defines a Siegel modular form. We explain this application in Section 3.

2. Vector valued modular forms and the proof of Theorem 1.2

Let (ρ, Vρ) and (σ, Vσ) be finite dimensional representations of Γ(2). Denote
the canonical bilinear pairing Hom(Vρ, Vσ) × Vρ → Vσ by 〈λ, v〉 = λ(v) for λ ∈
Hom(Vρ, Vσ) and v ∈ Vρ. The following two lemmas are easily seen.

Lemma 2.1. Let f =
∑

m≥0 φmq′m ∈ N
(2)
k (ρ) and g =

∑
m≥0 ψmq′m ∈ N

(2)
k1

(σ).
Then

f ⊗ g =
∑
M≥0

∑
m,m1≥0

m+m1=M

φm ⊗ ψm1
q′M

belongs to N
(2)
k+k1

(ρ⊗σ). If f and g are symmetric, then f⊗g is symmetric as well.



508 JAN H. BRUINIER

Lemma 2.2. Let f =
∑

m≥0 φmq′m ∈ N
(2)
k (ρ), and let g =

∑
m≥0 ψmq′m be a

formal Fourier-Jacobi series of weight k1 and representation Hom(Vρ, Vσ). Then

〈g, f〉 =
∑
M≥0

∑
m,m1≥0

m+m1=M

〈ψm1
, φm〉q′M

belongs to N
(2)
k+k1

(σ). If f and g are symmetric, then 〈f, g〉 is symmetric as well.

For the trivial representation, the direct sum over k ∈ Z≥0 of all spaces N
(2)
k

is a graded algebra with the multiplication of Lemma 2.1. Any f ∈ N
(2)
k has a

multiplicative inverse in the field M(H1 × C)((q′)) of formal Laurent series with
coefficients in the field M(H1×C) of meromorphic functions on H1×C. It is easily
seen that the m-th coefficient of the inverse is a meromorphic Jacobi form of weight
−k and index m.

Definition 2.3. Let f be a meromorphic modular form for Γ(2) of weight k with

representation ρ. Write f = g/h with g ∈ M
(2)
k+k1

(ρ) and h ∈ M
(2)
k1

. We define the
formal Fourier-Jacobi expansion of f as the product of the Fourier-Jacobi expan-
sion of g with the inverse of the Fourier-Jacobi expansion of h in M(H1 ×C)((q′)).
Its m-th coefficient is a meromorphic Jacobi form of weight k for Γ(2) with repre-
sentation ρ.

Our assumption that ρ is trivial on some congruence subgroup implies that it is
always possible to find g and h as required. The definition is independent of their
choice. The map taking a meromorphic modular form to its formal Fourier-Jacobi
expansion is injective. Note that the question where the formal Fourier-Jacobi
expansion actually converges is subtle. We do not address it here. Moreover, note
that our approach to (formal) Fourier-Jacobi expansions of meromorphic Siegel
modular forms is different from the one pursued in [DMZ] by means of Fourier
integrals along suitably chosen contours.

The center C = {(±1,±1)} ⊂ Γ(2) acts trivially on H2. We consider the Γ(2)-
invariant subspace

Vρ(k) = {v ∈ Vρ : ρ(−1, 1)(v) = v = (−1)2kρ(1,−1)(v)} ⊂ Vρ.

The transformation law (2) for j((−1, i), 0) and the symmetry relation (8) imply

that any f ∈ N
(2)
k (ρ) actually takes values in Vρ(k).

Proposition 2.4. There exists a positive k0 ∈ k+Z with the following property: For
every a ∈ H2 which is not a fixed point of the action of Γ(2)/C, there are modular

forms g1, . . . , gd ∈ M
(2)
k0

(ρ) whose values g1(a), . . . , gd(a) generate the space Vρ(k).

Proof. Let X be the Satake compactification of Γ(2)\H2. For r ∈ 1
2Z we let Mr be

the sheaf of scalar valued modular forms of weight r on X, and let Mr(ρ) be the
sheaf of modular forms of weight r with representation ρ on X. These sheaves are
coherent OX -modules and Mr+k(ρ) = Mr ⊗Mk(ρ). By the work of Satake and
Baily-Borel, there exists a positive integer r0 such that Mr is a very ample line
bundle for all positive integers r which are divisible by r0. Hence, according to a
theorem of Serre (see e.g. Theorem 5.17 in [Ha, Chapter II]), the sheaf Mr+k(ρ)
is generated by global sections for all integers r which are divisible by r0 and
sufficiently large. We fix such an r and put k0 = r + k.
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If a is not an elliptic fixed point, then the stalk Mk0,a(ρ) at a is equal to
Vρ(k)

⊗
C OX,a. By the assumption on k0 there exist global sections of Mk0

(ρ)
which generate the stalk Mk0,a(ρ). Their values at a must generate Vρ(k). �

E. Freitag has pointed out that this proposition could also be proved using
Poincaré series as in Theorem 4.4 of [Fr, Chapter I].

Proof of Theorem 1.2. Let f =
∑

m φmq′m ∈ N
(2)
k (ρ). By replacing ρ by its re-

striction to Vρ(k), we may assume without loss of generality that Vρ = Vρ(k).
Put d = dim(Vρ), and let k0 ∈ k+Z be a positive number which has the property

of Proposition 2.4 for the dual representation ρ∨. Let a ∈ H2 be a point which is

not a fixed point of the action of Γ(2)/C. We choose g1, . . . , gd ∈ M
(2)
k0

(ρ∨) such

that the vectors g1(a), . . . , gd(a) form a basis of V ∨
ρ . The d-tuple

g = t(g1, . . . , gd)

defines a vector valued Siegel modular form with values in Hom(Vρ,C
d) transform-

ing with the representation induced by ρ and the trivial representation ρd0 on Cd.
The pairing

h = 〈g, f〉
as in Lemma 2.2 defines an element on N

(2)
k+k0

(ρd0), that is, a d-tuple of scalar
formal Fourier-Jacobi series of weight k + k0. Since f and g are symmetric, h
is also symmetric by Lemma 2.2. According to [Ao] (Theorem 1.2 for the trivial
representation), h is the Fourier-Jacobi expansion of some Siegel modular form in

M
(2)
k+k0

(ρd0), which we also denote by h.

For Z ∈ H2 the value g(Z) ∈ Hom(Vρ,Cd) is an invertible linear map if and only
if det(g(Z)) 
= 0. Since g1(a), . . . , gd(a) are linearly independent, g(Z) is invertible
in a neighborhood of a. Consequently, the assignment Z �→ g(Z)−1 defines a
meromorphic modular form g−1 for Γ(2) of weight −k0 with values in Hom(Cd, Vρ).

The natural pairing
〈g−1, h〉 = 〈g−1, 〈g, f〉〉

is a meromorphic Siegel modular form for Γ(2) of weight k with representation ρ,
whose formal Fourier-Jacobi expansion in the sense of Definition 2.3 has to agree
with f . It is holomorphic in a neighborhood of a.

Varying the point a and the corresponding modular forms gν , we find that f is
holomorphic on the complement of the set of elliptic fixed points. By a standard
argument, we get a holomorphic continuation of f over the fixed point manifolds1 of
codimension > 1 of elements of Sp2(Z). To get a continuation over the fixed point
manifolds of codimension 1, we note that by [St, §7.3] the group Sp2(Z) has up to
conjugation only the two elements (H 0

0 H ) and (H J
0 H ) whose fixed point manifolds

have codimension 1. Here H =
(
1 0
0 −1

)
and J =

(
0 −1
1 0

)
. The corresponding fixed

point manifolds are given by the divisors D1 = {z = 0} and D2 = {z = 1/2} on
H2.

Now there exists a holomorphic scalar valued Siegel modular form u with divisor
supported on the Sp2(Z)-translates of D1+D2 and a holomorphic Vρ-valued modu-
lar form v such that u ·f = v. All Fourier-Jacobi coefficients of u must vanish along
the divisor {z = 0} on H1×C with order at least ordD1

(u). Since the Fourier-Jacobi

1By [St, Theorem 6], for general g ≥ 2, the minimal codimension of fixed point manifolds of
the action of Spg(Z) on Hg is g − 1.
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coefficients of f are holomorphic, we find that all Fourier-Jacobi coefficients of v
have to vanish along {z = 0} with order at least ordD1

(u). But this implies that f
is holomorphic along D1. Analogously it is holomorphic along D2.

Consequently, the formal Fourier-Jacobi series f is the Fourier-Jacobi expansion

of an element of M
(2)
k (ρ). �

Remark 2.5. For simplicity we stated Theorem 1.2 and its proof for vector val-
ued Fourier-Jacobi series with scalar K-type detk at ∞. The above proof can be
generalized to vector valued K-type detk ⊗ Symj at ∞ in a straightforward way.

3. Generating series of special cycles

Here we describe the application of Theorem 1.2 to Kudla’s modularity conjec-
ture; see [Ku3, Section 3, Problem 1].

Let (V,Q) be a quadratic space over Q of signature (n, 2). The hermitian sym-
metric space corresponding to the orthogonal group of V can be realized as a
connected component D+ of the complex manifold

D = {[z] ∈ P (V (C)) : (z, z) = 0 and (z, z̄) < 0}.
Here P (V (C)) denotes the projective space of V (C) = V

⊗
Q C. Let L ⊂ V be an

even lattice, and write L′ for its dual. Let O(L) be the orthogonal group of L, and
let ΓL ⊂ O(L) be a subgroup of finite index which acts trivially on L′/L and which
takes D+ to itself. By the theory of Baily-Borel the quotient X(ΓL) = ΓL\D+ has
a structure as a quasi-projective algebraic variety. The tautological line bundle L
over D descends to a line bundle over X(ΓL), the line bundle of modular forms of
weight 1.

Special cycles on X(ΓL) can be defined as follows; see [Ku1], [Ku3]. For 1 ≤ r ≤
n, let SL,r be the complex vector space of functions ϕ : (L′/L)r → C. Recall that
there is a Weil representation

ωL,r : Γ(r) −→ GL(SL,r).

If n is even, it is a subrepresentation of the restriction to Spr(Z) of the usual Weil

representation of Spr(Q̂) on the space of Schwartz-Bruhat functions on V (Q̂)r. If
n is odd, in addition, the cocycles have to be matched; see e.g. [Ku2] for the case
r = 1, the case of general r is analogous.

For an r-tuple λ = (λ1, . . . , λr) ∈ V r we let Q(λ) = 1
2 ((λi, λj))i,j ∈ Qr×r be

the corresponding matrix of inner products. If Q(λ) is positive semidefinite of rank
r(λ) ∈ {0, . . . , r}, then

Z(λ) = {[z] ∈ D+ : (z, λ1) = . . . = (z, λr) = 0}
is a submanifold of codimension r(λ). If Q(λ) is not positive semidefinite, then
D+(λ) = ∅. For every positive semidefinite symmetric matrix T ∈ Qr×r of rank
r(T ), and for ϕ ∈ SL,r, we define a cycle

Z(T, ϕ) =
∑

λ∈L′r

Q(λ)=T

ϕ(λ) · Z(λ)

of codimension r(T ) with complex coefficients. By reduction theory, it descends to
an algebraic cycle on the quotient X(ΓL), which we also denote by Z(T, ϕ). If the
denominators of the entries of T do not divide the level of L, then Z(T ) = ∅. By
taking the intersection pairing Z(T, ϕ) · (L∨)r−r(T ) in the sense of [Fu, Chapter 2.5]
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with a power of the dual bundle of L, we obtain a cycle class of codimension r, that
is, an element of CHr(X(ΓL))C. We write Z(T ) for the element

ϕ �→ Z(T, ϕ) · (L∨)r−r(T )

of Hom(SL,r,CH
r(X(ΓL))C).

Conjecture 3.1 (Kudla). The formal generating series

Ar(Z) =
∑

T∈Qr×r

T≥0

Z(T ) · qT ,

valued in S∨
L,r

⊗
C CHr(X(ΓL))C, is a Siegel modular form in M

(r)
1+n/2(ω

∨
L,r) with

values in CHr(X(ΓL))C. Here we have put qT = e2πi tr(TZ) for Z ∈ Hr.

For r = 1 this conjecture was proved by Borcherds in [Bo].

Theorem 3.2. For r = 2 the conjecture is true.

Proof. Zhang showed in [Zh] that A2(Z) is a formal Fourier-Jacobi series in

N
(2)
1+n/2(ω

∨
L,2) with values in CH2(X(ΓL))C. Theorem 1.2 therefore implies the

assertion. �
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