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THE FAILURE OF ANALYTICITY OF HAUSDORFF

DIMENSIONS OF QUASI-CIRCLES OF FUCHSIAN GROUPS

OF THE SECOND KIND

SHENGJIN HUO AND SHENGJIAN WU

(Communicated by Jeremy Tyson)

Abstract. Let Γ be a Fuchsian group. Any [μ] in the Teichmüller space T (Γ)
determines a quasi-circle fμ(∂D). In this paper, we prove that, for any Fuchsian
group Γ of the second kind, the Hausdorff dimension δ([μ]) = dimfμ(∂D) is
not a real analytic function in T (Γ).

1. Introduction and main result

A homeomorphism f : Ω → Ω
′
between planar domains is called a K-quasi-

conformal mapping if it satisfies the Beltrami equation

∂̄f = μ∂f, a.e. z ∈ Ω,

with a measurable coefficient μ with ||μ||∞ ≤ k < 1, where K = 1+k
1−k .

Let D be the unit disk in the complex plane C and ∂D be its boundary. Let
Γ be a Fuchsian group, i.e. a group of Möbius transformations acting properly
discontinuously on D. Then the accumulation set on ∂D of any orbit {g(z); g ∈ Γ}
of z ∈ D does not depend on z and is called the limit set of Γ. We denote by Λ(Γ)
the limit set of Γ. If the limit set Λ(Γ) agrees with ∂D, Γ is said to be of the first
kind. Otherwise, we say that Γ is of the second kind.

For a Fuchsian group Γ, we define

M(Γ) = {μ ∈ L∞(D) : ‖μ‖∞ < 1 and μ = μ ◦ g(g
′

g′ ), ∀g ∈ Γ}.

Let μ ∈ M(Γ). By the measurable Riemann mapping theorem, there exists a
unique quasiconformal self-mapping fμ of D fixing 1,-1 and i, and satisfying

∂̄fμ = μ∂fμ a.e. z ∈ D.

Similarly, there exists a unique quasiconformal homeomorphism fμ of the plane
C which is holomorphic outside the unit disk D, fixing 1,-1 and i, and satisfying

∂̄fμ = μ∂fμ a.e. z ∈ D.
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Then fμ(∂D) is a quasi-circle, i.e. the image of ∂D under a quasiconformal mapping
of the plane. If μ ∈ M(Γ), then fμ has a well defined boundary value which is
a quasi-symmetric homeomorphism of the unit circle. We define an equivalence
relation on M(Γ) by μ ∼ ν if

fμ |∂D= fν |∂D .

The Teichmüller space T (Γ) is by definition the quotient space M(Γ)/ ∼. For more
details about the properties of T (Γ), we refer to [8], [9]. Especially, for [μ] ∈ T (Γ),
it is well known that fν(∂D) = fμ(∂D) for any ν ∈ [μ].

Let E ⊂ C be a set. Now we recall the definition of Hausdorff dimension of E.
For 0 ≤ s ≤ 2 and 0 < δ ≤ ∞, we define

Hs
δ(E) = inf{

∞∑
i=1

diam(Bi)
s : E ⊂

∞⋃
i=1

Bi, diam(Bi) ≤ δ},

where Bi ⊂ C is a set and diam(Bi) denotes its diameter, the infimum is taken
over all open coverings of E. Then one defines the Hausdorff s-measure of E to be

Hs(E) = lim
δ→0

Hs
δ(E) = sup

δ>0
Hs

δ(E).

The quantity Hs
∞(E) is usually called the Hausdorff content of E. One defines the

Hausdorff dimension of E to be

dimE = inf{s : Hs(E) = 0}.
Now let [μ] ∈ T (Γ). Then we have a well defined map δ from T (Γ) to [1, 2)

which is denoted by δ([μ]) = dim fμ(∂D), i.e. the Hausdorff dimension of the
quasi-circle fμ(∂D). It is known that if the Fuchsian group Γ is finitely generated
and of the first kind without parabolic element, the map δ : T (Γ) → [1, 2) is a real
analytic function in T (Γ). For more details about it, refer to [12]. In [2], Astala
and Zinsmeinster construct a Fuchsian group Γ of the second kind such that the
Hausdorff dimension δ([μ]) = dim(fμ(∂D)) is not real analytic in T (Γ). In [4], they
construct a holomorphically varying family of infinitely generated quasi-Fuchsian
groups for which the Hausdorff dimension of the limit set is not real analytic. In [5],
Bishop gave a criterion for failure of the analyticity for the Hausdorff dimension
of the limit set of certain infinitely generated groups. It is easy to see that the
Fuchsian groups studied in [4] and [5] are of the first kind.

In this paper, we shall prove the following result.

Theorem 1. For any Fuchsian group Γ of the second kind, the map δ : T (Γ) →
[1, 2), given by δ([μ]) = dim fμ(∂D), is not a real analytic function in T (Γ).

2. Preliminaries and lemmas

In order to prove Theorem 1, we first recall some basic definitions and results
related to the theory of quasiconformal mappings and harmonic analysis. For more
detail, the reader can refer to [7], [8].

Let QS(∂D) denote the set of all quasi-symmetric homeomorphism of ∂D. A
homeomorphism of the unit circle is called strongly quasi-symmetric if it is abso-
lutely continuous at every scale, i.e., if for any ε > 0, there exists δ > 0, for any
interval I and any Borel set E ⊂ I, such that

| E |≤ δ | I |=⇒| h(E) |≤ ε | h(I) | .
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We denote by SQS(∂D) the set of strongly quasi-symmetric homeomorphisms
of ∂D. Naturally, a strongly quasi-symmetric homeomorphism is quasi-symmetric.
But the converse is far from being true, since a quasi-symmetry may be singular.
For a Fuchsian group Γ, we define by QS(Γ) the set of quasi-symmetric homeomor-
phisms h ∈ QS(∂D) such that, for all γ ∈ Γ, h ◦ γ ◦ h−1 |∂D= θ(γ) |∂D, where θ(γ)
is a Möbius transformation.

One of the main tools in the proof of Theorem 1 is the Carleson measures. Let
ξ ∈ C and R > 0 be a real number. In this paper, we shall use B(ξ, R) to denote
the disk centered at ξ with radius R. A positive measure m in a domain Ω of the
complex plane is called a Carleson measure if there exists a constant C such that

m(B(ξ, R) ∩ Ω) ≤ CR,

for all ξ ∈ ∂Ω and 0 < R ≤ diamΩ. The smallest constant C which satisfies the
above inequality is called the Carleson norm of m.

In this paper, we denote by CM(D) the set of measurable functions μ in the unit
disk such that

|μ|2

1− |z|2
dxdy

is a Carleson measure.
In the proof of Theorem 1, we need the following lemma.

Lemma 2.1 ([7], [13]). Let Ω be a Lavrentiev domain, i.e. a bilipschitz image of
the unit disk. Then the following are equivalent:

(a) dν is a Carleson measure for Ω.
(b) For 0 < p < ∞ and f ∈ Hp(Ω),∫∫

Ω

| f |p dν ≤ C

∫
∂Ω

| f |p ds,

where Hp(Ω) = {f : f is analytic on Ω and
∫
∂Ω

| f |p ds < ∞}, and the constant
C depends only on the Carleson norm of dν.

Remark. The above lemma was first given by Carleson [7, Theorem 3.9, p. 61] when
Ω is the upper half plane. Zinsmeister proved that Carleson’s theorem remains true
for Lavrentiev domains; see [13].

3. Proof of Theorem 1

Let Γ be a Fuchsian group of the second kind. In order to prove the theorem,
we shall construct a μ ∈ M(Γ) ∩ CM(D) such that dimfμ(∂D) > 1. Note that the
existence of μ∗ ∈ CM(D) such that dimfμ∗(∂D) > 1 can be found in ([3], p. 624).

Now let P be a fundamental domain of Γ; see Figure 1.
Since Γ is of the second kind, we can take a free side α ⊂ P ∩ ∂D of P. Divide

α into three disjoint (except the endpoints) arcs α1, α2 and α3 in counterclockwise
order with equal length; see Figure 1. We choose a disk B0 such that B0 ∩ D is a
nonempty subset of P and B0 ∩ ∂D = α2. Set BP = B0 ∩ D. For some technical
reasons, we also need the inner angle in BP between ∂B0 and ∂D to be less than
π
4 . We can use a smooth curve to connect two sides of P and divide P into two
parts such that the component which contains BP is a simply connected Lavrentiev
domain, which is denoted by P ∗; see Figure 1.
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P

α3

α1

α2

Figure 1

Let μ∗ ∈ CM(D) be a measurable function in the unit disk with ‖ μ∗ ‖∞< 1
such that dimfμ∗(∂D) > 1. Then we can find a small arc α0 of ∂D such that
dimfμ∗(α0) > 1. Without loss of generality, we may assume that α0 = α2 and

fμ∗
(α2) = α2. Otherwise, we can conjugate fμ∗

by two Möbius transformations
g∗1 , g

∗
2 ∈ AUT (D), where AUT (D) denotes the biholomorphic automorphism group

of the unit disk D, such that the composition g∗1 ◦ fμ∗ ◦ g∗−1
2 satisfies the conditions

that we need.
Let

μP (z) =

{
μ∗(z), z ∈ BP ;
0, z ∈ P −BP .

Now we translate μP by the group Γ to the whole disk D. Then we get a measurable
function μ∈M(Γ). We shall prove that μ∈CM(D). We first prove a property of
μP .

Claim. There exists a constant C0 which depends only on the Carleson norm of μ∗

such that for any x ∈ P̄ ∗, and 0 < r ≤ diamP ∗,

∫∫
B(x,r)∩P̄ ∗

|μP |2

1− |z|2
dxdy ≤ C0r,

where P̄ ∗ denotes the closure of P ∗ in C.

In order to prove the claim, it is easy to see that, since μP is supported on B̄P ,
we need only to treat the case that x ∈ B̄P . Let C

∗ be the Carleson norm of μ∗. If
r ≥ diamBP , then it is easy to see that BP ⊂ B(ξ, r) ∩ D, where ξ is the middle

point of α2. Note that |μ∗|2
1−|z|2 is a Carleson measure of D. Thus we have

∫∫
B(x,r)∩P ∗

|μP |2

1− |z|2
dxdy ≤

∫∫
BP

|μP |2

1− |z|2
dxdy ≤ C∗r.

Now suppose 0 < r < diamBP . We need to study two cases. First we assume
that dist(x, ∂D) ≥ 2r (obviously r < 1), where dist(·, ·) denotes the Euclidean
distance. Then in this case we have

∫∫
B(x,r)∩P ∗

|μP |2

1− |z|2
dxdy ≤ πr2

1− (1− r)2
=

πr

2− r
≤ πr.
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P * α2

B(ξ,r) ∩D

Figure 2

Next we assume that dist(x, ∂D) < 2r. In this case, we can choose a point
η ∈ ∂D such that dist(η, x) < 2r. Therefore we have

∫∫
B(x,r)∩P ∗

|μP |2

1− |z|2
dxdy ≤

∫∫
B(η,4r)∩P ∗

|μP |2

1− |z|2
dxdy ≤ 4C∗r.

By setting C0 =max{π, 4C∗}, we see that C0 satisfies the conclusion of the claim.
Now we are able to prove that μ ∈ CM(D). Let ξ be an arbitrary point of ∂D

and let r be a positive real number; see Figure 2. We divide the proof into the
following two cases.

Case 1. There exists g ∈ Γ such that g−1(B(ξ, r) ∩ D) ⊂ P. It is easy to see that
the length of the boundary of B(ξ, r) ∩ D is less than 2πr and g−1(B(ξ, r) ∩ D)
is a Lavrentiev domain in P . Note that μ is g invariant and g ∈ AUT (D). It

follows from the claim that the restriction of ν = |μ|2
1−|z|2 dxdy to g−1(B(ξ, r) ∩ D)

is a Carleson measure for the domain g−1(B(ξ, r) ∩ D) and the Carleson norm is
less than or equal to C0. Therefore, by Lemma 2.1 we deduce that there exists a
constant C1 which depends only on C0 such that

∫∫
B(ξ,r)∩D

|μ(w)|2

1− |w|2
dudv =

∫∫
g−1(B(ξ,r)∩D)

|μ(g(z))|2

1− |g(z)|2
| g′(z) |2 dxdy

=

∫∫
g−1(B(ξ,r)∩D)

∣∣∣∣∣μ(g(z))
g′(z)

g′(z)

∣∣∣∣∣
2

1− |g(z)|2
| g′(z) |2 dxdy

=

∫∫
g−1(B(ξ,r)∩D)

| μ(z) |2

1− |z|2
|g′(z)| dxdy

≤ C1

∫
∂(g−1(B(ξ,r)∩D))

|g′(z)| ds

= C1

∫
∂(B(ξ,r)∩D)

ds ≤ 2πC1r.

Case 2. There exists more than one g ∈ Γ such that g(BP ) ∩ (B(ξ, r) ∩ D) �=
∅. In this case, we denote by Γ′ the set of the Möbius maps g ∈ Γ such that
g(BP )∩ (B(ξ, r)∩D) �= ∅. Since Γ is a Fuchsian group, there are at most countable
elements in Γ′.
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Let g ∈ Γ′. We first suppose that g(BP ) ⊂ B(ξ, r) ∩ D; see Figure 2. By using
the same method as we used in the proof of Case 1, we have

ν(g(BP )) =

∫∫
g(BP )

| μ(w) |2

1− |w|2
dudv

=

∫∫
BP

∣∣∣∣∣μ(g(z))
g′(z)

g′(z)

∣∣∣∣∣
2

1− |g(z)|2
|g′(z)|2 dxdy

=

∫∫
BP

| μ(z) |2

1− |z|2
|g′(z)| dxdy

≤ C1

∫
∂BP

|g′(z)| ds

≤ πC1L(g(α2)),

where L(g(α2)) denote the length of g(α2).
We next suppose that g(BP ) is not contained in B(ξ, r) ∩ D. Then there are at

most two possibilities.
One possibility is that ∂g(BP ) ∩ ∂D ⊂ B(ξ, r) ∩ ∂D; see Figure 2. It is easy to

see that

ν(g(BP ) ∩B(ξ, r)) ≤ ν(g(BP )) ≤ πC1L(g(α2)).

Another possibility is that ∂g(BP )∩∂D is not contained in B(ξ, r)∩∂D . In this
case, we see that g(BP ) ∩B(ξ, r) is a spherical triangle, i.e. a triangle whose sides
are sub-arcs of some circles and the sum of the interior angles is larger than π; see
Figure 2. Note that one inner angle between ∂D and ∂B0 is less than π

4 and another
inner angle between ∂D and ∂B(ξ, r) is at most π

2 . By a simple calculation, we can
see that the length of the perimeter of the spherical triangle g(BP )∩B(ξ, r)∩D is
less than 4π times the length of the side g(α2) ∩ (B(ξ, r) ∩ ∂D). We deduce that

ν(g(BP )∩B(ξ, r)∩D)≤C1L(∂(g(BP )∩B(ξ, r)∩D))≤4πC1L(g(α2)∩(B(ξ, r)∩∂D)).

Therefore, by using the above estimates, we conclude that

ν(D ∩B(ξ, r)) ≤
∑
g∈Γ′

ν(g(BP )) ≤ 4πC1L(∂D ∩B(ξ, r)).

We have proved

ν(B(ξ, r) ∩ D) ≤ C2r,

where C2 = 4(π)2C1. Hence μ ∈ CM(D). Furthermore, we know from ([6], Theo-
rem 1) that fμ |∂D∈ SQS(∂D).

Now we prove dimfμ(∂D) > 1. In fact, if we set μ(z) = μ∗(z) ≡ 0, (z ∈ B0\Bp),

then μ(z) and μ∗(z) have the same value in the ball B0. Thus fμ ◦f−1
μ∗ is conformal

in fμ∗(B0). Noting that conformal maps preserve the Hausdorff dimension, we have

dim fμ(α2) = dim fμ ◦ f−1
μ∗ ◦ fμ∗(α2) = dim fμ∗(α2) > 1.
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Finally, we prove that dim(ftμ(∂D)) is not real analytic with respect to t ∈ D.
The proof of this fact is the same as Astala and Zinsmeister gave in ([3]). For the
reader’s convenience, we give the details here. Consider the mapping π : t → [f tμ],
where t ∈ D and f tμ is the self-mapping of the unit disk which has the complex
dilatation tμ in D . As is well known, π is a holomorphic mapping from D to T (Γ).
Therefore it suffices to show that δ ◦π is not real analytic on D. Since μ ∈ CM(D),
from [10], we know that there is a constant ε > 0, such that, for all |t| < ε, ftμ(D)
is a Lavrentiev domain. In particular, δ ◦ π is equal to 1 in a neighborhood of 0.
This implies that δ ◦ π cannot be real analytic in D, since δ ◦ π(1) > 1. The proof
of Theorem 1 is completed.

Remark. A Fuchsian group Γ is of divergence type if
∑

γ∈Γ(1− | γ(0) |) = +∞.
Otherwise, it is called convergence type. It is well known that all divergence type
group is of the first kind. Agard and Pommerenke ([1], [11]) showed that if Γ is of
divergence type and if h ∈ QS(Γ), then h must be singular. On the other hand,
Astala and Zinsmeister ([2]) showed that if Γ is of convergence type, there always
exists μ ∈ CM(D)∩M(Γ), such that fμ |∂D∈ SQS(D)∩QS(Γ). From the proof of
Theorem 1, we can see that, for a Fuchsian group of the second kind, there exists
not only fμ |∂D∈ SQS(D) ∩ QS(Γ), but also dim fμ(∂D) > 1. It is natural to
ask whether there exists μ ∈ CM(D) ∩ M(Γ) such that dim fμ(∂D) > 1 for all
convergence type group Γ.
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