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ON THE BLASCHKE CIRCLE DIFFEOMORPHISMS

HAIFENG CHU

(Communicated by Yingfei Yi)

Abstract. We study the analytic linearizability of a special family of analytic
circle diffeomorphisms defined by

Bt,a,d(z) = e2πitzd+1

(
z + a

1 + az

)d

with t, a ∈ R, d ∈ N, and a > 2d + 1. Using the quasiconformal surgery
procedure we prove that: If Bt,a,d is analytically linearizable, then the ratio-
nal map Bt,a,d has a fixed Herman ring with Brjuno type rotation number.
Conversely, for any Brjuno number α, we can find a rational map Bt,a,d with
t, a ∈ R, d ∈ N, and a > 2d + 1, such that Bt,a,d|S1 has rotation number
ρ(Bt,a,d|S1 ) = α and is analytically linearizable. These present a “bigger fam-
ily” for the prototype of the local linearization theorem of the analytic circle
diffeomorphisms.

1. Introduction

Suppose Ĉ = C ∪ {∞} is the Riemann sphere, and C is the complex plane. We
use

D = {z ∈ C | |z| < 1}
to denote the open unit disk and S1 = ∂D to denote the boundary of D. For any
real number r > 0, we use

Dr = {z ∈ C | |z| < r}

to denote the open disk of radius r centered at 0.
In this paper we focus our attention on the analytic circle diffeomorphisms

Bt,a,d(z) = e2πitzd+1

(
z + a

1 + az

)d

for t, a ∈ R, d ∈ N, and a > 2d+ 1

by the techniques of quasiconformal surgery.

Definition 1. We say thatBt,a,d|S1 is analytically linearizable if there is an analytic
circle homeomorphism h : S1 −→ S1, such that

Bt,a,d ◦ h(z) = h
(
e2πiρ(Bt,a,d|S1 )z

)
,

where ρ(Bt,a,d|S1) is the rotation number of Bt,a,d|S1(see section 3). And the map
h is called the linearizing map of Bt,a,d.
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Since the linearizing map h is analytic, it can be extended to a neighborhood of
the unit circle of the form A(r), where we define

A(r) = {z ∈ C | 1/r < |z| < r}
as the standard ring of radii 1/r and r. We denote by A(R) the maximal ring for
which h can be analytically continued. Then, it is easy to check that being Bt,a,d|S1

analytically linearizable is equivalent to the existence of a Herman ring A for Bt,a,d

which is given by A = h(A(R)). In A, every orbit under Bt,a,d lies on an invariant
closed curve which has rotation number ρ(Bt,a,d|S1).

We consider these maps as Blaschke products from the Riemann sphere Ĉ onto
itself denoted also by the same notation. It turns out that the polynomial family

Pλ,d(z) = λz(1 + z)d

with λ = e2iπα, α ∈ R−Q, corresponds to the Blaschke family

Bt,a,d(z) = e2πitzd+1

(
z + a

1 + az

)d

for t, a ∈ R, d ∈ N, and a > 2d+ 1. Fortunately the dynamics of Pλ,d with a fixed
Siegel disk is definitely known. So we can transfer these results to this Blaschke
family. And the main result in this paper is that:

Theorem 1 (Main Theorem). If Bt,a,d is an analytically linearizable element of the
Blaschke family for some t, a ∈ R, d ∈ N, and a > 2d+1, then the rotation number
ρ(Bt,a,d|S1) is a Brjuno number. Conversely, for every Brjuno number α, there
exist t, a ∈ R, d ∈ N, and a > 2d + 1, such that Bt,a,d is analytically linearizable
and ρ(Bt,a,d|S1) = α.

Corollary 1. If Bt,a,d has a fixed Herman ring admitting S1 as an invariant curve,
then the rotation number ρ(Bt,a,d|S1) is of Brjuno type.

Proof. It is easy to check that being Bt,a,d|S1 analytically linearizable is equivalent
to the existence of a Herman ring for Bt,a,d containing S1 as an invariant curve.
And this implies the corollary. �

Remark 1. ρ(Bt,a,d|S1) being of Brjuno type does not necessarily imply Bt,a,d has
a fixed Herman ring containing S1. Indeed, Herman showed that there exists at
least a Brjuno number α not satisfying H(see section 3) and Blaschke product

Bt,a,1(z) = e2πitz2
z + a

1 + az

with rotation number ρ(Bt,a,1|S1) = α such that Bt,a,1 has no Herman ring.

Definition 2. For a holomorphic germ f(z) = e2πiαz +O(z2) with α ∈ R \Q, we
say it is linearizable if there is a conformal (one-to-one holomorphic) map h defined
in a neighborhood of 0 and fixing 0 such that

h ◦ f ◦ h−1(z) = e2πiαz.

We will use the following two theorems to prove the Main Theorem.

Theorem 2 ([23], [4], [25], [26]). An irrational number α is a Brjuno number if
and only if every holomorphic germ f(z) = e2πiαz +O(z2) is linearizable at 0.
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Combining with the theorem above Okuyama gave the following result:

Theorem 3 ([17]). Let λ = e2πiα, α ∈ R − Q, and d ≥ 2 be an integer. Then the
polynomial Pλ,d(z) = λz(1 + z)d is linearizable at 0 if and only if α ∈ B.

Obviously this polynomial family is another prototype for the linearizability at
an irrationally indifferent fixed point, which has generalized Yoccoz’s quadratic
prototype. And in some sense the Blaschke family Bt,a,d presents a prototype for
the local linearizaton theorem of the analytic circle diffeomorphisms.

The main idea for the proof of the Main Theorem: first, we suppose the analytic
linearizability of Bt,a,d, so it has a fixed Herman ring containing S1 as an invariant
curve. The general idea of construction is, starting from a rational map with a
Herman ring, to obtain a polynomial with a Siegel disk, by means of gluing a rigid
rotation to “fill in the hole” of the Herman ring. In our case, we quasiconformally
past a rotation inside the unit disk D and show that the new resulting map is
quasiconformally conjugate to Pλ,d(z) = λz(1 + z)d. But the rotation number does

not change under the topological conjugation and we obtain λ = e2πiρ(Bt,a,d|S1 ).
This resulting map has a Siegel disk instead of the original Herman ring and thus
by Okuyama’s theorem we conclude ρ(Bt,a,d|S1) ∈ B. Conversely, we discuss the
polynomial Pλ,d, and by Brjuno’s result Pλ,d has a Siegel disk. We conjugate Pλ,d

by the reflection with respect to the unit disk and past the dynamics of Pλ,d with
its conjugate in order to obtain a new dynamics having a Herman ring. Finally
we show that the new resulting map is quasiconformally conjugate to an element
of Blaschke family. The idea of converting Herman rings to Siegel disks and vice
versa originated from Shishikura’s paper [22].

We need some familiarity with the theory of complex dynamics and quasicon-
formal mappings. The first topic is covered in the monographs [5], [14] and [15].
For quasiconformal mappings we refer the reader to [1] and [13]. For the circle
diffeomorphisms the basic reference would be the monographs [10] and [16]. Some
background on the connections between irrationally indifferent fixed points and
circle diffeomorphisms and an exposition on the new techniques of Yoccoz and
Pérez-Marco can be found in [18], [19] and [20]. Also some number theory will be
involved, and the reader may refer to [12] as a reference.

2. Preliminaries

2.1. Arithmetics. Let α be an irrational number, denote by [α] the integer part
of α i.e. the largest integer not greater than α, by {α} = α− [α] the fractional part
of α, and define two sequences {an}n≥0 and {αn}n≥0 by setting a0 = [α], α0 = {α},
and for n ≥ 0 define inductively by the following relation:

an+1 =

[
1

αn

]
, αn+1 =

{
1

αn

}
,

so that 1/αn = an+1 + αn+1. A sequence {βn}n≥−1 is defined associated with
{αn}n≥0 by: β−1 = 1 and for n > 0

βn =
n∏

i=0

αi.
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We define two sequences {pn}n≥−2 and {qn}n≥−2 recursively by

p−2 = 0 , p−1 = 1 , pn = anpn−1 + pn−2,

q−2 = 1 , q−1 = 0 , qn = anqn−1 + qn−2.

It follows easily that

qn ≥ (
√
2)n for n ≥ 2.

And so the qn −→ ∞ at least exponentially fast. The numbers pn and qn satisfy
qnpn−1 − pnqn−1 = (−1)n, so (pn, qn) = 1. Moreover,

pn
qn

= a0 +
1

a1 +
1

.. . +
1

an

= [a0, a1, · · · , an].

The number pn/qn is called the kth convergent of α.
It is well known that

α = [a0, a1, · · · , an, · · · ] = a0 +
1

a1 +
1

. . . +
1

an +
.. .

.

Proposition 1. Let α be an irrational number and define the sequences {an}n≥0,
{αn}n≥0, {βn}n≥−1, {pn}n≥−2 and {qn}n≥−2 as above, so that

pn
qn

= [a0, a1, · · · , an].

Then, for n ≥ 0, we have the formulas

α =
pn + pn−1αn

qn + qn−1αn
, βn = (−1)n(qnα− pn),

qn+1βn + qnβn+1 = 1,
1

qn+1 + qn
< βn <

1

qn+1
.

The last inequality implies, for n ≥ 0,

1

2qnqn+1
<

∣∣∣∣α− pn
qn

∣∣∣∣ < 1

qnqn+1
.

Moreover, for all n ≥ 0,

αn = [0, an+1, an+2, · · · ].

For more detailed information, the reader may refer to [12]. Now denote by B
the class of all Brjuno numbers. By definition, α ∈ B if and only if

(B)
∞∑

n=0

log qn+1

qn
< +∞.

We can prove that the condition (B) is equivalent to
∞∑

n=0

βn−1 logα
−1
n < +∞.
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2.2. Quasiregular mapping. Let U be an open subset of C and f : U −→ C be
a map.

Definition 3. We say that f is K−quasiregular (K ≥ 1) if

• f ∈ C(U) ∩ W 1,2
loc (U), that is to say: f is continuous and belongs to the

Sobolev class W 1,2
loc (U), i.e. with distributional first derivatives which are

locally square-integrable;
• |∂f | ≤ K−1

K+1 |∂f | almost everywhere on U .

If f is K−quasiregular for some K ≥ 1, we say that f is quasiregular (For
detailed information, the reader may refer to Rickman’s book [21].) Quasiregular
maps are continuous and almost everywhere differentiable. A map is holomorphic
if and only if it is 1−quasiregular. If f is K−quasiregular and injective, then f is
called K−quasiconformal. Non-constant quasiregular maps are open and ∂f �= 0

a.e. Thus we can define the complex dilatation by μf = ∂f
∂f for f . This function

is measurable and ‖μf‖∞ < 1. We call each measurable function μ : U −→ C

with ‖μf‖∞ < 1 a Beltrami coefficient in U . The most important Measurable
Riemann Mapping Theorem says that, for any Beltrami coefficient μ, there exists
a quasiconformal mapping solving the Beltrami equation ∂f = μ∂f . This implies
that a quasiregular map f can always be written as g ◦ h where g is holomorphic
and h is quasiconformal with μh = μf a.e.

If f : U −→ V is quasiregular and μ : V −→ C is a Beltrami coefficient, we
define the pullback of μ under f by

f∗μ =
∂f + (μ ◦ f)∂f
∂f + (μ ◦ f)∂f

.

This is the dilatation of g ◦ f where g is any quasiregular map with μg = μ.
Obviously the pullback is also a Beltrami coefficient.

The important fact about the pullback is the following:

Proposition 2. Let f : U −→ V be quasiregular and μ : V −→ C be a Beltrami
coefficient. Let φ : U −→ C and ψ : V −→ C be two quasiconformal maps with
μφ = f∗μ and μψ = μ. Then the mapping g = ψ◦f ◦φ−1 : U ′ −→ V ′ is holomorphic
where U ′ = φ(U), V ′ = ψ(V ).

(U, f∗μ)
f−−−−→ (V, μ)

φ

⏐⏐� ψ

⏐⏐�
U ′ −−−−→

g
V ′

Proof. As an elementary computation gives that μψ◦f = f∗μ, the map ψ ◦ f can

be written as h ◦ φ̃ where φ̃ is quasiconformal with μ
˜φ = f∗μ and h is holomorphic.

Since μφ = f∗μ, we get that φ̃ ◦φ−1 is conformal, hence the map g = ψ ◦ f ◦φ−1 =

h ◦ φ̃ ◦ φ−1 is holomorphic. �

3. Circle homeomorphisms

Let f : S1 −→ S1 be an orientation-preserving homeomorphism. Via the uni-
versal covering E : R −→ S1, x −→ e2πix, it can be lifted to an increasing homeo-
morphism F : R −→ R satisfying: F (x+ 1) = F (x) + 1 for all x ∈ R. The lift F is
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unique up to adding an integer constant. We wish to assign a rotation number to
f , which measures the average advance of F over the interval of length 1, that is,
the average speed of F . For the lift F , the rotation number is defined as

ρ(F ) = lim
n→∞

Fn(x)− x

n
.

Lemma 1. The above limit exists and is independent of the choice of x.

Proof. For a detailed proof we refer the reader to [5]. �

The rotation number of f is defined by: ρ(f) = ρ(F )mod Z, which is independent
of the choice of the lift. Before giving the following theorems we describe the
definition of a quasisymmetric map:

Definition 4. A homeomorphism F : R −→ R is M−quasisymmetric if it preserves
orientation and satisfies F (∞) = ∞ and the inequality

1

M
≤ F (x+ t)− F (x)

F (x)− F (x− t)
≤ M

for all x ∈ R and t > 0.

As an exercise, one can prove that, if f : ∂D −→ ∂D, both f and f−1 are of class
C1, then f is quasisymmetric.

Poincaré showed that:

Theorem (Poincaré). The rotation number ρ(f) is a rational number if and only
if f has a periodic point. Furthermore, f has a periodic point with period q if and
only if its rotation number is rational with denominator q.

Later Denjoy established that:

Theorem (Denjoy). A C2-diffeomorphism f (actually f ∈ C1+BV is enough
i.e.f ∈ C1 and Df has bounded variation) without periodic points is topologically
conjugate to the rigid rotation z −→ e2πiρ(f)z, i.e. there exists an orientation-
preserving homeomorphism h : S1 −→ S1 satisfying h ◦ f(z) = e2πiρ(f)h(z).

Remark 2. This theorem doesn’t give us information about the regularity of the
conjugacy h. Denjoy proved also that the hypothesis f ∈ C1+BV cannot be relaxed
too much, constructing examples of C1-diffeomorphisms which are not topologically
conjugate to a rotation (see [27] Section 3.4).

If we normalize h by h(1) = 1, then h is unique. The equivalent statement for
the lift F is the following: If F : R −→ R is an increasing C2-diffeomorphism(or
F ∈ C1+BV ) satisfying F (x + 1) = F (x) + 1 and ρ(F ) ∈ R \ Q, then there exists
an increasing diffeomorphism H : R −→ R with H(x+ 1) = H(x) + 1 and

H ◦ F (x) = H(x) + ρ(F )

for all x ∈ R. In this situation, we call the map x −→ x + ρ a rigid rotation.
Again the normalization H(0) = 0 makes H unique. In the rest of the article we
restrict our consideration on the analytic circle diffeomorphism, to which Denjoy’s
theorem certainly applies. In [2] it was proved that if the rotation number verified
a Diophantine condition and if the analytic diffeomorphism f is close enough to a
rigid rotation, then the conjugation is analytic. At the same time examples of an-
alytic diffeomorphisms, with irrational rotation number, for which the conjugation
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is not even absolutely continuous were given. In [10] Arnold’s result was improved
obtaining a global result: there exists A ⊂ [0, 1], with full Lebesgue measure, such
that if the rotation number of the C∞-diffeomorphism belongs to A , then it is
C∞ conjugate to a rigid rotation. A similar result holds for finitely differentiable
diffeomorphisms, but in this case the conjugacy is less regular. This phenomenon
of loss differentiability is typical of small divisor problems. Later Yoccoz found the
sharp conditions on the rotation number for both local (restriction on being close
to a rotation) and global statements [27].

Global Conjugacy Theorem (Yoccoz). If ρ ∈ H, then every analytic circle
diffeomorphism with rotation number ρ is analytically linearizable. If ρ /∈ H, then
there exists an analytic circle diffeomorphism with rotation number ρ which is not
analytically linearizable.

Remark 3. The exact definition of H can be found in [18] or [27], and the set
H � B has full Lebesgue measure and is invariant under the action of the group
SL(2,Z). Also H is an Fσδ-set, i.e. a countable intersection of Fσ-sets(for detailed
information, refer to [27]).

Local Conjugacy Theorem. If ρ ∈ B, then there exists R = R(ρ) such that any
analytic circle diffeomorphism with rotation number ρ which extends univalently to
the annulus A(R) = {z ∈ C | 1/R < |z| < R} is analytically linearizable. If ρ /∈ B,
then the Blachke product Bt,a,1(z) = e2πitz2

z + a

1 + az
, with a > 3, ρ(Bt,a,1) = ρ, is

not analytically linearizable.

Remark 4. For any R one can choose a = a(R) > 3 large enough such that the
Blachke product Bt,a,1 is univalent in A(R). Note that the condition of univalency
in a large annulus implies proximity to the rigid rotation by the classical distortion
theorem.

Although the Local Conjugacy Theorem implies the second part of the Main
Theorem, we will give a constructive proof to realize the existence of the Local
Conjugacy Theorem.

It is still an open problem to determine a prototype for the global version.

4. Quasiconformal surgery

Quasiconformal surgery is based on the quasiconformal mapping theory. Her-
man made intensive use of quasiconformal surgery. Actually, he implicitly used
this method which had earlier been introduced to polynomial-like by Douady and
Hubbard [8], and which has been further developed by Shishikura [22]. One of the
basic ideas behind the use of quasiconformal mappings is to consider two dynamical
systems acting in different parts of the plane and to construct a new system that
combines the dynamics of both.

Now we will give a key quasiconformal extension lemma which is very important
in constructing new dynamics.

Quasiconformal Extension Lemma. Let A1 and A2 be two doubly connected
domains bounded by analytic Jordan curves, and h = (h1, h2) : ∂A1 −→ ∂A2 be
an orientation-preserving real-analytic diffeomorphism where h1 maps the interior
boundary curve of A1 to the interior boundary of A2 and h2 maps the exterior
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boundary curve of A1 to the exterior boundary of A2. Then h can be extended to a

quasiconformal mapping ĥ : A1 −→ A2 with boundary value h = (h1, h2).

Proof. First unwind the two annuli A1 and A2 by using some suitable universal
coverings to the horizontal strips SAj

= {z = x + iy | 0 < y < Rj}, for j = 1, 2
respectively. The map h1 lifts to x −→ H1(x) where H1 is a quasisymmetric
map. Also, H1(x) = x + P1(x) where P1 is 1−periodic and can be chosen so that
P (0) ∈ [0, 1). Similarly, h2 lifts to a mapping

x+ iR1 −→ H2(x) + iR2

where H2(x) = x + P2(x). The properties of H2 and P2 are the same as observed
above for H1 and P1. We need to find a quasiconformal interpolation gluing H1

on the lower boundary of the strip SA1
and H2 on the upper boundary of SA1

.
Observe that we can assume without a loss of generality that R1 = R2 = R.
Indeed, we can build an interpolation map in this setup and then compose it with
a quasiconformal mapping x+ iy −→ x+ iR2

R1
y. Similarly, if we further reduce the

situation to R = 2, the added dilatation will be max{R2/4, 4/R2}, whichever turns
out to be equal to or greater than 1. To extend H1, let us apply Beurling-Ahlfors’
extension: x+ iy −→ u+ iv where

u(x, y) =
1

2

∫ 1

0

(H1(x+ t) +H1(x− t)) dt

and

v(x, y) =

∫ 1

0

(H1(x+ t)−H1(x− t)) dt.

This extension is quasiconformal with a bound depending only on the dilatation

of H1. Due to an elementary computation, we see that u(x, 1) = x +
∫ 1

0
P1(t)dt

while v(x, 1) = 1. So the extension preserves the line y = 1 and merely translates

it by
∫ 1

0
P1(t)dt. This is a constant between −1 and 2. So by composing the

extension with a quasiconformal translation we get an extension fixing the line
y = 1 pointwise. A mirror argument shows that H2 can be extended from the line
y = 2 to fix the line y = 1 pointwise. The union H of the two extensions gives

as the desired interpolation. Let ĥ be the projection of H. This completes the
proof. �

We end the brief account with a powerful tool which we will use later. The follow-
ing “Generalized QC-lemma” comes from the original QC-lemma due to Shishikura
[22] when he estimated the number of non-repelling periodic cycles for a non-linear
rational map with fixed degree.

Generalized QC-lemma. Let U ⊂ Ĉ be a domain and f : U −→ U a quasiregular
map. Suppose that {fn}n≥1 is a family of uniform K−quasiregular mappings with
fixed K. Then there exists a quasiconformal mapping φ : U −→ V such that
φ ◦ fn ◦ φ−1 : V −→ V is a holomorphic map for every n ≥ 1. In particular, when

U = Ĉ, φ ◦ fn ◦ φ−1 is a rational map for every n ≥ 1.

For the sake of completeness, we will give the main steps of the proof here, and
one can find a more detailed proof by referring to [11], [24].

Proof. We will divide the proof the Main Proposition into two steps.
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Step 1. We first assume that G = {fn} is a countable K−quasiconformal group
generated by f . For any element g : U −→ U of group G, let μ be a Beltrami
coefficient on U . As before we define the pull-back of μ under g by

g∗μ =
∂g + (μ ◦ g)∂g
∂g + (μ ◦ g)∂g .

Our goal is to find the conditions for Beltrami coefficient μ defined on S2 guaran-
teeing that if a quasiconformal mapping h of S2 has the complex dilatation μ, then
h is a solution of our problem. Clearly, we must set

μ|S2−U ≡ 0.

The conformity of h ◦ g ◦ h−1|V , where V = h(U), for g ∈ G is equivalent to

g∗μ = μ a.e.

Let

Tg,z(w) =
∂g(z) + w∂g(z)

∂g(z) + w∂g(z)
=

a+ bw

b+ aw

with a = ∂g(z), b = ∂g(z). Then Tg,z ∈ Möb(D), so

(4.1) g∗μ(z) = Tg,z(μ(g(z))) = μf◦g(z)

with μf = μ a.e. For z ∈ U , we consider the sets Mz = {μg(z) | g ∈ G}. Then we

have Mz ⊂ B(k) (Euclidean disk) with k = K−1
K+1 and

(4.2) Tg,z(Mg(z)) = Mz

because of {Tg,z(μf (g(z))) | f ∈ G} = {μf◦g(z) | f ∈ G} = {μf (z) | f ∈ G} for
almost all z ∈ U and every g ∈ G if G is countable. Let us assume that there is a
map X −→ P (X) that assigns a point for every non-empty subset X ⊂ D which is
bounded in the hyperbolic metric in such a way that

(4.3) P (β(X)) = β(P (X))

for every β ∈ Möb(D). Then, for countable we construct the map P defined on B
as follows:

A Technique Lemma. For any X ∈ B, there is a unique closed hyperbolic disk
D(z, r) with center z and radius r ≥ 0 with the following properties:

(i) D(z, r) ⊃ X, and
(ii) if D(w, r′) ⊃ X, w �= z, then r′ > r.

We define P (X) = z, i.e. the center of the hyperbolic disk, and this definition is
well defined. To see the existence of D(z, r) we can reason as follows. Setting

r = Inf{s | ∃z ∈ D such that D(z, s) ⊃ X}.
It is easy to see there is a unique point taking this infimum, and for the uniqueness
we prove as follows: In any case there is a smallest r ≥ 0 such that if r′ > r there
is w ∈ D with D(w, r′) ⊃ X. Next it is easy to see that there is at least one z ∈ D

such that D(z, r) ⊃ X. Assume there is another point w ∈ D with D(w, r) ⊃ X.
Let x be one of the two points of ∂D(z, r) ∩ ∂D(w, r) and let y be the orthogonal
projection (in hyperbolic geometry) of x onto the hyperbolic line through z and w.
Consider the hyperbolic triangle with vertices z, y, and x. It has a right angle at y
and therefore it is geometrically evident that d(z, x) = r > d(y, x). This follows also
from the relation cosh r = cosh d(z, y) cosh d(y, x). But then, if we take r′ = d(y, x),
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r′ < r, and D(y, r′) ⊃ D(z, r) ∩ D(w, r) ⊃ X. This proves the uniqueness of
z. Therefore, if we let P (X) be the center of the smallest closed hyperbolic disk
containing X, then we have a well-defined map P . Clearly, P (β(X)) = β(P (X)) for
any β ∈ Möb(D). It also has the following property: (iii) If X ⊂ D(w, s), X �= ∅,
then P (X) ⊂ D(w, s). To see the validity of (iii), note first that r ≤ s if r is the
radius of the smallest disk containing X. Then, if d(w,P (X)) > s, we can reason
as above and find D(y, r′) ⊃ X with r′ < r. Therefore d(w,P (X)) ≤ s. Now we
define a map μ by setting

μ(z) =

{
0, z ∈ S2 − U,

P (Mz), z ∈ U.

Since Mz ⊂ D(0, r), where r = d(0, k), for almost all z ∈ U, ‖μ‖∞ ≤ k by (iii). And
a simple argument gives that μ is measurable. This completes the first step of the
proof.

Step 2. Let us assume that G is a K−quasiregular semigroup generated by γ. Thus
G = {fn | n ≥ 1} or G = {fn | n ≥ 0}. Then the above arguments in Step 1 are
still valid until the equality Tg,z(Mg(z)) = Mz and we replace the conformity of

h ◦ g ◦ h−1|V by holomorphy. In this situation, we only have

Tg,z(Mg(z)) ⊆ Mz.

Therefore the set Mz needs to be replaced by another set with the required invari-
ance property. It is hard to see how this could be done except by replacing Mz by
a larger set. This then means that the larger set might no longer be a subset of
B(k). We can only hope that the larger set will be contained in B(k1) for some
fixed k1 < 1. In this case we add to Mz all complex dilatations that would be

there if G were a group generated by f . Thus we let M̃z consist of the complex
dilatations at z of all mappings of the form fn where n ≥ 0, or a branch of f−n

for some n ≥ 1 whenever such a branch is defined in a neighborhood of z, or of the

form f−mfn where m,n ≥ 0. Clearly Mz ⊆ M̃z. Pick z ∈ U and g ∈ G. As f

goes through all maps considered in definition of M̃g(z), the maps f ◦ g go through

exactly all maps considered in the definition of M̃z. As the branches their inverses
are locally quasiconformal, the formulas and equalities in Step 1 still apply, and we

see that Tg,z(M̃g(z)) = M̃z holds with equality. We now complete the proof of the
Main Proposition following the process of Step 1. �

5. Proof of the Main Theorem

Proof. Let us assume that Bt,a,d is an analytically linearizable element of the
Blaschke family for some t, a ∈ R, d ∈ N, and a > 2d+1. For the rest of the proof,
t, a, and d are kept fixed and the dependence on them will be suppressed in the no-
tation. Denote ρ ∈ R/Z by the rotation number of B|S1 and define λ = E(ρ) ∈ S1.
Reflection with respect to the unit circle will be denoted by J(z) = 1/z̄.

First, analytic linearizability implies that B has a Herman ring A ⊃ S1, i.e.
a maximal doubly connected rotation domain. Equivalently, to say that B|S1 is
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analytically linearizable means there exists an analytic map h : S1 −→ S1 such
that

B ◦ h = h ◦Rρ,

where Rρ(w) = e2πiρw. Since the linearization h is real analytic, it can extend
to a complex diffeomorphism on some small neighborhood of the unit circle of the
form A(R) where A(R) is a standard annulus defined as before. We denote by
A(R) the maximal ring for which h can be analytically continued. Then it is easy
to check that being B|S1 analytically linearizable is equivalent to the existence of
a Herman ring A for B containing S1 as an invariant curve. Then there exists a
conformal map ϕ : A −→ A(R) . We normalize ϕ such that the interior boundary
of A is mapped onto the interior boundary of A(R) and satisfies ϕ(1) = 1. An
elementary computation gives that B commutes with J . So J(A) is also a Herman
ring containing S1 and this implies J(A) = A. Then ϕ̃ = J◦ϕ◦J is also a conformal
map from A onto A(R) subject to the same normalization, and thus ϕ ◦ J = J ◦ϕ.
Also ϕ conjugates B to the rigid rotation w −→ e2πiρw where ρ is the rotation
number of B.

Now we begin to construct a new map ψ : A ∪ IntA −→ DR(0) which is quasi-
conformal with ψ(0) = 0 and coincides with ϕ in A \ D (here IntA is the interior
of the annulus A). For this purpose, we use our Quasiconformal Extension Lemma
in the following way:

Let h1 = Id on the ∂Dε with ε small enough and h2 = ϕ on ∂D, so the Quasicon-
formal Extension Lemma gives a quasiconformal extension denoted by ψ satisfying
our conditions.

We define a new map g : Ĉ −→ Ĉ as follows:

g(z) =

{
B(z) if |z| ≥ 1,

ψ−1 ◦Rρ ◦ ψ(z) if |z| < 1,

where Rρ(w) = e2πiρw. Then g is well defined and g is quasiconformal in D,

holomorphic in Ĉ\D. Thus g is quasiregular on Ĉ, holomorphic outside the unit disk
D and has a rotation domain about the fixed point 0. The rotation number of g |S1

is ρ. Let K denote the dilatation of ψ. Then gn is K2-quasiregular for all n ≥ 0 and

the Generalized QC-lemma gives an unique quasiconformal map φ : Ĉ −→ Ĉ such
that: G = φ ◦ g ◦ φ−1 is holomorphic, with φ(0) = 0, φ(−a) = −1 and φ(∞) = ∞.

By the construction, we know G has the following properties:

• G is an entire function on C;
• ∞ is a pole of G with order (d+ 1), and G−1(∞) = ∞;
• G has a Siegel disk φ(A ∪ D) around z = 0, with rotation number ρ, and
hence G′(0) = e2πiρ;

• G has two zeros: one simple zero at 0, the other at (−1) with multiplicity
d.

The only such map is the polynomial Pλ,d(z) = λz(1 + z)d with λ = e2πiρ. So
G = Pλ,d and then Okuyama’s theorem implies ρ ∈ B. This completes the first
part of the theorem.

Now let us take any ρ ∈ B and define λ = e2πiρ. Our goal is to find an element
of the Blaschke family with rotation number ρ which is analytically linearizable.
By Brjuno’s result the family Pλ,d(z) = λz(1 + z)d has a Siegel disk centered at 0.
Let γ be an invariant analytic curve in the Siegel disk and choose m > 0 satisfying
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2/m < dist(γ, 0). Define P̃λ,d(z) = mPλ,d(z/m). Then P̃λ,d is polynomial with
the Siegel disk denoted by S ⊃ D2 about 0. Moreover, γ̃ = mγ ⊂ C \ D2. Let
φ : S → DR be the conformal mapping with φ(0) = 0, and φ(γ̃) = {w ∈ C | |w| = 2}.
So φ ◦ P̃λ,d(z) = λφ(z) for z ∈ S. Define φ̃(z) = φ(z) for z ∈ Extγ̃, φ̃(z) = z for

z ∈ S1. By the QC-Extension lemma we can extend φ̃ to a quasiconformal map

defined in the domain bounded by γ̃ and S1. Let us also denote φ̃ by the extension.
Define

g(z) =

{
P̃λ,d(z) if z ∈ Extγ̃,

φ̃−1(λφ̃(z)) if z ∈ Intγ̃ and |z| ≥ 1.

(Here Extγ̃ and Intγ̃ is the exterior and interior of the simple curve γ̃.)
Analytic curves are removable sets for quasiregular maps, so g(z) is quasiregular

in Ĉ \D with g(S1) = S1. By reflection, it may be extended to a quasiregular self-

map of Ĉ with g(0) = 0, g(∞) = ∞. The domain A where g is not holomorphic
is bounded by γ̃ and J(γ̃). There the map is quasiconformally conjugate to the

rotation via φ̃, which also extends by the reflection. Thus again g satisfies the
assumptions of the Generalized QC-lemma, and we can define an invariant Beltrami
coefficient μ in the following way:

μ(z) =

⎧⎪⎨⎪⎩
μ
˜φ(z), z ∈ A,

(gn)∗μ
˜φ(z), z ∈ g−n(A) \ g−n+1(A),

0, otherwise.

The map g commutes with J and this implies J∗μ = μ. Let ϕ : Ĉ → Ĉ be a
quasiconformal map with ϕ(0) = 0, ϕ(1) = 1, ϕ(∞) = ∞ and μϕ = μ a.e. Then
J ◦ϕ ◦ J is a map satisfying the same conditions and by the uniqueness part of the
Measurable Riemann Mapping Theorem J ◦ ϕ ◦ J = ϕ; thus ϕ commutes with J ,
too. In particular, ϕ(S1) = S1.

We assume ϕ(−m) = −a, and define f = ϕ ◦ g ◦ ϕ−1. Then f is a holomorphic

map of Ĉ commuting with J and satisfying f(0) = 0, f(−a) = 0. By construction
f(S1) = S1 and f is quasiconformal conjugate to a rotation on ϕ(A) ⊃ S1. This
implies that f |S1 is analytically linearizable. The rotation number of f |S1 is ρ as
it does not change under the topological conjugation.

By the construction, we know f has the following properties:

• f is a rational function on Ĉ;
• f has two poles: one pole at ∞ with multiplicity (d+1), the other at −1/ā
with multiplicity d;

• f has a rotation domain around S1, with rotation number ρ;
• f has two zeros: one zero at 0 with multiplicity d, the other at (−a) with
multiplicity (d− 1).

Now we will determine the precise formula of f which will satisfy our demand.

Lemma 2. A rational map f of degree d carries the unit circle into itself if and
only if it can be written as a Blaschke product

f(z) = e2πit0βa1
βa2

, · · · , βad
with βai

=
z + ai
1 + āiz

for some constants e2πit0 ∈ ∂D and a1, a2, · · · , ad ∈ C \ ∂D.
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Proof. Given f , we can simply choose any solution to the equation f(a) = 0;
then divide f(z) by βa(z) to obtain a rational map of lower degree and continues
inductively. �

By the above lemma and the properties of the map f , we can write f in the
following form:

f(z) = e2πit0zd+1

(
z + a

1 + āz

)d

t0 ∈ R.

Without loss of generality, we can assume a ∈ R; otherwise we can make a suitable
rotation congujation. So we have the standard form:

f(z) = e2πitzd+1

(
z + a

1 + az

)d

t, a ∈ R.

An elementary computation gives that:

f ′(z) = e2πitzd+1

(
z + a

1 + az

)d−1
(2d+ a2 + 1) + a(d+ 1)(z + 1/z)

(1 + az)2
.

Due to the fact that f has no critical point on S1, a > 2d + 1. In conclusion, the
map f , denoted by Bt,a,d, is the exact element of the Blaschke product we need,
and this completes the proof of the Main Theorem. �
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