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A COMPLETE CLASSIFICATION OF THE SPACES

OF COMPACT OPERATORS

ON C([1, α], lp) SPACES, 1 < p < ∞

DALE E. ALSPACH AND ELÓI MEDINA GALEGO

(Communicated by Thomas Schlumprecht)

Abstract. We complete the classification, up to isomorphism, of the spaces
of compact operators on C([1, γ], lp) spaces, 1 < p < ∞. In order to do
this, we classify, up to isomorphism, the spaces of compact operators K(E, F ),
where E = C([1, λ], lp) and F = C([1, ξ], lq) for arbitrary ordinals λ and ξ and
1 < p ≤ q < ∞.

More precisely, we prove that it is relatively consistent with ZFC that for
any infinite ordinals λ, μ, ξ and η the following statements are equivalent:

(a) K(C([1, λ], lp), C([1, ξ], lq)) is isomorphic to K(C([1, μ], lp), C([1, η], lq)).
(b) λ and μ have the same cardinality and C([1, ξ]) is isomorphic to C([1, η])

or there exists an uncountable regular ordinal α and 1 ≤ m,n < ω such
that C([1, ξ]) is isomorphic to C([1, αm]) and C([1, η]) is isomorphic to
C([1, αn]).

Moreover, in ZFC, if λ and μ are finite ordinals and ξ and η are infinite
ordinals, then the statements (a) and (b′) are equivalent.

(b′) C([1, ξ]) is isomorphic to C([1, η]) or there exists an uncountable reg-
ular ordinal α and 1 ≤ m,n ≤ ω such that C([1, ξ]) is isomorphic to
C([1, αm]) and C([1, η]) is isomorphic to C([1, αn]).

1. Introduction

We use standard set theory and Banach space theory terminology and notions
as can be found in [14] and [15], respectively. Let K be a compact Hausdorff
space and X a Banach space. The space C(K,X) denotes the Banach space of all
continuous X-valued functions defined on K equipped with the supremum norm,
i.e., ‖f‖ = supk∈K ‖f(k)‖X . We will write C([1, α], X) = C(α,X) when K is the
interval of ordinals [1, α] = {ξ : 1 ≤ ξ ≤ α} endowed with the order topology. These
spaces will be denoted by C(K) and C(α), respectively, in the case X = R.

For a set Γ, c0(Γ, X) is the Banach space of all X-valued functions f on Γ with
the property that for every ε > 0, the set {γ ∈ Γ : ‖f(γ)‖ ≥ ε} is finite, and
equipped with the sup norm. This space will be denoted by c0(Γ) in the case
X = R and by c0 when, in addition, the cardinality of Γ (denoted by |Γ|) is ℵ0.

Given Banach spaces X and Y , K(X,Y ) denotes the Banach space of compact
operators from X to Y . As usual, when X = Y , this space will be denoted by
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K(X). We write X ∼ Y when X and Y are isomorphic and X ↪→ Y when Y
contains a copy of X, that is, a subspace isomorphic to X.

In this paper, we are mainly interested in completing the isomorphic classification
of the spaces K(C(λ, lp), C(ξ, lq)) obtained partially in [9], [10] and [11], where λ
and ξ are arbitrary ordinals and lp and lq are the classical Banach spaces of scalar
sequences with 1 < p, q < ∞.

For p > q, an isomorphic classification of these spaces was accomplished in
[9, Remark 4.1.3] for λ < ω and ξ ≥ ω, and in [10, Remark 1.7] for λ ≥ ω and
ξ ≥ ω. We pointed out that, in both these cases, the following geometric property
of the spaces of compact operators from lp to lq [23, Main Theorem] was crucial:

(1.1) c0 
↪→ K(lp, lq).

Thus, in the present work, we turn our attention to the case 1 < p ≤ q < ∞. In this
case the situation in quite different. Indeed, in contrast to (1.1), by [1, Theorem
5.3], K(lp, lq) is isomorphic to its c0-sum or, what is the same, that

(1.2) K(lp, lq) ∼ K(lp, c0(lq)).

Nevertheless, in [11] it was shown that the following cancellation law holds:

(1.3) K(C(λ, lp), C(ξ, lq)) ∼ K(C(μ, lp), C(η, lq)) ⇐⇒ C(ξ) ∼ C(η),

whenever ξ and η are infinite countable ordinals and λμ < ω or λ and μ have the
same cardinality.

The main aim of this paper is to extend the above cancellation law by giving a
complete isomorphic classification of the spaces K(C(λ, lp), C(ξ, lq)), where λ and
ξ are arbitrary ordinals.

To do this, first in Section 3, Theorem 3.2, we prove a new geometric property
of the spaces of compact operators involving the spaces lp, lq and c0. Namely,

K(c0) 
↪→ K(c0(lp), lq).

Moreover, in order to use the isomorphic classification of some C(ξ,X) spaces
obtained in [8], in Section 4 we prove a stability property of certain spaces of
compact operators containing copies of some c0(Γ) spaces. Specifically, we show
that if X is a Banach space and Γ is a set of cardinality ℵ1, then

c0(Γ) ↪→ K(lp, X) ⇐⇒ c0(Γ) ↪→ X.

In Section 5 we present our main result (Theorem 5.2). It provides a necessary and
sufficient condition for two spaces K(C(λ, lp), C(ξ, lq)) to be isomorphic, whenever
λ and ξ are infinite and the cardinality of λ is strictly less than the least real-valued
measurable cardinal mr.

We recall that a cardinal number m is a real-valued measurable cardinal if there
exists a nontrivial real-valued measure defined on all subsets of a set of cardinality
m for which points have measure 0 [5, p. 560].

Theorem 5.2 is a complete isomorphic classification of the K(C(λ, lp), C(ξ, lq))
spaces, where λ and ξ are infinite. Indeed, it is well known that the existence of real-
valued measurable cardinals cannot be proved in ZFC [16, pp. 106 and 108]. On the
other hand,it is relatively consistent with ZFC that real-valued measurable cardinals
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do not exist [6, Theorem 4.14, p. 972]. So it is relatively consistent with ZFC that
we obtain a complete isomorphic classification of the spaces K(C(λ, lp), C(ξ, lq)),
where λ and ξ are infinite.

Finally, in Theorem 5.3 we consider the remaining case where λ is finite. Then,
by using (1.2) we complete the proof of the isomorphic classification mentioned in
the abstract.

2. Preliminary results

In this section we recall the isomorphic classification of the C(ξ) spaces, the
generalization proved in [8], and some properties of the spaces of compact operators.

From now on |ξ| denotes the cardinality of the ordinal ξ. Recall that an ordinal
α is said to be regular if its cofinality is itself. Otherwise α is a singular ordinal.

The smallest two infinite regular ordinals are ω and ω1. We denote by X ˆ̂⊗Y the
injective tensor product of the Banach spaces X and Y .

Bessaga and Pelczyński [2] showed that for infinite countable ordinals, ξ ≤ η,
C(ξ) is isomorphic to C(η) if and only if η < ξω. In 1976 the classification was
extended to nondenumerable ordinals ξ and η, [12] and [18], independently. The
general criterion is the same as that obtained by Bessaga and Pelczynski except
in the case that the initial ordinal α of cardinality |ξ| = |η| is a nondenumerable,
regular ordinal, and α ≤ ξ ≤ η ≤ α2. For this case, equality of cardinalities of
the ordinal quotients, ξ′, η′, where ξ = αξ′ + δ, η = αη′ + γ, and δ, γ < α is the
requirement for isomorphism of C(ξ) and C(η).

For the spaces C(ξ,X) and C(η,X), where X is an infinite dimensional Banach
space, some additional difficulties arise in determining the isomorphic classification.

Indeed, since C(ξ,X) is isomorphic to C(ξ) ˆ̂⊗X, [4, Example 6, p. 224], it follows
that

(2.1) C(ξ) ∼ C(η) =⇒ C(ξ,X) ∼ C(η,X).

Moreover,

(2.2) X ∼ X ⊕X =⇒ C(αn,X) ∼ C(α,X)

for all positive finite ordinals n. Thus for a nondenumerable regular ordinal α the
classification is less fine than for the spaces of real-valued functions. However, for
some Banach spaces it is possible to determine the isomorphic classification of the
spaces C(ξ,X).

To state this result recall that a Banach space X is said to have the Mazur Prop-
erty, MP for short, if every element of X∗∗ which is sequentially weak* continuous
is weak* continuous and thus is an element of X. Such spaces were investigated in
[5] and [17] and sometimes they are also called d-complete [19] or μB-spaces [24].

In [17] it was shown (Theorem 4.1) that C(ξ) for ξ < ω1,
(∑

γ∈Γ Xγ

)
l1
, where |Γ|

is nonmeasurable and Xγ has MP for all γ, (Theorem 3.1), and X ˆ̂⊗Y , where X
has MP and Y is separable, (Corollary 5.2.(3)) have MP.

Let F be the class of Banach spaces containing no copy of c0(Γ), where |Γ| = ℵ1,
and having the Mazur Property. For this class the main theorem of [8] gives a
classification of thespaces C(ξ,X).
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Theorem 2.1. Let X ∈ F and α be an initial ordinal and ξ ≤ η be infinite ordinals.
Then

(1) If C(ξ,X) is isomorphic to C(η,X), then |ξ| = |η|.
(2) Suppose that |ξ| = |η| = |α| and assume that α is a singular ordinal, or α

is a nondenumerable regular ordinal with α2 ≤ ξ. Then

C(ξ,X) ∼ C(η,X) ⇐⇒ η < ξω.

(3) Suppose that α is an uncountable regular ordinal, ξ, η ∈ [α, α2] and let
ξ′, η′, γ and δ be ordinals such that ξ = αξ′ + γ, η = αη′ + δ, ξ′, η′ ≤ α and
γ, δ < α. Then

C(ξ,X) ∼ C(η,X),

if and only if one of the following statements holds:
(a) |ξ′| |η′| ≤ ℵ0 and c0(J,X) is isomorphic to c0(I,X), where J and I

are sets with |J | = |ξ′| and |I| = |η′|.
(b) |ξ′| = |η′| > ℵ0.

(4) Suppose that α is an uncountable regular ordinal and α ≤ ξ < α2 ≤ η.
Then

C(ξ,X) 
∼ C(η,X).

Remark 2.2. Notice that for a fixed X ∈ F , the isomorphic classification of the
spaces C(ξ,X) is the same as that of spaces C(ξ) except in the case (2.4) (3)(a) of
the theorem. As noted above this case can occur when X ∼ X ⊕X.

This theorem does not say much about the case when ξ and η are infinite count-
able ordinals. For this case we use the following result, [11, Theorem 1.3]. Notice
that the condition ξ ≤ η < ξω is equivalent to C(ξ) ∼ C(η).

Theorem 2.3. Let α, β, ξ, and η be ordinals with ω ≤ ξ ≤ η < ω1, α β < ω or
else |α| = |β|, X a Banach space such that X∗ is weakly sequentially complete and
has the approximation property and Y a Banach space which has an unconditional
basis and contains no subspace isomorphic to l1. Then

K(C(α,X), C(ξ, Y )) ∼ K(C(β,X), C(η, Y )) ⇔ η < ξω.

We are concerned with spaces of compact operators K(C(λ, Y ), C(ξ, Z)), where
Y and Z are Banach spaces which are isomorphic to their squares, i.e, Y ∼ Y ⊕ Y ,
and such that their duals have the approximation property, and λ and ξ are ordinals.

Because C(λ, Z) has the approximation property if Z has the approximation
property [13, Theorem 2], by [3, Proposition 5.3] we see that

K(C(λ, Y ), C(ξ, Z)) ∼ C(λ, Y )∗ ˆ̂⊗C(ξ, Z).

Moreover, notice that C(λ, Y )∗ is isomorphic to l1(Γ, Y
∗), where Γ is a set with

cardinality |λ|. (See [4, pp. 181-182].) Thus if we let λ0 = 1 for λ is finite, and λ0

be the smallest ordinal with |λ0| = |λ| if λ is infinite,

(2.3) K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(ξ, Z)).

In [1] (1.2) was proved and this is equivalent to

(2.4) C(ω,K(lp, lq)) ∼ K(lp, lq), 1 < p ≤ q < ∞.

Because

C(ω,K(lp, lq)) ∼ C((ω) ˆ̂⊗lp′
ˆ̂⊗lq) ∼ K(lp, C(ω, lq)),
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where p′ = p/(p − 1), in the case Y = lp and Z = lq there is the possibility of
additional collapsing of the isomorphism classes. Indeed, in contrast to (1.3), if α
is either 1 or an uncountable regular ordinal, then the spaces C(αξ), 1 ≤ ξ ≤ ω,
are isomorphically distinct. However, if 1 ≤ λ < ω, then by (2.4) and the fact that

lp and lp′
ˆ̂⊗lq are isomorphic to their squares,

K(C(λ, lp), C(αξ, lq)) ∼ lp′
ˆ̂⊗C(αξ) ˆ̂⊗lq ∼ C(α,C(ξ, lp′

ˆ̂⊗lq)) ∼ C(α, lp′
ˆ̂⊗lq),

and therefore

K(C(λ, lp), C(αξ, lq)) ∼ K(lp, C(α, lq)).

The next proposition summarizes the effects of the isomorphic classification of
the spaces C(α), (2.3) and (2.4). Below, if γ is an ordinal, γ0 = 1, if 1 ≤ γ < ω,
and γ0 is the smallest ordinal with the same cardinality as γ, if γ ≥ ω.

Proposition 2.4. Suppose that Y and Z are Banach spaces, have the approxi-
mation property, are isomorphic to their squares, and K(Y, Z) is isomorphic to
C(ω,K(Y, Z)). Let λ and ξ be nonzero ordinals.

(1) If λ ≥ ω, ξ0 is an uncountable regular ordinal, ξ < ξ20 , and ξ = ξ0ξ
′ + δ,

δ < ξ0, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(ξ0ξ
′
0, Z)).

(2) If λ < ω, ξ0 is an uncountable regular ordinal, ξ0ω1 ≤ ξ < ξ20 , and ξ =
ξ0ξ

′ + δ, δ < ξ0, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(ξ0ξ
′
0, Z)).

(3) If λ < ω, ξ0 is an uncountable regular ordinal, ξ0 ≤ ξ < ξ0ω1, and ξ =
ξ0ξ

′ + δ, δ < ξ0, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(ξ0, Z)).

(4) If ξ0 is an uncountable regular ordinal, ξ20 ≤ ξ, and γ is the smallest ordinal
such that γω > ξ, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(max{ξ20 , γ}, Z)).

(5) If ξ0 < ω or λ < ω and ξ < ωω, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(1, Z)).

(6) In all other cases if γ is the smallest ordinal such that γω > ξ, then

K(C(λ, Y ), C(ξ, Z)) ∼ K(C(λ0, Y ), C(γ, Z)).

Our goal in the next few sections is to show that for Y = lp and Z = lq there is
no further collapsing of isomorphism classes, i.e., the representatives in the previous
proposition are from distinct isomorphism classes. Observe that it is only for the
conditions in (3) and (5) that the representative of the isomorphism class is not
K(C(λ0, Y ), C(ρ, Z)) where C(ρ) is a representative of the isomorphism class of
C(ξ).
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3. On the subspaces of K(c0(X), lq(Y )) spaces, 1 ≤ q < ∞
The main aim of this section is to prove Theorem 3.2, which is the key ingredient

for completing the isomorphic classification of the spaces of compact operators
considered in this work. To do this, we need an auxiliary result. Let X and Y be
Banach spaces and T ∈ K(c0(X), lq(Y )), with 1 ≤ q < ∞. Represent T as a matrix
with entries in K(X,Y ). By [20, Proposition 1.c.8 and following Remarks] for any
blocking of the c0-sum and lq-sum the operator given by the block diagonal of the
matrix is a bounded linear operator with norm no larger than ‖T‖. The next result
gives a little more information about ‖T‖.

Lemma 3.1. Let X and Y be Banach spaces and let 1 ≤ q < ∞. Then the norm
of a block diagonal operator of an operator in K(c0(X), lq(Y )) is the lq norm of the
norms of the operators on the blocks and the block diagonal operator is compact.

Proof. For each j ∈ N let Dj be the jth block of the block diagonal operator D
and let (xj)j be a sequence in c0(X) such that for each j, xj is the supported block
corresponding to Dj . Then

‖(Djxj)j‖lq(Y ) =

⎛
⎝∑

j

‖Djxj‖qlq(Y )

⎞
⎠

1/q

≤

⎛
⎝∑

j

‖Dj‖q‖xj‖qc0(X)

⎞
⎠

1/q

≤ (sup
j

‖xj‖c0(X)‖(‖Dj‖)j‖lq .

Suppose 1 > ε > 0, xj ∈ c0(X), supported in the jth block, with ‖xj‖c0(X) = 1 and

‖Djxj‖ ≥ (1− ε)‖Dj‖,

j = 1, 2, . . . . For each N , let zN = (x1, x2, . . . , xN , 0, 0, . . . ). Then

‖DzN‖ = ‖(Djxj)j≤N‖lq(Y ) =

⎛
⎝∑

j≤N

‖Djxj‖qlq(Y )

⎞
⎠

1/q

≥

⎛
⎝∑

j≤N

(1− ε)‖Dj‖q
⎞
⎠

1/q

.

Taking the supremum over ε and N gives

‖D‖ ≥ ‖(‖Dj‖)‖lq .

It remains to show that the block diagonal of a compact operator is compact. Let
Qn, respectively, Rn, be the projection onto the first n blocks of lq(Y ), respectively,
c0(X). It is easy to see that because q < ∞ then for any T ∈ K(c0(X), lq(Y )) and
ε > 0 there is an N such that for all n ≥ N,

‖(I −Qn)T‖ < ε.

Observe that for j > n,

Dj = (Qj −Qj−1)T (Rj −Rj−1) = (Qj −Qj−1)(I −Qn)T (Rj −Rj−1).

Thus for j > n, the block diagonal element of T , Dj , is also the block diagonal
element of (I −Qn)T . By an application of Tong’s result [20, Proposition 1.c.8 ] to
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(I −Qn)T , it follows that

‖
∑
j∈N

Dj −
∑
j≤N

Dj‖ < ε.

Thus the block diagonal of T is the limit of compact operators and therefore is
compact. �

The lemma will be applied near the end of the proof of the next result with
X = lp and Y = lq.

Theorem 3.2. Suppose that 1 < p ≤ q < ∞. Then

K(c0) 
↪→ K(c0(lp), lq).

Proof. First of all notice that K(c0) is isomorphic to

l1
ˆ̂⊗c0 = c0(l1) = (

∞∑
n=1

l1)c0 .

Let Pn denote the standard projection from c0(lp) onto (
∑n

k=1 lp)∞ and let (Qn)
be the basis projections for lq.

Suppose that (Ts,n) is a normalized sequence in K(c0(lp), lq), which is equivalent
to the unit vector basis of (

∑∞
n=1 l1)c0 , i.e., there are δ > 0 and K < ∞ such that

δmax
s

∑
n

|as,n| ≤ ‖
∑
s

∑
n

as,nTs,n‖ ≤ Kmax
s

∑
n

|as,n, |

for all finitely nonzero sequences (as,n).
For fixed s, r, (Ts,nPr) is (equivalent to) a sequence in K(

∑r
n=1 lp, lq), which

is isomorphic to K(lp, lq), and thus by [22, Theorem 3.1] cannot be equivalent to
the unit vector basis of l1. Hence for each s there exists a normalized blocking of
(Ts,n)n, (Us,m), and an increasing sequence (rs,m)m such that

‖Us,mPrs,m‖ → 0.

Further, because Us,m is compact, for fixed s,m as r → ∞,

‖Us,m(I − Pr)‖ → 0.

(Below we pass to subsequences of the double sequence by choosing infinitely many
m for each s and using a pattern like that for enumerating N × N.) Thus by a
perturbation argument and passing to subsequences we may assume that (rs,m) is
strictly increasing in some order and that

Us,m(Prs,m − Prs′,m′ ) = Us,m,

for all s,m, where rs′,m′ is the maximal element strictly smaller than rs,m.
For fixed s,m as k → ∞,

‖(I −Qk)Us,m‖ → 0,

because q < ∞ and Us,m is compact. If (st,mt)t is a sequence with (st)t strictly
increasing, (Ust,mt

)t is equivalent to the usual unit vector basis of c0. For fixed k
we claim that

‖QkUst,mt
‖ → 0.

Suppose not and let xt ∈ c0(lp), with ‖xt‖ = 1 and

‖QkUst,mt
xt‖ > ‖QkUst,mt

‖/2,
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for all t. Because k is fixed, by passing to a subsequence and a perturbation
argument, we may assume that (QkUst,mt

xt)t is independent of t. We may also
assume by the choice of rs,m that

(Prst,mt
− Prs′t,m

′
t
)xt = xt,

for all t. Thus for any finite j, ‖
∑j

i=1 xi‖ = 1 but

K ≥ ‖
∑
t

QkUst,mt

j∑
i=1

xi‖ = ‖
j∑

t=1

QkUst,mt
xt‖ > j‖QkUs1,m1

‖/2.

This contradicts K < ∞ and establishes the claim.
By again passing to a suitable subsequence and a perturbation we can assume

that we have (Ust,mt
)t with (st)t strictly increasing and (kt)t strictly increasing

such that

Ust,mt
= (Qkt

−Qkt−1
)Ust,mt

.

However, by Lemma 3.1 this implies that (Ust,mt
)t is equivalent to the basis of

lq. �

Remark 3.3. The proof of Theorem 3.2 uses lp and lq in a very minor way. lp could
be replaced by a space Y which is isomorphic to its square, and lq by a space Z
with an unconditional basis that has a nontrivial upper and lower estimate such
that l1 is isomorphic to no subspace of K(Y, Z).

Corollary 3.4. If λ, ξ ≥ ω, and 1 < p ≤ q < ∞, then K(C(λ, lp), C(ξ, lq)) is not
isomorphic to a subspace of K(C(λ, lp), lq).

Proof. Observe that K(C(λ, lp), C(ξ, lq)) is isomorphic to

l1(λ, lp′) ˆ̂⊗C(ξ, lq) ∼ l1(λ, lp′) ˆ̂⊗C(ξ) ˆ̂⊗lq ∼ C(ξ, l1(λ, lp′) ˆ̂⊗lq).

Thus, it follows that c0(l1) is isomorphic to a subspace of K(C(λ, lp), C(ξ, lq)). If
K(C(λ, lp), C(ξ, lq) is isomorphic to a subspace of K(C(λ, lp), lq), then c0(l1) is also.
Because c0(l1) is separable, this would imply that c0(l1) is isomorphic to a subspace
of K(C(μ, lp), lq) for some countable ordinal μ. Furthermore, by considerations after
Remark 2.2, μ0 = ω and the latter space is isomorphic to K(C(ω, lp), lq). Hence
c0(l1) would be isomorphic to a subspace of K(C(ω, lp), lq), contradicting Theorem
3.2. �

4. Copies of c0(Γ) in K(lp, X) spaces, 1 < p < ∞
Before proving our main theorem we need another preliminary result which will

yield additional spaces that are in the class F and thus Theorem 2.1 will be appli-
cable. In particular we will need to know that the spaces K(lp, X), with 1 < p < ∞,
contain a copy of c0(Γ) with |Γ| = ℵ1 if and only if the Banach spaceX has the same
property. This is an immediate consequence of the following proposition. Below
B(Y,X) is the space of bounded linear operators from Y to X.

Proposition 4.1. If X and Y are Banach spaces and Y is separable, then c0(Γ),
where |Γ| = ℵ1, is isomorphic to a subspace of B(Y,X) if and only if c0(Γ) is
isomorphic to a subspace of X.
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Proof. Suppose that S is an isomorphism from c0(Γ) onto a subspace of B(Y,X)
and denote by (eγ) the coordinate vectors in c0(Γ). Let (yj) be a sequence which
is dense in the unit sphere of Y . For n, j ∈ N let

Nj,n = {γ ∈ Γ : ‖Seγ(yj)‖ > 1/n}.
Since Γ =

⋃
j,n Nj,n there is some j0, n0 so that |Nj0,n0

| = ℵ1. Now consider the

operator U from c0(Nj0,n0
) to X such that U(eγ) = S(eγ)(yj0) for every γ ∈ Nj0,n0

.
Consequently,

‖U(eγ)‖ > 1/n0,

for every γ ∈ Nj0,n0
. Thus, by Rosenthal’s disjointness lemma [21, Theorem 3.4]

and the remark following, there is a subset N ′ of Nj0,n0
of the same cardinality

such that U|c0(N ′) is an isomorphism onto its image.
The converse is obvious. �

Corollary 4.2. Let V and W be Banach spaces such that c0 is isomorphic to no
subspace of V , V has MP, and W ∗ is separable and has the approximation property.
If |λ| is nonmeasurable, then K(W, l1(λ, V )) is in the class F .

Proof. Because V does not contain a subspace isomorphic to c0, it follows from a
gliding hump argument that l1(λ, V ) has the same property. By Proposition 4.1,
c0(Γ) is not isomorphic to a subspace of K(W, l1(λ, V )). To see that K(W, l1(λ, V ))

has MP we note that K(W, l1(λ, V )) is isomorphic to W ∗ ˆ̂⊗l1(λ, V ) by [3, Propo-
sition 4.3]. By the results of Kappeler [17, Theorem 3.1 and Corollary 5.2.(3)],

l1(λ, V ) has MP and consequently W ∗ ˆ̂⊗l1(λ, V ) has MP. �

5. A classification of K(C(λ, lp), C(ξ, lq)) spaces, 1 < p ≤ q < ∞
In this section we classify, up to isomorphism, the spaces of compact operators

K(C(λ, lp), C(ξ, lq)), with 1 < p ≤ q < ∞. This classification will be established
through Theorems 5.1, 5.2 and 5.3. Recall that the density character of a Banach
space X is the smallest cardinal number δ such that there exists a set of cardinality
δ dense in X. As in Section 2, if λ is an ordinal, λ0 = 1, if 1 ≤ λ < ω, and λ0 is
the smallest ordinal with the same cardinality as λ, if λ ≥ ω.

Theorem 5.1. Suppose that 1 < p ≤ q < ∞ and ξ, η, λ and μ are nonzero ordinals.
If K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(μ, lp), C(η, lq)), then λ0 = μ0.

Proof. Assume that

(5.1) K(C(λ, lp), C(ξ, lq)) ∼ K(C(μ, lp), C(η, lq)),

for some nonzero ordinals ξ, η, λ and μ. We can suppose without loss of generality
that |λ| ≤ |μ|. Hence if μ < ω, then λ < ω, μ0 = 1 = λ0, and we are done.

Next we consider the case μ > ω. Let p′ be the real number satisfying 1/p+1/p′ =
1. We know that C(β, lp) has the approximation property for every ordinal β. So
according to [3, Proposition 5.3] we see that

(5.2) K (C(λ, lp), C(ξ, lq)) ∼ l1(λ, lp′) ˆ̂⊗C(ξ, lq) ∼ C(ξ, l1(λ, lp′) ˆ̂⊗lq),

and

(5.3) K(C(μ, lp), C(η, lq)) ∼ l1(μ, lp′) ˆ̂⊗C(η, lq) ∼ C(η, l1(μ, lp′) ˆ̂⊗lq).
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Consequently, by (5.1) we have

(5.4) l1(μ) ↪→ K(C(μ, lp), C(η, lq)) ∼ C(ξ, l1(λ, lp′) ˆ̂⊗lq).

Since l1(μ) contains no subspace isomorphic to c0 and l1(λ, lp′) ˆ̂⊗lq is isomorphic to
its square, we deduce by (5.4) and [7, Theorem 2.3] that

(5.5) l1(μ) ↪→ l1(λ, lp′) ˆ̂⊗lq.

Therefore, if λ < ω, then by (5.5) we would conclude that lp′
ˆ̂⊗lq contains a copy of

l1, which is absurd by [22, Theorem 3.1]. Hence λ ≥ ω. In this case, observe that

the density character of l1(μ) is |μ| and the density character of l1(λ, lp′) ˆ̂⊗lq is |λ|.
Thus, it follows from (5.5) that |μ| ≤ |λ|. So |λ| = |μ|. �

Theorem 5.2. Suppose that 1 < p ≤ q < ∞ and ξ, η, λ and μ are infinite ordinals
with λ0 = μ0 < mr. Then the following statements are equivalent:

(a) K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(μ, lp), C(η, lq)).
(b) C(ξ) is isomorphic to C(η) or there exists an uncountable regular ordinal

α and 1 ≤ m,n < ω such that C(ξ) is isomorphic to C(αm) and C(η) is
isomorphic to C(αn).

Proof. Initially we will prove that statement (b) implies statement (a). Since lp is
isomorphic to its square, as observed in Section 2, it follows from (b) that C(ξ, lp)
is isomorphic to C(η, lp). Therefore, by using (5.2) and (5.3) and the fact that
|λ| = |μ| we have that K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(μ, lp), C(η, lq)).

Conversely, suppose that the statement (a) holds. We may assume that λ =
λ0 = μ0 = μ by Theorem 5.1 and (2.3). Put

X = l1(λ, lp′) ˆ̂⊗lq = l1(μ, lp′) ˆ̂⊗lq.

Hence by (5.2) and (5.3) we have that

C(ξ,X) ∼ K(C(λ, lp), C(ξ, lq)) ∼ K(C(μ, lp), C(η, lq)) ∼ C(η,X).

Moreover, because X is isomorphic to K(lq′ , l1(λ, lp′), by Corollary 4.2, X is
in the class F . So by Theorem 2.1 (1), we have |η| = |ξ|. If |ξ| = ℵ0, we have
C(ξ) isomorphic to C(η) by Theorem 2.3. If |ξ0| > ℵ0, Theorem 2.1 and Remark
2.2 imply that C(ξ) is isomorphic to C(η) except possibly under the conditions of
part (3)(a) of Theorem 2.1. In this remaining case, ξ0 is an uncountable regular
ordinal and ξ, η ∈ [ξ0, ξ

2
0). (Note that (4) of Theorem 2.1 excludes the possibility

ξ < ξ20 ≤ η.) By Proposition 2.4 (1) we may assume that ξ = ξ0ξ
′ and η = ξ0η

′

with ξ′, η′ ∈ {1, ω}. By Corollary 3.4 we see that

(5.6) C(ω,X) 
↪→ X.

Therefore, either ξ′ = η′ = 1 or |ξ′| = |η′| = ℵ0. It follows from the isomorphic
classification of the spaces C(α) (see Section 2) that in the first case C(ξ) ∼ C(ξ0ξ

′)
and C(η) ∼ C(ξ0η

′) and in the second case that C(ξ) ∼ C(η). �
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Finally, the next theorem completes the isomorphic classification, up to isomor-
phism, of the spaces of compact operator K(C(λ, lp), C(ξ, lq)) for ordinals λ 
= 0
and ξ ≥ ω, and 1 < p ≤ q < ∞.

Theorem 5.3. Suppose that 1 < p ≤ q < ∞ and ξ, η, λ and μ are ordinals with
ω ≤ ξ ≤ η and λ0 = μ0 = 1. Then the following statements are equivalent:

(a) K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(μ, lp), C(η, lq)).
(b) C(ξ) is isomorphic to C(η) or there exists an uncountable regular ordinal

α and 1 ≤ m,n ≤ ω such that C(ξ) is isomorphic to C(αm) and C(η) is
isomorphic to C(αn).

Proof. Just proceed as in the proof of Theorem 5.2 but taking into account that
according to (1.2), (5.6) is replaced by

C(ω,X) ∼ X.

�

If we allow ξ and η to be any nonzero ordinals, we have a little more work to do
to complete the isomorphic classification.

(1) If K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(μ, lp), C(η, lq)) and both ξ and
η are finite, then by Proposition 2.4 (5), K(C(λ, lp), C(ξ, lq)) is isomorphic
to K(C(λ0, lp), lq).

(2) Suppose that λ, μ < ω and ξ < ωω. K(C(λ, lp), C(ξ, lq)) is isomorphic to
K(C(μ, lp), C(η, lq)), if and only if η < ωω. Indeed, we have by Theorem 2.3
and (2.4) that K(C(λ, lp), C(ξ, lq)) is isomorphic to K(C(λ, lp), C(ω, lq)).
By the proof of Theorem 5.3 and case (1) of Theorem 2.1, if η ≥ ω, |ω| = |η|
and by Theorem 2.3 η < ωω. The converse follows from Theorem 2.3 and
(2.4).

(3) Suppose that λ, μ ≥ ω and ξ < ω. K(C(λ, lp), C(ξ, lq)) is isomorphic to
K(C(μ, lp), C(η, lq)), if and only if |λ| = |μ| and η < ω. The sufficiency
of the two conditions and the necessity of |λ| = |μ| have already been
established. Corollary 3.4 completes the argument.

In view of Theorems 5.2 and 5.3, the following question arises naturally.

Problem 5.4. Does the above isomorphic classification of the spaces of compact
operator K(C(λ, lp), C(ξ, lq)), with λ ≥ ω and 1 < p ≤ q < ∞, remain true in ZFC?
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[13] S. Hĕınrih, Approximation properties in tensor products (Russian), Mat. Zametki 17 (1975),
459–466. MR0412835 (54 #956)

[14] Thomas Jech, Set theory, Academic Press [Harcourt Brace Jovanovich Publishers], New York,
1978. Pure and Applied Mathematics. MR506523 (80a:03062)

[15] William B. Johnson and Joram Lindenstrauss, Basic concepts in the geometry of Banach
spaces, Handbook of the geometry of Banach spaces, Vol. I, North-Holland, Amsterdam,
2001, pp. 1–84, DOI 10.1016/S1874-5849(01)80003-6. MR1863689 (2003f:46013)

[16] A. Kanamori and M. Magidor, The evolution of large cardinal axioms in set theory, Higher
set theory (Proc. Conf., Math. Forschungsinst., Oberwolfach, 1977), Lecture Notes in Math.,
vol. 669, Springer, Berlin, 1978, pp. 99–275. MR520190 (80b:03083)

[17] Thomas Kappeler, Banach spaces with the condition of Mazur, Math. Z. 191 (1986), no. 4,
623–631, DOI 10.1007/BF01162352. MR832820 (87h:46040)

[18] S. V. Kisljakov, A classification of the spaces of continuous functions on the ordinals
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