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(Communicated by Matthew A. Papanikolas)

Abstract. In this article we construct for each integer g ≥ 2 an abelian

variety A of dimension g defined over a number field for which there exists a

symmetric integral slope sequence of length 2g that does not appear as the

slope sequence of ˜A for any good reduction ˜A of A.

1. Introduction

Let A be an abelian variety over a number field F . It is conjectured that A always
has a good ordinary reduction and furthermore there is a finite field extension L
of F and a density one set V (A,L) of non-archimedean places of L such that the
base change A⊗F L has (good) ordinary reduction at every place v ∈ V (A,L) (cf.
Bogomolov-Zarhin [1]).

This conjecture is known to be true for elliptic curves (Serre [10]), abelian sur-
faces (Ogus [8]), and some abelian three-folds or four-folds (see Noot [6, 7] and
Tankeev [13]). In [1] Bogomolov and Zarhin prove the analogous theorem for K3
surfaces.

Concerning non-ordinary reductions, Elkies [2] shows that under a mild condition
on the number field F , any elliptic curve over F has good supersingular reductions
at infinitely many places of F . Inspired by the work of Elkies and having no counter-
example, one may naturally ask whether any abelian variety over a number field F
admits infinitely many supersingular reductions. So far this is not known yet even
for abelian surfaces (except for some special cases like CM abelian surfaces). In
the function field analogue, Poonen [9] shows the existence of a Drinfeld module of
rank two which does not admit any supersingular reduction.

Throughout this paper, p and � denote primes in Q. For abelian varieties of
dimension g in positive characteristic, the attached p-divisible groups up to isogeny
over an algebraically closed field are classified by their Newton polygons, or equiv-
alently, by the associated slope sequences β (the Dieudonné -Manin theorem; see
Manin [5]). This invariant is a sequence of 2g rational numbers

0 ≤ λ1 ≤ · · · ≤ λ2g ≤ 1,

which satisfy the symmetric and integral conditions:

(i) λi + λ2g+1−i = 1 for all 1 ≤ i ≤ 2g, and
(ii) the multiplicity of each λi is a multiple of its denominator.
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An abelian variety defined over a field of characteristic p > 0 is said to be supersin-
gular if all λi = 1/2; it is said to be ordinary if λi is either 0 or 1 for all 1 ≤ i ≤ 2g.
Then given an abelian variety A over F of dimension g and a symmetric integral
slope sequence β of length 2g, does A always admit a good reduction whose slope
sequence coincides with β? In this article we give a negative answer to this general
question.

We will restrict ourselves to the case where A is absolutely simple. Otherwise,
one is reduced to studying the simple factors of A (by extending the base field if
necessary). For example, if A = Eg, a g-fold product of an elliptic curve E, then the
reductions of A are either ordinary or supersingular. In other words, its reductions
miss almost all the symmetric integral slope sequences except the two “extremal”
ones.

Theorem 1. For any integer g ≥ 2, there is a pair (A/F, β) consisting of

• an absolutely simple abelian variety A of dimension g defined over a number
field F ,

• a symmetric integral slope sequence β of length 2g,

such that β does not occur as the slope sequence of any good reduction of A.

In our construction the number field F depends on the dimension g. However,
we have the following theorem.

Theorem 2. In Theorem 1, there are infinitely many g for which the number field
F can be chosen to be Q.

The CM abelian varieties play an essential role in our construction. For a CM
abelian variety A/F of type (K,Φ), the Newton polygon of the reduction of A over
a “good” prime q | p of F can be determined from the CM-type Φ by the Taniyama-
Shimura formula. This allows us to prove Theorem 1 by choosing a special type of
CM-abelian varieties. To obtain Theorem 2, we study Honda’s examples [3]. They
are the Jacobians of the smooth projective curves defined by the affine equations
y2 = 1 − x� for all odd primes �. This gives a family of CM Jacobians whose
dimensions are of the form (�− 1)/2.

2. Reduction of CM abelian varieties

First, we recall Tate’s formulation of the Shimura-Taniyama formula in terms of
p-divisible groups [14, Section 4], which describes the behavior of reductions of CM
abelian varieties. With this tool in hand, we then show that when the CM-field is a
cyclic extension of Q, the types of Newton polygons arising from the reductions are
quite limited. This leads to a proof of Theorem 1. At the end, we present Honda’s
examples [3] and give a proof of Theorem 2.

2.1. Shimura-Taniyama theory for CM abelian varieties. Let K be a CM-
field of degree 2g over Q, and ΣK the set of embeddings of K into the algebraic
closure Q ⊂ C of Q:

ΣK := HomQ(K,Q) = HomQ(K,C).

We fix an embedding ι : Q ↪→ Qp, where Qp is a fixed algebraic closure of Qp. It
induces a bijection:

ι : ΣK � ΣK,p := HomQp
(K ⊗Q Qp,Qp), ϕ 	→ ι ◦ ϕ.
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On the other hand, we have K⊗QQp =
∏

p|p Kp, where Kp denotes the completion

of K at the prime p of K. If we put ΣKp
:= HomQp

(Kp,Qp), then

(2.1.1) ΣK,p =
∐
p

ΣKp
.

Let ρ ∈ ΣK be a fixed embedding of K into Q. When K/Q is Galois with G :=
Gal(K/Q), we may identify ΣK (and in turn ΣK,p via ι) with G via ρ:

(2.1.2) G � ΣK , σ ↔ ρ ◦ σ, ∀σ ∈ G.

The embedding ι ◦ ρ : K ↪→ Qp induces a unique prime p0 | p of K. Let Dp0
be the

decomposition group of p0. Then (2.1.1) corresponds to the partition of G into the
disjoint union of right cosets of Dp0

. More explicitly,

(2.1.3) ΣKp
� Dp0

σ−1
p , with σpp0 = p.

In particular, |ΣKp
| = |Dp0

| for all p | p. If K is abelian over Q, the decomposition
group Dp0

depends only on p and not on p0, so it is denoted by Dp instead. In this
case, the partition of G into cosets of Dp does not depend on the choice of ι nor ρ.

Let c ∈ Aut(K) be the unique automorphism of order 2 that is induced by
the complex conjugation for any embedding K ↪→ C. A subset Φ ⊂ ΣK is said
to be a CM-type on K if ΣK = Φ

∐
Φc. Given a CM-type Φ on K, we write

Φp := ι(Φ) ∩ ΣKp
⊂ ΣK,p for prime p of K. Let p̄ := cp; then c induces an

isomorphism between the completions Kp � Kp̄, which gives rise to a bijective map

(2.1.4) c : ΣKp̄
→ ΣKp

, ϕ 	→ ϕ ◦ c.
It follows from the definition of a CM-type that

(2.1.5) Φp

∐
Φp̄c = ΣKp

.

In particular, if cp = p, then |Φp| = |ΣKp
|/2.

A complex abelian variety AC of dimension g is said to have complex multiplica-
tion of type (K,Φ) if there is an embedding K ↪→ End0(AC) := End(AC)⊗ZQ, and
the character of the representation of K on the Lie algebra LieC(AC) is given by∑

ϕ∈Φ ϕ. A CM abelian variety of type (K,Φ) is simple if and only if Φ is primitive,
i.e., not induced from a CM-type of a proper CM-subfield of K.

Let AC be a CM complex abelian variety of type (K,Φ). Then AC has a model
A defined over a number field F ⊂ Q ([12, Section 6.2 and 12.4]). Enlarging the
base field F if necessary, we may assume that A has a good reduction A⊗ κ(q) at
every finite place q of F (cf. [11]). Here κ(q) denotes the residue field of q. Since we
are only concerned with the isogeny invariants, replacing A with its quotient by a
suitable finite subgroup if necessary, we may further assume that End(A)∩K = OK ,
the ring of integers of K. The p-adic completion of OK decomposes into a product

(2.1.6) OK ⊗Z Zp =
∏
p|p

OKp
,

where OKp
denotes the ring of integers ofKp. Let q be the prime of F corresponding

to the embedding ι : Q → Qp, and

(2.1.7) A⊗ κ(q)[p∞] =
∏
p|p

Hp



2342 JIANGWEI XUE AND CHIA-FU YU

be the decomposition of p-divisible groups induced from (2.1.6). Then each com-
ponent Hp is of height |ΣKp

|, dimension |Φp|, and isoclinic of slope |Φp|/|ΣKp
| (see

[12, Chapter III, Theorem 1], [14, Section 5] and [15, Section 4]). In particular, if

K is abelian over Q, then the slope sequence of A⊗ κ(q) depends only on Φ and p.
In other words, it is independent of the choice of ι : Q → Qp, and thus independent
of the prime q | p of F for the reduction.

Example 2.1.1. Suppose that p splits completely in K. Then Kp = Qp for all
p | p. So |ΣKp

| = 1, and Φp either coincides with ΣKp
or is empty. Therefore, each

Hp has slope either 0 or 1. The reduction of A at any prime q | p is ordinary.
Let L be the Galois closure of K over Q, i.e., the compositum of all conjugates

of K/Q. It is again a CM-field with c in the center of Gal(L/Q). Let p be a prime
unramified for L/Q such that the Artin symbol (p, L/Q) = c ∈ Gal(L/Q). By
Tchebotarev density theorem ([4, Theorem 10, Section VIII.4]), such p exists and
they have a positive density. Any prime p | p in K is then fixed by c. By the remark
below (2.1.5), the reduction of A at q is supersingular.

2.2. Proof of Theorem 1.

Lemma 2.2.1. For any integer g ≥ 1, there is a CM field K which is a cyclic
extension over Q with Galois group G � Z/2gZ. Moreover, K admits a primitive
CM-type Φ.

Proof. By the Dirichlet theorem on arithmetic progressions (cf. Lang [4, Section
VIII.4]), there is a prime number � such that � ≡ 1 + 2g (mod 4g). Then the
integer m := (� − 1)/2g is odd. Let K be the fixed subfield of the �-th cyclotomic
field Q(ζ�) for the unique subgroup H ⊂ (Z/�Z)× of order m. Since |H| is odd,
the complex conjugation c on Q(ζ�) is not contained in H, and hence it induces
a non-trivial automorphism of K. Therefore, K is a CM field which is cyclic over
Q of degree 2g. We claim that Φ = {0, 1, · · · , g − 1} ⊆ Z/2gZ = Gal(K/Q) is a
primitive CM-type on K. Otherwise, Φ will be translation invariant under a non-
trivial subgroup Gal(K/K ′) ⊂ Z/2gZ for some proper CM-subfield K ′ of K, but
this is not the case. �

Now for any g ≥ 2, let K ⊂ Q be a CM-field cyclic over Q with Galois group
G = Z/2gZ. Choose a primitive CM type Φ ⊂ ΣK � G. The complex torus
CΦ/Φ(OK) defines a complex abelian variety AC of CM type (K,Φ). Let A be a
model of AC defined over a sufficiently large number field F ⊂ C such that A has
good reduction everywhere. Let q be a prime of F over p, andDp be a decomposition
group of p in K. Since Gal(K/Q) is cyclic, Dp is uniquely determined by its order
f := |Dp|. We claim that the slope sequence of the reduction A⊗ κ(q) is uniquely
determined by f . Indeed, the slope of each component Hp in (2.1.7) is of the form
λ := |Φ ∩ (a+Dp)|/f for some coset a+Dp of Dp in G. If f is even, the complex
conjugation c ∈ Gal(K/Q) lies in Dp, hence every prime p | p in K is fixed by c.
It follows that every Hp in (2.1.7) is isoclinic of slope 1/2, and thus A ⊗ κ(q) is
supersingular. For a non-supersingular reduction of A, f is necessarily odd, so all
the slopes λ have odd denominators.

LetMg be the number of all possible slope sequences arising from good reductions
of A, and Ng be k the number of all symmetric integral slope sequences of length
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2g. To prove Theorem 1, it is enough to show that Mg < Ng. By the previous
arguments, we have an upper bound

(2.2.1) Mg ≤ 1 + the number of positive odd divisors of 2g = |G|.

Therefore, Mg ≤ g for any g ≥ 2. On the other hand, for any g ≥ 1, one easily sees
Ng ≥ g + 1 by counting the number of symmetric integral slope sequences taking
values only in {0, 1/2, 1}. This shows that Mg < Ng for all g ≥ 2 and hence proves
Theorem 1.

In fact, let β be a symmetric integral slope sequence of length 2g that takes
values only in {0, 1/2, 1}, and β is neither ordinary nor supersingular. There are
g − 1 such slope sequences. We have shown that β never coincides with the slope
sequence of any good reduction of A.

Remark 2.2.2. Suppose that g = 2n. By (2.2.1), Mg ≤ 2, and hence it is 2 by
Example 2.1.1. Varying n, we obtain an infinite family of absolutely simple abelian
varieties whose reductions are either ordinary or supersingular. There are other
classes of abelian varieties that enjoy this property. For example, let D be an
indefinite quaternion division algebra over Q, and A/F be an abelian surface over
a number field F with quaternion multiplication (QM) by D. In other words, there
exists an embedding D ↪→ End0(A). Then any reduction of A is either ordinary

or supersingular. Indeed, let Ã be a good reduction of A over some prime q | p of

F . The quaternion algebra Dp := D ⊗Q Qp acts on VpÃ := TpÃ ⊗Zp
Qp, where

TpÃ is the Tate-module of Ã. If Ã has slope sequence (0, 1/2, 1/2, 1), then VpÃ
is a dimension one Qp-vectors space, which cannot admit any action by Dp. It is
known that an abelian surface A with QM by D is absolutely simple if and only
if it does not have CM (cf. [16]). If A has no CM, then End0(A) = D, otherwise,
A is isogenous to the self-product of a CM elliptic curve. In particular, any good

reduction Ã of A, which is an abelian surface with QM by D over a finie field, is
always isogenous to the self-product of an elliptic curve.

We would like to thank the referee for the following stronger version of Theo-
rem 1.

Theorem 3. Let K be a CM-field with K/Q Galois and [K : Q] = 2g with g ≥ 2.
Let A/F be an abelian variety with CM by K. There exists a symmetric integral
slope sequence β such that, for each prime q of F , the slope sequence of reduction
A⊗ κ(q) does not coincide with β.

Proof. Since K is Galois over Q, in the decomposition (2.1.7) of the p-divisible
group of the reduction, each component Hp is isoclinic of slope |Φp|/f , where f
is the order of the decomposition group at p in K. Suppose that g ≥ 4, we pick
1 < f0 < g such that gcd(f0, 2g) = 1. For example, if g is odd, we may choose
f0 = g−2, and if g is even, we choose f0 = g−1. Then Gal(K/Q) has no subgroup
of order f0, and thus f0 can never occur as the denominator of a slope of some Hp.
Let λ = 1/f0, and β be the following symmetric integral slope sequence:

β = (0, · · · , 0︸ ︷︷ ︸
g−f0

λ, · · · , λ︸ ︷︷ ︸
f0

, 1− λ, · · · , 1− λ︸ ︷︷ ︸
f0

, 1, · · · , 1︸ ︷︷ ︸
g−f0

).

Then β never occurs as the slope sequence of any good reduction of A.
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If g = 3, then Gal(K/Q) is a group of order 6 with an element of order 2
in its center. Therefore, Gal(K/Q) = Z/6Z and we are reduced to the proof of
Theorem 1. If g = 2, then Gal(K/Q) is either Z/4Z or (Z/2Z)2. In the first case,
once again we are reduced to the proof of Theorem 1. In the second case K contains
two quadratic imaginary subfields; any CM-type on K is induced from one of them.
Hence A is isogenous over F̄ to a product of CM elliptic curves, so its reduction is
either ordinary or supersingular. It never achieves the slope sequence (0, 1/2, 1/2, 1)
from its reductions. �

2.3. Honda’s examples. We will describe some results of Honda [3] and prove
Theorem 2.

Let � be an odd prime, and C = C� be the smooth projective curve over Q

defined by the affine equation

(2.3.1) y2 = 1− x�.

The genus g := g(C) of C is (�− 1)/2. The curve C and its Jacobian J = J� have

good reductions at all primes p �= 2, �. For a fixed odd prime p �= �, let J̃ (resp. C̃)
be the reduction of J (resp. C) at p (over Fp).

Let ζ� be a primitive �-th root of unity in Q ⊂ C, and K := Q(ζ�) be the �-th
cyclotomic field. Then K is a CM-field that’s cyclic over Q with Galois group G :=
Gal(K/Q) = (Z/�Z)×, where each a ∈ (Z/�Z)× corresponds to the automorphism
of K that send ζ� to ζa� . Let ρ : K ↪→ Q be the natural inclusion. We will identify
G with ΣK via ρ as in (2.1.2).

The automorphism of C⊗QK defined by (x, y) 	→ (x, ζ�y) induces an embedding

K ↪→ End0K(J). This realizes J⊗QK as a CM-abelian variety of type (K,Φ), where
Φ = {1, 2, · · · g − 1, g} ⊂ G is a primitive CM-type on K. Let f be the order of p
in (Z/�Z)×. The Artin symbol (p,K/Q) equals p ∈ (Z/�Z)×, and f is the order of
the decomposition group Dp = 〈p〉 ⊆ (Z/�Z)× of p in K. By [3, Theorem 1, 2] or

the proof of Theorem 1, the slope sequence of J̃ depends only on f . Moreover, if f

is even, J̃ is supersingular.
Now Theorem 2 follows from Theorem 1 by noting that J is an absolutely simple

CM abelian variety of dimension (�− 1)/2 defined over Q, and the field K is cyclic
over Q.
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