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ON RIGIDITY PHENOMENA OF COMPACT SURFACES

IN HOMOGENEOUS 3-MANIFOLDS

ZEJUN HU, DONGLIANG LYU, AND JING WANG

(Communicated by Lei Ni)

Abstract. Let E(κ, τ) be the 3-dimensional homogeneous Riemannian man-
ifold with isometry group of dimension 4, where κ is the curvature of the basis
and τ the bundle curvature, which satisfy κ − 4τ2 �= 0. A special case of
E(κ, τ) is the Berger sphere that is also denoted by S3b(κ, τ). In this paper,
surfaces of E(κ, τ) are studied. As the main result, rigidity theorems in terms
of the second fundamental form are established for compact (minimal) surfaces
of S3b(κ, τ).

1. Introduction

In recent years, surfaces in homogeneous Riemannian 3-manifolds have been
extensively studied. See [1, 3, 9–11, 16–19], among others. In this paper, we will
study surfaces of the homogeneous Riemannian 3-manifolds whose isometry groups
have dimension 4.

Recall that the classification of simply connected 3-dimensional homogeneous
Riemannian manifolds is well known (cf. [4–6, 12, 20]). Such a manifold has an
isometry group of dimension 3, 4, or 6. When the dimension of the isometry group
is 6, then we have the space form. When the dimension of the isometry group is
3, the spaces are a certain class of Lie groups, among them we specially quote the
space Sol3 which is the only manifold to be a “geometry model” in the sense of
Thurston (see e.g. [13]). When the dimension of the isometry group is 4, such a
manifold is a Riemannian fibration over a 2-dimensional space form, the fibers are
geodesics and there exists a one-parameter family of translations along the fibers,
generated by a unit Killing vector field ξ which will be called the vertical vector
field. These manifolds are classified, up to isometry, by the curvature κ of the base
surface of the fibration and the bundle curvature τ , where κ and τ can be any real
numbers satisfying κ �= 4τ2.

The manifold whose isometry group is of dimension 4 as described above is
denoted by E(κ, τ ). Then there exists a Riemannian submersion Π : E(κ, τ ) →
M2(κ), where M2(κ) is a 2-dimensional simply connected space form of constant
curvature κ, with totally geodesic fibers and there exists a unit Killing vector field ξ
on E(κ, τ ) which is vertical with respect to Π. The bundle curvature is the number
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τ such that ∇Xξ = τX × ξ for any vector field X on E(κ, τ ), where × denotes the
vector product and ∇ denotes the Riemannian connection of E(κ, τ ), respectively.
When τ = 0 (and then κ �= 0), we get a product manifold M2(κ)× R, the vertical
vector ξ is tangent to the factor R. This case was treated extensively; we refer
to [8], among many others. The manifolds with τ �= 0 are of three types based on
the value of κ: the Berger spheres for κ > 0 that is commonly denoted by S3b(κ, τ );

the Heisenberg group Nil3 for κ = 0; and the universal cover S̃L(2,R) of the Lie
group SL(2,R) (endowed with a 2-parameter family of homogeneous metrics) for
κ < 0.

In this paper, we are concerned with the rigidity properties for surfaces of E(κ, τ )
with τ �= 0 in terms of the second fundamental form. Compared with that which
has been well-known for the space form, Theorem 1.1 shows that similar interesting
rigidity phenomena still hold for compact minimal surfaces of the more general
ambient space E(κ, τ ).

To state our results, we recall the typical surfaces in E(κ, τ ) which can be con-
structed in the following way. Given any regular curve γ in M2(κ), Π−1(γ) is a
surface in E(κ, τ ) which has ξ as a parallel tangent vector field and hence Π−1(γ)
is a flat surface, usually we call Π−1(γ) a Hopf surface of E(κ, τ ). If γ is a closed
curve, then we call Π−1(γ) a flat cylinder. Moreover, if γ is a closed curve and

Π is a circle Riemannian submersion (this happens for S3b(κ, τ ) and S̃L(2,R)),
then Π−1(γ) is a flat torus which is also called Hopf torus. A special case is
{(z, w) ∈ S3b(κ, τ ) : |z|2 = |w|2 = 1

2} which is the well-known Clifford torus.
Given a surface of E(κ, τ ), we denote by C its angle function and S the squared

norm of its second fundamental form (see Section 2.3 for the definitions of C and
S). Then as our main result, the rigidity theorem can be stated as follows.

Theorem 1.1. Let Φ : Σ → E(κ, τ ) be a minimal immersion of a compact surface
Σ. Then it holds the Simons’ type integral inequality

(1.1)

∫
Σ

{
S2 − [2τ2 + (κ− 4τ2)(5C2 − 1)]S + 2(κ− 4τ2)τ2(3C2 − 1)

}
dσ ≥ 0,

where the equality holds if and only if Φ is of parallel second fundamental form.
In particular, if Φ : Σ → S3b(κ, τ ) (κ �= 4τ2) is a minimal immersion of a compact

surface Σ, then equality holds in ( 1.1) if and only if Φ : Σ → S3b(κ, τ ) is the Clifford
torus. The latter case occurs only when C ≡ 0 and S ≡ 2τ2.

Remark 1.2. It is well known that S, the squared norm of the second fundamental
form of a compact minimally immersed surface M in the unit sphere S3(1), satisfies
the Simons’ integral inequality

(1.2)

∫
M

S(S − 2)dσ ≥ 0,

where the equality holds if and only if M is either the equatorial sphere or the
Clifford torus [7]. Compared to the difference between (1.1) for S3b(κ, τ ) and (1.2)
for S3(1), it is remarkable that the equality sign in (1.1) is attainable only by the
Clifford torus. This can be proven by the conclusion of Theorem 4.4.

Remark 1.3. From the integral inequality (1.1), an interesting pointwise pinching
result can be obtained in the case of Berger sphere S

3
b(κ, τ ) for κ > 4τ2. See

Corollary 4.7 and Remark 4.8.
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2. Preliminaries

2.1. Homogeneous Riemannian 3-manifolds with 4-dimensional isometry
group. We now recall from B. Daniel [9] some well-known facts for E(κ, τ ).

Let g be the Riemannian metric of E(κ, τ ), which we also denote by 〈·, ·〉. Denote
by ∇ the Riemannian connection with respect to g. There exists a Riemannian
submersion Π : E(κ, τ ) → M

2(κ), where M2(κ) is a 2-dimensional simply connected
space form of constant curvature κ, with totally geodesic fibers, and there exists a
unit Killing field ξ on E(κ, τ ) which is vertical with respect to Π. We will assume
that E(κ, τ ) is oriented, and then we can define a vectorial product ×, such that if
{e1, e2} are linearly independent vectors at a point p, then {e1, e2, e1 × e2} is the
orientation at p. Then the properties of ξ imply (see [9]) that for any vector field
X on E(κ, τ ) it holds the relation ∇Xξ = τX × ξ.

The Riemannian curvature tensor R of E(κ, τ ) is defined by the following con-
vention:

R(X,Y )Z = ∇Y ∇XZ −∇X∇Y Z +∇[X,Y ]Z,

where X,Y, Z are tangent vector fields of E(κ, τ ). Then we have

Proposition 2.1 ([9]). For all vector fields X,Y, Z,W on E(κ, τ ) we have

〈R(X,Y )Z,W 〉 = (κ− 3τ2)〈R0(X,Y )Z,W 〉+ (κ− 4τ2)〈R1(ξ;X,Y )Z,W 〉

with

R0(X,Y )Z = 〈X,Z〉Y − 〈Y, Z〉X,

R1(ξ;X,Y )Z = 〈Y, ξ〉〈Z, ξ〉X + 〈Y, Z〉〈X, ξ〉ξ
− 〈X,Z〉〈Y, ξ〉ξ − 〈X, ξ〉〈Z, ξ〉Y.

It follows that the expression of the (1, 3) type Riemannian curvature tensor is

(2.1) R(X,Y )Z = (κ− 3τ2)R0(X,Y )Z + (κ− 4τ2)R1(ξ;X,Y )Z,

where X,Y, Z are vector fields on E(κ, τ ).

2.2. Berger spheres S3b(κ, τ ). The Berger sphere is the special case of E(κ, τ )
when κ > 0 and τ �= 0. More precisely, a Berger sphere is a usual 3-sphere
S
3 = {(z, w) ∈ C

2 : |z|2 + |w|2 = 1} endowed with the metric g = 〈 , 〉b as that

(2.2) 〈X,Y 〉b =
4

κ

[
〈X,Y 〉0 +

(4τ2
κ

− 1
)
〈X,V 〉0〈Y, V 〉0

]
,

where 〈 , 〉0 stands for the usual metric on the sphere, V(z,w) := (iz, iw) for each

(z, w) ∈ S3 and κ, τ are real numbers with κ > 0 and τ �= 0. The Berger sphere
(S3, 〈, 〉b) as above will be denoted by S3b(κ, τ ).

The Hopf fibration Π : S3b(κ, τ ) → S
2(κ), where S

2(κ) stands for the 2-sphere of
radius 1/

√
κ, defined by

Π(z, w) =
2√
κ

(
zw̄, 1

2 (|z|
2 − |w|2)

)
,

is a Riemannian submersion whose fibers are geodesics. The vertical unit Killing
vector field is given by ξ = κ

4τ V .
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2.3. Surfaces in E(κ, τ ). Let Φ : Σ → E(κ, τ ) be an immersion of oriented surface
Σ and ∇ the induced Riemannian connection on Σ. Let N be the unit normal field
on Σ, T the tangential component of ξ, h and A the second fundamental form and
the shape operator of Φ associated with N , respectively. Then we have

T = ξ − CN, C = 〈ξ,N〉,

∇XY = ∇XY + h(X,Y ),

AX = −∇XN, 〈AX, Y 〉 = 〈h(X,Y ), N〉,
where X,Y are tangent vector fields on Σ. We call C the angle function of Σ.

Let {e1, e2, e3 = N} be an orthonormal positively oriented moving frame of
E(κ, τ ) such that e1, e2 are tangential to Σ, and let {ω1, ω2, ω3} be the coframe.
Then the second fundamental form h of Σ has the expression

h =

2∑
i,j=1

hijωi ⊗ ωj ⊗N,

where the coefficients hij = 〈h(ei, ej), N〉.
The mean curvature H and the squared norm S of the second fundamental form

h of Σ are defined as follows:

H =
1

2
(h11 + h22), S = |h|2 =

∑
i,j

(hij)
2.

Let ωij be the connection forms associated with {e1, e2}, which are defined by

dωi =
∑
j

ωij ∧ ωj , ωij + ωji = 0.

The first and second covariant derivatives hijk and hijkl of hij are thus defined
by ∑

k

hijkωk = dhij +
∑
k

hkjωki +
∑
k

hikωkj ,

∑
l

hijklωl = dhijk +
∑
l

hljkωli +
∑
l

hilkωlj +
∑
l

hijlωlk.

The Gauss equation of Φ : Σ → E(κ, τ ) is (cf. [9])

(2.3) K = detA+ τ2 + (κ− 4τ2)C2 = 2H2 − S
2 + τ2 + (κ− 4τ2)C2,

where K is the Gauss curvature of Σ, and detA = h11h22 − (h12)
2.

The Codazzi equation of Φ : Σ → E(κ, τ ) now reads as

(2.4) hijk − hikj = −R3ijk, 1 ≤ i, j, k ≤ 2,

where

R3ijk = R(N, ei, ej , ek) = 〈R(ek, ej)ei, N〉.
By using Proposition 2.1, we have

〈R0(ek, ej)ei, N〉 = 0,

〈R1(ξ; ek, ej)ei, N〉 = 〈δij〈ek, ξ〉ξ − δik〈ej , ξ〉ξ,N〉 = C(δij〈ek, ξ〉 − δik〈ej , ξ〉).
It follows that

R3ijk = C(κ− 4τ2)(δij〈ek, ξ〉 − δik〈ej , ξ〉).
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Denote T =
2∑

i=1

Tiei. Then the Codazzi equation becomes (cf. [9])

(2.5) hijk − hikj = C(κ− 4τ2)(δikTj − δijTk).

Let Rijkl be the components of the Riemannian curvature tensor R of Σ, which
satisfy

−1

2

∑
k,l

Rijklωk ∧ ωl = dωij −
∑
k

ωik ∧ ωkj .

Then we have the Ricci identity

(2.6) hijkl − hijlk =
∑
m

hmjRmikl +
∑
m

himRmjkl.

At any fixed point p ∈ Σ, we can suitably choose the local orthonormal frame
field {e1, e2} such that hij(p) = λiδij . If not stated otherwise, all calculations in
sequel are carried out at p. This will be stated when it is necessary.

Denote dC =
∑

i Ciωi. Then we have

Ci = ei〈N, ξ〉 = 〈∇eiN, ξ〉+ 〈N,∇eiξ〉
= 〈−Aei, ξ〉+ 〈N, τei × ξ〉 = −λi〈ei, ξ〉+ τ 〈N × ei, ξ〉(2.7)

= −λiTi + τ 〈N × ei, ξ〉.

We need to calculate Ti,j for later use.

Ti,j := ∇ej 〈T, ei〉 − 〈T,∇ejei〉 = ∇ej 〈ξ, ei〉 − 〈T,∇ejei〉
= 〈∇ejξ, ei〉+ 〈ξ,∇ejei〉 − 〈T,∇ejei〉(2.8)

= 〈τej × ξ, ei〉+ 〈ξ, hijN〉 = hijC + τCδij12,

where δij12 is the generalized Kronecker symbols, i.e., δ1212 = −δ2112 = 1 and δ1112 =
δ2212 = 0.

Finally, for later purpose we look at the invariants of Hopf surfaces of E(κ, τ ) (τ �=
0) in more detail.

2.4. Hopf surfaces in E(κ, τ ) (τ �= 0). By definition, any Hopf surface in E(κ, τ )
(τ �= 0) has a vanishing angle function, i.e., C = 0. Since it is flat, by (2.3) it also
satisfies S = 4H2 + 2τ2. Here H could be not a constant. Moreover, it was shown
in [3] that surfaces in E(κ, τ ) (τ �= 0) with parallel second fundamental form are
Hopf cylinders. See Theorem 4.5.

Next we consider the Clifford torus in S
3
b(κ, τ ). Recall that the Clifford torus

has a parameterization φ : R2 → S3 defined by

(2.9) φ(s, t) =
(
cos(s)eit, sin(s)eit

)
.

Put

φs = (− sin(s)eit, cos(s)eit), φt = (i cos(s)eit, i sin(s)eit).

Then we see that V = φt and ξ = κ
4τ φt is a unit tangent vector field of φ(R2). Thus

φ is a Hopf torus. It is well known that the Clifford torus is a minimal surface in
S3b(κ, τ ) and hence, by Gauss equation, it satisfies S = 2τ2.
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3. Lemmas with calculations on surfaces in E(κ, τ )

In this section, we make our main calculations on surfaces in E(κ, τ ). We will
begin with the following Simons’ type formula, derived by using the Gauss-Codazzi
equations and the Ricci identitiy.

Lemma 3.1. Let Φ : Σ → E(κ, τ ) be an immersion of a surface Σ. Then, at
p ∈ Σ, it holds that

1

2
ΔS = |∇h|2 +

∑
i,k

λihkkii + (λ1 − λ2)
2K + 2(κ− 4τ2)C2S(3.1)

−2(κ− 4τ2)
∑
i

λ2
iT

2
i + 2(κ− 4τ2)τ (λ1 − λ2)T1T2

+2(κ− 4τ2)H
∑
i

λiT
2
i − 4(κ− 4τ2)H2C2,

where Δ denotes the Laplacian of the induced metric on Σ.
Moreover, if Φ is minimal, then at p ∈ Σ, it holds that

(3.2)
1

2
ΔS = |∇h|2 + S[−S + 2τ2 + (κ− 4τ2)(5C2 − 1)] + 4(κ− 4τ2)τλ1T1T2.

Proof. By definition, we have

1

2
ΔS =

∑
i,j,k

(hijk)
2 +

∑
i,j,k

hijhijkk.

Using the Codazzi equation (2.5) and the Ricci identity (2.6), we have

hijkk = hkijk + (κ− 4τ2)[C(δikTj − δijTk)],k

= hkikj +
∑
m

hmiRmkjk +
∑
m

hkmRmijk + (κ− 4τ2)[C(δikTj − δijTk)],k

= hkkij +
∑
m

hmiRmkjk +
∑
m

hkmRmijk

+(κ− 4τ2)[C(Ti − δkiTk)],j + (κ− 4τ2)[C(δikTj − δijTk)],k.

Thus,

1

2
ΔS = |∇h|2 +

∑
i,j,k

hijhkkij +
∑

i,j,k,m

hijhmiRmkjk +
∑

i,j,k,m

hijhkmRmijk(3.3)

+(κ− 4τ2)
∑
i,j,k

{
hij [C(Ti − δkiTk)],j + hij [C(δikTj − δijTk)],k

}
.

Denote

I :=
∑

i,j,k,m

hijhmiRmkjk +
∑

i,j,k,m

hijhkmRmijk,

II :=
∑
i,j,k

hij [C(Ti − δkiTk)],j +
∑
i,j,k

hij [C(δikTj − δijTk)],k.

It is obvious that

(3.4) I =
∑
i �=k

h2
iiRikik +

∑
i �=k

hiihkkRkiik = (λ1 − λ2)
2K,
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where K = R1212 is the Gauss curvature of Σ, and

II =
∑
i,j

hij(CTi),j +
∑
i,j,k

hijCk(δikTj − δijTk) + C
∑
i,j,k

hij(δikTj,k − δijTk,k)

= 2
∑
i

λiCiTi + 2C
∑
i

λiTi,i − 2H
∑
k

CkTk − 2CH
∑
k

Tk,k.

By using (2.7) and (2.8), we have

(3.5) II = −2
∑
i

λ2
iT

2
i + 2τ (λ1 − λ2)T1T2 + 2C2S + 2H

∑
i

λiT
2
i − 4H2C2

Putting (3.4) and (3.5) into (3.3), we get the assertion (3.1).
If Φ is minimal, then we have λ2 = −λ1, and equation (3.1) reduces to

1

2
ΔS = |∇h|2 + 2KS + 2(κ− 4τ2)C2S − (κ− 4τ2)|T |2S + 4(κ− 4τ2)λ1τT1T2,

which together with (2.3) yields (3.2). �

We will need to know the divergence of ∇TT , stated by F. Torralbo and F.
Urbano in [18], omitting computation details. Here, for reader’s convenience, we
present it in a slightly more detailed way.

Lemma 3.2 ([18]). Let Φ : Σ → E(κ, τ ) be an immersion of a surface Σ. Then it
holds on Σ that

(3.6) div(∇TT ) = K|T |2 + 〈∇div(T ), T 〉+ |∇T |2 − 4τ2C2,

where T is the tangential component of ξ and C is the angle function of Σ.
Moreover, if Φ is minimal, then it holds on Σ that

(3.7) div(∇TT ) = K|T |2 + (S − 2τ2)C2.

Proof. Around each point of Σ, we choose an arbitrary local orthonormal frame
{e1, e2}. Then, by definition, direct computation shows that

div(∇TT ) =
∑
i,j

〈∇ei(Tj∇ejT ), ei〉

=
∑
i,j,k

〈∇ei(TjTk,jek), ei〉

=
∑
i,j,k

〈(TjTk,j),iek, ei〉(3.8)

=
∑
i,j

(TjTi,j),i

=
∑
i,j

Tj,iTi,j +
∑
i,j

TjTi,ji.

According to (2.8), we can get∑
i,j

Tj,iTi,j =
∑
i,j

(Ti,j)
2 − (T1,2)

2 − (T2,1)
2 + 2T1,2T2,1(3.9)

=
∑
i,j

(Ti,j)
2 − 4τ2C2 = |∇T |2 − 4τ2C2,
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and, by the Ricci identity, we have∑
i,j

TjTi,ji =
∑
i,j

Tj(Ti,ij + TkRkiji)(3.10)

= 〈∇div(T ), T 〉+
∑
i,j

(Tj)
2Rjiji

= 〈∇div(T ), T 〉+K|T |2.
Putting (3.9) and (3.10) into (3.8), we get (3.6).

If Φ is minimal, then according to (2.8), we have

(3.11) |∇T |2 =
∑
i,j

(Ti,j)
2 = C2S + 2τ2C2

and the divergence of T satisfies

(3.12) divT =
∑
i

Ti,i = 2HC = 0.

Putting (3.11) and (3.12) into (3.6), we get (3.7). �
We also need the calculation for Δ|T |2.

Lemma 3.3. Let Φ : Σ → E(κ, τ ) be an immersion of a surface Σ. Then, at
p ∈ Σ, it holds that

1

2
Δ|T |2 = K|T |2 + 〈∇div(T ), T 〉+ |∇T |2 + 2τ2(C2 − 1)(3.13)

+2τ (λ1 − λ2)T1T2.

Moreover, if Φ is minimal, it holds at p ∈ Σ that

(3.14)
1

2
Δ|T |2 = K|T |2 + C2S + 2τ2(2C2 − 1) + 4τλ1T1T2.

Proof. By direct calculation, with the use of Ricci identity and (2.8), we have

1

2
Δ|T |2 =

∑
i,j

(Ti,j)
2 +

∑
i,j

TiTi,jj(3.15)

= |∇T |2 +
∑
i,j

Ti(Tj,i + 2τCδij12),j

= |∇T |2 +
∑
i,j

TiTj,ij + 2τ
∑
i,j

TiCjδ
ij
12

= K|T |2 + 〈∇div(T ), T 〉+ |∇T |2 + 2τ
∑
i,j

TiCjδ
ij
12.

On the other hand, (2.7) further implies that∑
i,j

TiCjδ
ij
12 = T1C2 − T2C1(3.16)

= T1(−λ2T2 + τ 〈N ∧ e2, ξ〉)− T2(−λ1T1 + τ 〈N ∧ e1, ξ〉)
= (λ1 − λ2)T1T2 − τT 2

1 − τT 2
2

= (λ1 − λ2)T1T2 + τ (C2 − 1).

Putting (3.16) into (3.15), the assertion (3.13) follows.
If Φ is minimal, by inserting (3.11) and (3.12) into (3.13), we immediately get

(3.14). �
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Now we can state the main results of this section, which will be crucial for the
proof of Theorem 1.1.

Lemma 3.4. Let Φ : Σ → E(κ, τ ) be a minimal immersion of a surface Σ. Then
it holds on Σ that

1

2
ΔS − (κ− 4τ2)

[1
2
Δ|T |2 − div(∇TT )

]
(3.17)

= |∇h|2 − S2 + [2τ2 + (κ− 4τ2)(5C2 − 1)]S − 2(κ− 4τ2)τ2(3C2 − 1).

Proof. According to Lemmas 3.1, 3.2 and 3.3, we see that (3.17) holds at p ∈ Σ. The
assertion finally follows from the fact that the right hand of (3.17) is independent
of the choice of the orthonormal frame. �

4. Basic facts and proof of the rigidity theorems

We begin with a simple observation.

Proposition 4.1. Let Φ : Σ → E(κ, τ ) (τ �= 0) be a minimal immersion of a
compact surface Σ. Then the angle function C ≡ 0 is equivalent to the fact that the
squared norm of the second fundamental form of Φ satisfies S ≡ 2τ2.

Proof. If C ≡ 0, then the Gauss equation (2.3) and the assumption H ≡ 0 imply
that

K = detA+ τ2 + (κ− 4τ2)C2 = −S

2
+ τ2.

On the other hand, C ≡ 0, showing that ξ is a tangent vector field of Σ. Thus,
for a tangent vector field v, ∇vξ = τv × ξ ∈ T⊥Σ. This implies that ∇vξ = 0 and
therefore R(v, ξ, ξ, v) = 0. Hence we have K ≡ 0, and then S ≡ 2τ2 follows.

The converse follows from the integral formula (3.3) in [18]. We write it out in
more detail. If S ≡ 2τ2, then the Gauss equation (2.3) gives that K = (κ−4τ2)C2.
By (3.7), we obtain

div(∇TT ) = (κ− 4τ2)C2(1− C2).

The divergence theorem then gives that∫
Σ

C2(1− C2)dσ = 0.

Therefore, C2(1 − C2) = 0 on Σ. The following remark shows that C2 = 1 does
not occur, so we get C = 0 on Σ as claimed. �

Remark 4.2. As pointed out in [18], if C2 = 1, then it is well known that τ = 0 and
the surface is a totally geodesic slice of M2(κ) × R. This holds true even without
the compactness assumption.

Remark 4.3. We also note that, surfaces in E(κ, τ ) (τ �= 0) with C ≡ 0 are Hopf
cylinders, and it can be checked directly that they have parallel second fundamental
form. Indeed, if C ≡ 0, then the surface is Π−1(γ) for some curve γ, and by
a symmetry argument (or an easy computation) we immediately get that γ is a
geodesic. Related to this fact, see also Theorem 4.5.

We next recall that, in contrast to the fact that there exists totally umbilic
surfaces in the round sphere, it was proved by R. Souam and E. Toubiana [15] that
in E(κ, τ ) (τ �= 0) there does not exist any totally umbilic surfaces.
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Theorem 4.4 ([15]). There exist no totally umbilic surfaces (even non-complete)
in the 3-manifolds E(κ, τ ) with τ �= 0. In particular, there are no totally geodesic
surfaces in E(κ, τ ) with τ �= 0.

On the other hand, surfaces with parallel second fundamental form in Bianchi-
Cartan-Vranceanu spaces are shown to be the Hopf cylinders by M. Belkhelfa, F.
Dillen, and J. Inoguchi in [3]. Here, for E(κ, τ ) (τ �= 0), we include a shorter proof.

Theorem 4.5 (cf. Theorem 8.2 of [3]). Let Φ : Σ → E(κ, τ ) (τ �= 0) be a surface
with parallel second fundamental form. Then Φ is a Hopf cylinder.

Proof. As ∇h ≡ 0, the Codazzi equation (2.5) becomes

(4.1) (κ− 4τ2)C(δikTj − δijTk) = 0.

As κ �= 4τ2, we get

(4.2) CTj = 0, ∀j = 1, 2.

This implies that we have either C = 0 or T = 0 on Σ.
If T = 0 holds on Σ, then C2 ≡ 1 and according to Remark 4.2 it implies

that τ = 0, a contradiction. Hence it holds that C ≡ 0. Namely, Φ is a Hopf
cylinder. �

Proof of Theorem 1.1. Integrating (3.17) over Σ and using the divergence theorem
we immediately obtain the first assertion. Then, the second assertion is a direct
consequence of Theorem 4.5 and a fact that the Clifford torus is the only minimal
Hopf torus in S3b(κ, τ ). �

Remark 4.6. The important fact that the Clifford torus is the only minimal Hopf
torus in S3b(κ, τ ) is referred to in the third section of [2]. From [2], we know that
a similar fact also holds for a Hopf torus in the round sphere. In fact, this latter
fact can be derived directly from Pinkall’s computation for the mean curvature of
a Hopf torus [14].

In contrast with the above fact, an interesting phenomenon worth noting is that
in [18], it was shown that the only flat compact surfaces in S3b(κ, τ ) are the Hopf
tori. This result in the Berger sphere contrasts with the case of the round sphere
where, besides the Hopf tori, there are other flat tori (see [14, 21]).

To get more explicit information from Theorem 1.1, we next consider the Berger
sphere S3b(κ, τ ) with κ > 4τ2. For such cases the following equation on x,

(4.3) x2 −
[
2τ2 + (κ− 4τ2)(5C2 − 1)

]
x+ 2(κ− 4τ2)τ2(3C2 − 1) = 0,

has two distinct real number solutions x1 = a(κ, τ, C) and x2 = b(κ, τ, C), where

a(κ, τ, C) =
1

2

[
2τ2 + (κ− 4τ2)(5C2 − 1)−√

ρ
]
,

b(κ, τ, C) =
1

2

[
2τ2 + (κ− 4τ2)(5C2 − 1) +

√
ρ
]
,

and ρ is defined by

ρ = 4τ4 + (κ− 4τ2)2(5C2 − 1)2 + 4(κ− 4τ2)τ2(1− C2).
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Obviously, b(κ, τ, C) is positive, whereas a(κ, τ, C) could be negative. Moreover,
we have the relation a(κ, τ, C) ≤ τ2 < 2τ2 ≤ b(κ, τ, C). Hence, as immediate
consequences of Theorem 1.1, we have the following

Corollary 4.7. Let Φ : Σ → S
3
b(κ, τ ) (κ > 4τ2) be a minimal immersion of a

compact surface Σ. If the squared norm S of the second fundamental form of Φ
satisfies a(κ, τ, C) ≤ S ≤ b(κ, τ, C), then C ≡ 0, S ≡ 2τ2 and Φ is the Clifford
torus. More specifically, if τ2 ≤ S ≤ 2τ2, then C ≡ 0, S ≡ 2τ2 and Φ is the
Clifford torus.

Remark 4.8. Corollary 4.7 is considered by imposing the restriction κ > 4τ2, which
obviously can be weakened. However, as the problem of establishing a similar
pinching result as Corollary 4.7 for the case κ < 4τ2 is very interesting, it is still
open for us.

Remark 4.9. For compact minimal surfaces in S
3
b(κ, τ ), a satisfactory pinching result

might be like that if 0 ≤ S ≤ 2τ2, then S ≡ 2τ2 and the surface is the Clifford
torus. But, this is still an open problem for us.

Finally, motivated by Theorem 3.6 of [18], a similar rigidity result in terms of
the squared norm of the second fundamental form can be derived as follows.

Proposition 4.10. Let Φ : Σ → E(κ, τ ) be an immersion of a compact surface Σ.

(i) For κ < 4τ2, if S ≥ 4H2+2τ2 and C2 �= 1, then S ≡ 4H2+2τ2 and Φ is a
Hopf torus. Consequently, a compact minimal surface of S3b(κ, τ ) (κ < 4τ2)
with S ≥ 2τ2 and C2 �= 1 is the Clifford torus with S ≡ 2τ2.

(ii) For κ > 4τ2, if S ≤ 4H2+2τ2 and C2 �= 1, then S ≡ 4H2+2τ2 and Φ is a
Hopf torus. Consequently, a compact minimal surface of S3b(κ, τ ) (κ > 4τ2)
with S ≤ 2τ2 and C2 �= 1 is the Clifford torus with S ≡ 2τ2.

Proof. (i) We consider the first part. As C2 �= 1, the tangential component X of the
Killing field ξ is a vector field on Σ without singular point. We conclude that the
Euler-Poincaré characteristic χ(Σ) = 0 from the Hopf theorem. By Gauss-Bonnet
theorem we get

∫
Σ
Kdσ = 0.

On the other hand, as S ≥ 4H2 + 2τ2, the Gauss equation implies that

K = 2H2 − S

2
+ τ2 + (κ− 4τ2)C2

≤ 2H2 − S

2
+ τ2

≤ 0.

Hence, we have K = 0 and S ≡ 4H2+2τ2 on Σ. The assertion then follows because
from [18] we know that the only flat compact surfaces in E(κ, τ ) are the Hopf tori.

(ii) This is similar to the proof of case (i). �
Remark 4.11. As pointed out by the referee, Proposition 4.10 could be viewed as
a direct consequence of Theorem 3.6 of [18].
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