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SHORT-TIME EXISTENCE FOR THE SECOND ORDER

RENORMALIZATION GROUP FLOW

IN GENERAL DIMENSIONS

KARSTEN GIMRE, CHRISTINE GUENTHER, AND JAMES ISENBERG

(Communicated by Lei Ni)

Abstract. We prove local existence for the second order Renormalization
Group flow initial value problem on closed Riemannian manifolds (M,g) in
general dimensions, for initial metrics whose sectional curvatures Kπ satisfy
the condition 1 + αKπ > 0, at all points p ∈ M and for all planes π ⊂ TpM .
This extends results previously proven for two and three dimensions.

The second order approximation of the Renormalization Group flow for the non-
linear sigma model of quantum field theory, which we label the RG-2 flow, is spec-
ified by the PDE system

(1)
∂

∂t
g = −2Rc−α

2
Rm2 .

Here g is a Riemannian metric, Rc is its Ricci curvature, Rm2
ij = gpkgqlgnmRiklm

Rjpqn, and α is a positive parameter. We note that for our purposes here, α can
assume any real value. For α = 0, this system (1) reduces to the Ricci flow. One
can see that the sign of the right hand side, which is roughly 1 + α×Curvature,
should have an impact on the behavior of the flow, and this has been confirmed in
various settings: in particular, the size of the term influences the parabolicity of the
flow. Oliynyk has shown in [10] that on a two-dimensional manifold, if the Gaussian
curvature K satisfies the condition 1+αK > 0, then the flow is (weakly) parabolic;
while if 1 + αK < 0, then the flow is backward parabolic. In [3], Cremaschi and
Mantegazza prove that short-time existence holds in three dimensions so long as the
analogous curvature condition 1 + αKπ > 0 is satisfied for all sectional curvatures
Kπ. In this note we extend this curvature criterion for short-time existence for RG-2
flow to all dimensions, as first announced in [7]. Our main result is the following:

Theorem 1. Let (M, g0) be a closed n-dimensional Riemannian manifold. If 1 +
αKπ > 0 for all sectional curvatures Kπ(g0), at all points p ∈ M and planes
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π ⊂ TpM , then there exists a unique solution g(t) of the initial value problem
∂
∂tg = −2Rc−α

2 Rm2, g(0) = g0, on some time interval [0, T ).

Remark 2. In [10], Oliynyk finds open subspaces of the space of smooth metrics
that are invariant under the two-dimensional RG-2 flow, and for which the flow
remains parabolic (resp. backward parabolic). We are currently investigating this
for general dimensions.

Proof. To prove the theorem, we calculate the principal symbol of the DeTurck-
modified version of RG-2 flow, which is generated by the PDE system (compare
with (1) above)

(2)
∂

∂t
gij = −2Rij + LWu,g

gij −
α

2
Rm2

ij .

Here Wu,g = −giju−1
jk g

klgpq(∇puql − 1
2∇lupq) is the standard vector field usually

chosen to modify the Ricci flow into the related (parabolic) DeTurck version of
Ricci flow, with u a fixed metric. Letting ϕt be the one-parameter family of diffeo-
morphisms generated by the vector field −Wu,g, then ϕ∗

t g is a solution of the RG-2
flow (see also [8]). As in the analogous Ricci flow case, if one can show (for a class of
choices of the initial metric) that the PDE system (2) is parabolic, then short-time
existence holds for the RG-2 flow (1) as well as for the DeTurck-modified flow (2).

To calculate the symbol of the system (2), we first linearize the flow. For the
first two terms on the right hand side of (2), this linearization effectively produces
the Laplacian (see [4], or Theorem 2.1 in [5]). For the remaining term, Rm2, it is
useful to recall the formula for the variation of the Riemann curvature tensor with
respect to the metric (see pg. 74 in [2]):

[DRmg(h)]
l
ijk =

[
∂

∂ε
Rm(g + εh)

∣∣∣∣
ε=0

]l
ijk

=
1

2
glp(∇i∇jhkp +∇i∇khjp −∇i∇phjk(3)

−∇j∇ihkp −∇j∇khip +∇j∇phik) + LOT.

Here, we use g to denote the metric about which we are linearizing and we use h
to denote the tangent to the linearization; we note that covariant derivatives and
curvature terms appearing here and below are calculated with respect to g, and
indices are raised and lowered using g. The term LOT denotes lower order terms
with respect to derivatives of h. Applying (3) together with the observations that
[Dg−1(h)]ij = −hij and ∇p∇jh

l
n = ∇j∇ph

l
n −Rm

jpnh
l
m +Rl

jpmhm
n , we calculate

[DRm2
g(h)]ij =

1

2
gpkRn

ikl(∇j∇ph
l
n +∇j∇nh

l
p −∇j∇lhpn

−∇p∇jh
l
n −∇p∇nh

l
j +∇p∇lhjn)

+
1

2
gpkRl

jpn(∇i∇kh
n
l +∇i∇lh

n
k −∇i∇nhkl

−∇k∇ih
n
l −∇k∇lh

n
i +∇k∇nhil) + LOT

= Riklu(∇j∇lhku −∇k∇lhu
j ) +Rjklu(∇i∇lhku −∇k∇lhu

i ) + LOT.(4)

We obtain the principal symbol of the full flow (2) by replacing each ∇ appearing
in the sum of the Laplacian plus the terms in (4) by the co-vector ξ. As in the
Ricci flow case (see [9]), we work in orthonormal coordinates, and without loss of
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generality, we assume that ξ1 = 1, ξl = 0, l ≥ 2. Writing the derivative of the right
hand side of (2) as DLg, the symbol is thus given by

σDLg(h)ij := σDLg(ξ)(h)ij = hij

+
α

2
Rik1uδj1h

ku − α

2
Ri11uh

u
j +

α

2
Rjk1uδi1h

ku − α

2
Rj11uh

u
i .

(5)

Noting that (by design) the left hand side of (5) takes the form of a linear algebraic
operator on h, we rewrite the right hand side of (5) formally as a matrix expression,

(6) σDLg(h)A = ΣB
AhA.

The capital Latin letters represent the symmetric indices on h:

(7) hA ↔ {h11, h12, ..., h1n, h22, h23, ..., h2n, ..., hnn},
with, for example, h21 not appearing since h12 does. We note that hA is an
n(n + 1)/2 dimensional vector, and correspondingly ΣB

A is an n(n + 1)/2×
n(n+ 1)/2 matrix, whose columns are given by the hB terms of σDLg(h)A.

To determine whether or not the PDE system (2) is parabolic for a given metric g
(representing the initial data for an RG-2 flow solution) one determines if the matrix
ΣB

A is nondegenerate for that metric. We verify here that the condition stated for
sectional curvatures in the hypothesis of Theorem 1 guarantees this nondegeneracy,
and consequently the parabolicity of (2). To carry out this verification explicitly,
it is useful to write out the components of equation (5) for various possible choices
of the indices ij. There are three cases to consider:

Case 1. i = j = 1:

(8) σDLg(h)11 = h11 + αR1k1uh
ku,

Case 2. i = 1, j �= 1:

(9) σDLg(h)1j = h1j +
α

2
Rjk1uh

ku − α

2
Rj11uh

u
1 ,

Case 3. i �= 1, j �= 1:

(10) σDLg(h)ij = hij +
α

2
R1i1uh

u
j +

α

2
R1j1uh

u
i .

Based on these expressions, one sees that the matrix ΣB
A takes the block form

(11) ΣB
A =

(
I λ
μ ν

)
.

Here I is the n×n identity matrix, and since n(n+1)/2−n = n(n−1)/2, the block
μ is an n × n(n − 1)/2 matrix composed entirely of zeros. Thus the determinant
of ΣB

A is given by det(ν), from which it follows that the system (2) is parabolic so
long as the n(n− 1)/2× n(n− 1)/2 matrix ν has nonvanishing determinant. One
determines the components of ν from expression (10). The diagonal components of
ν have A = B = ij (so they are the hij terms of σDLg(h)ij for i, j > n), and have
the form

(12) 1 +
α

2
R1i1i +

α

2
R1j1j .

These terms thus take the form 1 + αKA, for sectional curvatures KA.
By contrast, the off-diagonal terms of ν do not involve the sectional curvatures;

rather, they involve only mixed curvatures of the form R1i1u and R1j1u for u �= i and
u �= j. Standard arguments show that we can choose an orthonormal basis which
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diagonalizes the (symmetric) matrix R1m1n; it follows that ν is nondegenerate so
long as the condition 1 + αKA > 0 holds, thus proving our theorem. �
Example 1 (4-dimensions). To help clarify the discussion in the proof above, we
write out the matrix ν explicitly for n = 4 dimensions. The order of the columns
here is h22, h23, h24, h33, h34, h44. Thus, for example, the first row in this matrix is
obtained by writing out σDLg(h)22 = (1 + αR1212)h22 + αR1213h23 + αR1214h24.
The complete set of entries are as follows:

ν =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + αR1212 αR1213 αR1214

α
2R1312 1 + α

2 (R1313 +R1212)
α
2R1314

α
2R1214

α
2R1314 1 + α

2 (R1212 +R1414)

0 αR1213 0

0 α
2R1214

α
2R1213

0 0 αR1214

0 0 0
α
2R1213

α
2R1214 0

0 α
2R1213

α
2R1214

1 + αR1313 αR1314 0
α
2R1314 1 + α

2 (R1313 +R1414)
α
2R1314

0 αR1314 1 + αR1414

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

We can diagonalize R1m1n, ensuring that the off-diagonal terms are zero.
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