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A MONGE-AMPÈRE INEQUALITY AND APPLICATIONS

TO HOLOMORPHIC MAPPINGS

JOHN P. D’ANGELO

(Communicated by Franc Forstneric)

Abstract. We provide sufficient conditions for a variational inequality involv-
ing the complex Monge-Ampère determinant and give applications to proper
holomorphic mappings. We also clarify the proof of a sharp inequality about
volumes of holomorphic images by placing it in this more general context.

1. Introduction

In [D1] the author proved a sharp inequality, stated in Corollary 1.1 below, about
the volumes of proper polynomial images of the unit ball. The author has given
two proofs, one involving complicated direct computation, and one using Stokes’
theorem. See [D2] for detailed discussion. Both proofs require a more general
result concerning the effect of a certain tensor product operation on the volume,
with multiplicity counted, of a holomorphic image. The purpose of this paper is
to reformulate and generalize this result to a variational problem involving the
complex Monge-Ampère determinant. See Theorem 1.1 and its corollaries.

We first state one form of the variational problem. Let dV2n denote the usual
Euclidean volume form on complex Euclidean space Cn. Let Ω be a bounded
domain in Cn, with boundary smooth enough to apply Stokes’ theorem. Consider
C2 functions F,G on the closure of Ω which agree on bΩ. We seek natural conditions
on Ω, F , and G in order to have

(1) Φ(F ) =

∫
Ω

det(Fzjzk
)dV2n ≤

∫
Ω

det(Gzjzk
)dV2n = Φ(G).

In the special case when F = ||f ||2 is the squared norm of a holomorphic map-
ping, Φ(F ) equals the volume Vf , with multiplicity counted, of the image of Ω under
f . The paper [D1] considers the special case where Ω is the unit ball Bn, and both
F and G are such squared norms, with value 1 on the boundary sphere. Since G
is a squared norm which is closely related to F = ||f ||2, we write G = ||Ef ||2, for
some holomorphic mapping Ef determined up to a unitary transformation. The
mapping f → Ef is a tensor product operation, used by the author in his work on
proper mappings between balls.

In this setting, where fN denotes a component function of f , we have

(2) ||Ef ||2 = G = F + |fN |2(||z||2 − 1) = ||f ||2 + |fN |2(||z||2 − 1).
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Equality (2) yields 0 < ||Ef ||2 ≤ ||f ||2 on the ball, and ||Ef ||2 = ||f ||2 = 1 on
the sphere. There is no pointwise inequality relating the Hessian determinants of
||Ef ||2 and ||f ||2 but the crucial integrated inequality (3) does hold:

(3) Φ(||f ||2) ≤ Φ(||Ef ||2).

For the special case of polynomial mappings between balls, (3) provides an im-
portant step in the proof of the following result.

Corollary 1.1. Let p : BN → BN be a proper holomorphic polynomial mapping
between unit balls. Let Vp denote the 2n-dimensional volume of the image p(Bn)
with multiplicity counted. If p is of degree m, then

(4.1) 0 < Vp ≤ πnmn

n!
.

Equality holds in (4.1) if and only if p is homogeneous of degree m.

Example 1.1 shows that all values in the half-open interval (0, πnmn

n! ] are possible.
If we assume in addition that p is injective and m ≥ 2, then

(4.2)
πn

n!
< Vp <

πnmn

n!
,

and again all values are possible. The maximum is not attained in this case, because
a homogeneous proper mapping between balls cannot be injective unless m = 1.

Example 1.1. Assume m ≥ 2. For 0 ≤ θ ≤ π
2 , we define mappings fθ and gθ by

fθ(z) = sin(θ)z⊗m ⊕ cos(θ)

gθ(z) = sin(θ)z⊗m ⊕ cos(θ)z.

For each θ, these mappings are proper from Bn to BN for some N , and

Vfθ =
πn

n!
sin2(θ)mn

Vgθ =
πn

n!

(
sin2(θ)mn + cos2(θ)

)
.

In Section 5 we discuss an extension of Corollary 1.1 to the rational case.
We return to the variational setting. Consider a bounded domain Ω and the

functional Φ(F ) on C2 plurisubharmonic functions F on the closed domain. Let
us suppose that 0 ≤ F ≤ 1 on Ω and F = 1 on the boundary. Then no maximizer
exists in general. Assume that Ω has a defining function ρ that is plurisubharmonic
on the boundary. By Theorem 1.1 below, we can replace F by F + hρ for non-
negative h and thereby increase Φ. Since F is continuous and F = 1 on bΩ, it is
positive near bΩ. Hence we can always find h such that h ≥ 0 and 0 ≤ F + hρ ≤ 1.

In Corollary 1.1, however, we have additional information: the degree of a poly-
nomial. When the admissable class of functions consists of squared norms of holo-
morphic polynomial mappings f of degree at most m with ||f(z)||2 = 1 on the unit
sphere, then Φ does have a maximizer. In fact, Φ is maximized if and only if f is
homogeneous of degree m, and one can explicitly compute the maximum. If m ≥ 2
and we assume that f is injective, then Φ has no maximizer, but Φ is bounded.

In a given context, we thus require additional restrictions (such as the degree of
p) on the domain of Φ to guarantee that Φ is bounded above.
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Let Ω be a bounded domain with C1 boundary. Let ρ be a defining function for
bΩ, with dρ pointing outward. We say that a (1, 1) form ω is CR positive on bΩ if,
for every non-negative function h,

0 ≤
∫
bΩ

h i ∂ρ ∧ Λn−1ω.

We note, when f is holomorphic, that the form i
2∂∂(||f ||2) is CR positive.

Theorem 1.1 gives sufficient conditions for the inequality Φ(F ) ≤ Φ(G) to hold.

Theorem 1.1. Let Ω be a bounded domain in Cn, with boundary of class C2.
Assume that F and G are of class C2 on the closed domain and that F = G on bΩ.
Then Φ(F ) ≤ Φ(G) holds if all of the following are satisfied:

• G ≤ F on Ω.
• The (1, 1) form i∂∂F is CR positive.
• Ω has a defining function which is plurisubharmonic on bΩ.

Corollary 1.2. Assume that Ω has a real-analytic plurisubharmonic defining func-
tion ρ. Suppose that f : Ω → CN is holomorphic and extends smoothly to bΩ. If
there is a non-negative function h for which ||f ||2 + hρ is a squared norm ||g||2,
then Vg ≥ Vf . If h > 0 somewhere on bΩ, then Vg > Vf .

Corollary 1.2 applies when Ω is the unit ball, with notation as in (2). Corollary
1.2 is especially useful when a holomorphic g exists for which one can compute
Vg explicitly. We then obtain an explicit upper bound on Vf . Theorem 5.1 shows
that we may take g(z) = z⊗m when f is a proper polynomial mapping of degree m
between balls.

Various extensions, generalizations, and applications of the results here are cer-
tainly possible. Bedford and Taylor ([BT1], [BT2]) have studied the complex
Monge-Ampère equation in their fundamental work in pluripotential theory. In
particular their work gives a precise meaning to the Monge-Ampère determinant
even when F is not differentiable. It seems quite possible to weaken some of the
regularity assumptions in this paper. We note that the crucial volume increase
inequality needed for Corollary 1.1 was proved in [D1] with no assumptions on
boundary regularity.

A possible application concerns CR complexity theory. In this paper, we bound
the volume of a proper polynomial image of a ball in terms of the degree. The vol-
ume depends on the function ||f ||2, but not on the target dimension. The degree
of such a map does impact its minimum embedding dimension. Thus, if the vol-
ume of the image of a proper polynomial map is sufficiently large, then the target
dimension must also be sufficiently large. Hence volume bounds in this context are
related to degree estimates. See [LP] for a recent result about degree estimates. See
also [KZ] for rigidity results (analogues of the strongest possible degree estimates)
in the bounded symmetric domain case.

Another possible extension is to consider mappings to domains in complex man-
folds. For example, one could replace the target space CN and its standard sym-
plectic form with a Kähler manifold and its Kähler form. The author acknowledges
helpful conversations along these lines with Gabe La Nave, who may study such
generalizations. The author also thanks an anonymous referee for suggesting a
clarification in the use of orthogonal homogenization in Section 5.
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2. Domains in one complex dimension

In this section we discuss the complex one-dimensional case, where things are
simpler. In particular, no special assumptions about the geometry of bΩ arise. At
the end of this section we discuss an analogue on the real line.

Let Ω be a bounded domain in C with boundary bΩ of class C2. Let ρ denote
a defining function for Ω. Thus ρ is of class C2, Ω = {z : ρ(z) < 0}, and the
differential dρ does not vanish on bΩ. Note also that dρ is orthogonal to bΩ, and
points in the direction of increasing ρ, that is, out of Ω. Note also that dρ = ∂ρ+∂ρ.
We use the standard identity i

2dz ∧ dz = dx ∧ dy.
A differential 1-form ω is positive on bΩ if

∫
bΩ

hω ≥ 0 for all non-negative func-
tions h for which the integral is defined, and we assume that bΩ is positively
oriented. For example, the form on the unit circle commonly written dθ is pos-
itive. Let J be the usual complex structure map defined by J(x, y) = (−y, x). If
η = Pdx+Qdy is a 1-form, we put Jη = −Qdx+Pdy. (We could also write Jη as
∗η in terms of the Hodge ∗ operator.) We write Δ for (four times) the Laplacian.
Thus for f twice differentiable we have Δf = fzz and

(5) Δ(f)dx ∧ dy =
i

2
Δ(f)dz ∧ dz =

i

2
∂∂(f).

We need the following lemma.

Lemma 2.1. The differential form i
2∂ρ is positive on bΩ.

Proof. Write z = x+ iy and indicate partial derivatives by subscripts. Since

dρ = ρxdx+ ρydy = ρzdz + ρzdz,

we have

(6)
i

2
∂ρ =

i

4
(ρx + iρy)(dx− idy) =

i

4
dρ+

1

4
J(dρ).

Since dρ(z0) is orthogonal to bΩ at each boundary point z0, the relation 0 = dρ =
∂ρ + ∂ρ holds when integrating over bΩ. Hence the first term on the right-hand
side of (6) drops out when integrated. The second term is a positive multiple of
the tangent direction to bΩ. Hence, when bΩ is positively oriented, the integrand
is non-nonegative. Therefore the integral is non-negative. �

For clarity we include a simple remark from calculus here. The line integral∫
γ
Pdx + Qdy is the same as

∫
γ
(P,Q) · Tds, where T is the unit tangent and ds

is the arc-length form. In the last step of the proof of Lemma 2.1, J(dρ) points in
the same direction as T, and hence the integrand is positive.

In one dimension, the appearance of F in Proposition 2.1 is superfluous. We
state (7.1) using F because it appears in the higher dimensional case.

Proposition 2.1. Let Ω be a bounded domain in C with defining function ρ. Let
h, F be C2 functions on the closure of Ω and suppose h ≥ 0 on bΩ. Then

(7.1)

∫
Ω

Δ(F )dV2 ≤
∫
Ω

Δ(F + hρ)dV2.

Proof. By linearity of the Laplacian, it suffices to show that

(7.2)

∫
Ω

Δ(hρ)dV2 ≥ 0.
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But, by Stokes’ theorem, Lemma 2.1, and the vanishing of ρ on the boundary,∫
Ω

Δ(hρ)dV2 =

∫
Ω

i

2
∂∂(hρ) =

∫
Ω

i

2
d(∂(hρ)) =

i

2

∫
bΩ

∂(hρ) =
i

2

∫
bΩ

h∂ρ ≥ 0.

�

We next derive several corollaries. Let ||G||2 be a squared norm of a holomorphic
mapping and let Ω denote the domain in C defined by ||G(z)||2 < 1. Then (7.2)
gives the following inequality:∫

Ω

Δ(h)dV2 ≤
∫
Ω

Δ(||G||2h)dV2.

If also h = ||f ||2 is a squared norm, then

(8)

∫
Ω

Δ(||f ||2)dV2 ≤
∫
Ω

Δ(||G||2||f ||2)dV2 =

∫
Ω

Δ(||G⊗ f ||2)dV2.

When Ω is the unit disk, and F = |f |2 for some holomorphic map f , we obtain
an interesting corollary. As we indicate below, it can easily be proved directly.

Corollary 2.1. Suppose f is holomorphic on the unit disk B1. Then the area Af

of the image f(B1), with multiplicity counted, is at most the area of the image of
the disk under the map zf . Thus

(9) Af = ||f ′||2L2 ≤ ||(zf)′||2L2 = Azf ,

and the inequality is sharp unless f is identically 0.

Proof. Take G(z) = z in (8). Then note that Δ(|f |2) = |f ′|2. We obtain (9). That
||f ′||2L2 equals the area of the image, with multiplicity counted, follows from the
change of variables formula in integration, because |f ′|2 equals the Jacobian of the
underlying mapping in two real variables. �

Example 2.1. Put f(z) = zm. Then the image of the unit disk is the unit disk,
covered m times. Hence Af = mπ. We can also check that∫

B1

|mzm−1|2dx dy = 2π

∫ 1

0

m2r2m−1dr = mπ.

Each function holomorphic in the unit disk has a power series about 0 that
converges in the unit disk. The natural Hilbert space here is the set A2 of square-
integrable holomorphic functions f on the unit disk, with inner product given by

〈f, g〉 =
∫
B1

f(z)g(z)dxdy.

The subspace A2 is closed in L2 and hence is itself a Hilbert space. The functions
zn for n = 0, 1, 2, . . . form a complete orthogonal system for A2. It is easy to relate
||f ||2L2 to the l2 norm of the Taylor coefficients of f . If f(z) =

∑∞
n=0 bnz

n, then

(10) ||f ||2L2 = π
∞∑

n=0

|bn|2
n+ 1

.

By (10) we can identify elements of A2 with sequences {bn} such that
∑ |bn|2

n+1

converges. The following proposition proves Corollary 2.1 directly.
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Proposition 2.2. Let f(z) =
∑∞

n=0 bnz
n be holomorphic on the unit disk B1.

Assume that f ′ is in L2(B1). Then

(11) ||f ′||2L2 = π

∞∑
n=0

(n+ 1)|bn+1|2,

(12) ||(zf)′||2L2 = ||f ′||2L2 + π

∞∑
n=0

|bn|2.

Thus Azf ≥ Af and equality occurs only when f vanishes identically.

Proof. By the orthogonality of the functions zn, it suffices to check these formulas
for monomials. The easy calculation appeared in Example 2.1. �

Note that the excess in area equals π||Sf ||2L2(S1), where Sf denotes the restriction

of f to the circle S1. We observe a simple but nice consequence. Suppose we know
nothing a priori about an extension of f to the circle. If Azf is finite, then the
boundary value of f is square integrable on the circle.

We also have the following consequence.

Corollary 2.2. Let f be holomorphic on B1, and suppose f ′ ∈ L2(B1). Then, for
each non-negative integer m, we have

(12.1) ||(zmf)′||2L2 = ||f ′||2L2 +mπ||Sf ||2L2(S1).

Proof. Since |zmf(z)| = |f(z)| on the circle, (12.1) follows from (12) by induction
on m. �

We close this section with an analogue of the variational problem in one real
variable. Consider a C1 function on the interval [0, 1] satisfying f(0) = 0 and
f(1) = 1. Let Lf denote the arc-length of the graph of f . Then we have

Lf =

∫ 1

0

√
1 + (f ′)2 dx.

Put g(x) = xf(x). Then g agrees with f on the boundary, and there is no inequality
relating Lf and Lg. Suppose, however, we assume that f is convex. By looking at
the graphs, one sees that Lf ≤ Lg. There is no inequality relating the integrands,
but the integrated inequality is geometrically evident. The intuition here is simple:
g′ is smaller than f ′ near 0. At some point, however, g′ must increase rather quickly
in order that g(1) = 1. Hence the average value, or integral, must be larger. The
same intuition applies in Proposition 2.2. The magnitude of the derivative of zf
must grow as we tend to the circle. Hence the conclusion Azf ≥ Af in Proposition
2.2 is plausible.

3. Volumes

We quickly review higher dimensional volume. See any good advanced calculus
book such as [HH] for more information.

Let Ω be an open subset of Rk. Let u1, . . . , uk be coordinates on Rk. The
ordering of the uj , or equivalently the duj , defines the orientation on Rk. We write

dV = dVk = dVk(u) = du1 ∧ · · · ∧ duk
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for the Euclidean volume form. When u = F (x) is a change of variables, preserving
the orientation, we obtain dV (u) = det(DF (x))dV (x).

Suppose F : Ω → RN is continuously differentiable and injective, except perhaps
on a small set, and that the derivative map DF : Rk → RN is injective, again
except perhaps on a small set. At each x, DF (x) : Tx(R

k) → TF (x)(R
N ) is a

linear map of tangent spaces. Let (DF )(x)∗ denote the transpose of DF (x). Then
(DF )(x)∗ : TF (x)(R

N ) → Tx(R
k). The composition (DF )∗(x)DF (x) maps Tx(R

k)
to itself, and hence its determinant is defined. The k-dimensional volume of the set
F (Ω) is then given by an integral:

(13) Vol(F (Ω)) =

∫
Ω

√
det((DF )∗DF )dVk.

Our main interest is the image under a holomorphic mapping f : Ω → CN . The
integrand in (13) then becomes det((||f ||2)zjzk

). See Lemma 3.1. When f is a
holomorphic and equi-dimensional mapping, we write Jf for its Jacobian determi-

nant: Jf = det
(

∂fj
∂zk

)
. The Jacobian determinant of the underlying real mapping

is |Jf |2.
Let Ψ denote the differential (1, 1) form on CN defined by

Ψ =
i

2

N∑
j=1

dζj ∧ dζj .

The factor i
2 arises because dz∧dz = −2idx∧dy in one dimension. The form ΛnΨ,

where we wedge Ψ with itself n times, is used to define 2n-dimensional volume. As
before, multiplicity is considered.

Definition 3.1 (2n-dimensional volume). Let Ω be an open subset in Cn, and
suppose that f : Ω → CN is holomorphic. We define V2n(f,Ω), the 2n-dimensional
volume of f(Ω) with multiplicity counted, by (14):

(14) V2n(f,Ω) =

∫
Ω

Λn(f∗Ψ)

n!
=

1

n!
(
i

2
)n

∫
Ω

Λn(

N∑
j=1

∂fj ∧ ∂fj).

Remark 3.1. When f is not injective, the formula (14) takes multiplicity into ac-
count. For w ∈ CN , let #(f, w) denote the number of points in Ω∩ f−1(w). Then
we could define V2n(f,Ω) by

V2n(f,Ω) =

∫
CN

#(f, w)dh2n(w),

where dh2n(w) is 2n-dimensional Hausdorff measure. The so-called area formula
from Geometric Measure Theory shows under rather general hypotheses, met here,
that this computation agrees with (14).

Remark 3.2. Suppose Ω is open in C2, and f : Ω → CN is holomorphic. Then
V4(f,Ω) =

∫
Ω
(EG− |F |2) dV4, where

E = ||∂f
∂z

||2,

G = || ∂f
∂w

||2,

F = 〈∂f
∂z

,
∂f

∂w
〉.
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No square root appears here. By contrast, in the real case, the classical formula for
the surface area form is

√
EG− F 2, where E,G, F have analogous definitions.

Let Ω be an open subset of Cn, and suppose that f : Ω → CN is holomorphic.
Let I = (i1, . . . , in) be an n-tuple of distinct increasing indices. When N ≥ n, we
consider all possible Jacobians J(fI) formed from n of the components of f . We
write ||J(f)||2 =

∑
I |J(fI)|2. Thus (14) gives

V2n(f,Ω) = ||J(f)||2L2(Ω).

The next lemma connects the determinant of the complex Hessian of ||f ||2 to
the volume of the image of f .

Lemma 3.1. Suppose f : Ω ⊆ Cn → CN is holomorphic. Put F = ||f ||2. Then

det(Fzjzk
) = ||J(f)||2.

Proof. The proof is a simple computation using differential forms. �
We summarize these ideas in the following result.

Proposition 3.1. For a general C2 function F we have

(15) det(Fzjzk
) dV2n =

1

n!
Λn

(
i

2
∂∂(F )

)
.

Suppose Ω is bounded, and let f : Ω → CN be holomorphic. Put F = ||f ||2. Then

V2n(f,Ω) =

∫
Ω

||J(f)||2dV2n =

∫
Ω

det(Fzjzk
) dV2n.

4. Proof of Theorem 1.1

We recall the basic inequality from the introduction. Under what circumstances
do we have

(1)

∫
Ω

det(Fzjzk
)dV2n ≤

∫
Ω

det(Gzjzk
)dV2n?

Since F = G on bΩ, we may write G = F + hρ, where ρ is a defining function for
Ω. Thus G ≤ F on Ω if and only if h ≥ 0 on Ω.

We note the following simple identity for wedge powers of (1, 1) forms.

Lemma 4.1. Let η and ξ be (1, 1) forms. Then

(16) Λn(η)− Λn(ξ) = (η − ξ) ∧

⎛
⎝n−1∑

j=0

Λn−j−1(η) ∧ Λj(ξ)

⎞
⎠ = (η − ξ) ∧ α.

Proof. Expand the sum and remember that η and ξ are 2-forms. �
We will apply Lemma 4.1 when η = i

2∂∂(F +hρ) and ξ = i
2∂∂(F ). Thus each of

these (1, 1) forms is exact. Hence any sum of wedge products of them is also exact.
Hence the form α defined in (16) is an exact form. We can now prove Theorem 1.1.

Proof. We will apply Stokes’s theorem, in a manner quite similar to the one-
dimensional case. Let I denote the ideal generated by ρ, ∂ρ, ∂ρ.

Using (15) and Proposition 3.1, inequality (1) is the same as inequality (17):

(17) (
i

2
)n

∫
Ω

Λn(∂∂(F + hρ)) ≥ (
i

2
)n

∫
Ω

Λn(∂∂(F )).
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Lemma 4.1 yields the equivalent inequality

(18) 0 ≤
∫
Ω

∂∂(hρ) ∧
( n−1∑
j=0

Λn−j−1(η) ∧ Λj(ξ)
)
=

∫
Ω

d
(
∂(hρ) ∧ α

)
.

By Stokes’ theorem and (18), we see that (1) is equivalent to (19):

(19) 0 ≤ (
i

2
)n

∫
bΩ

∂(hρ) ∧ α = (
i

2
)n

∫
bΩ

h∂ρ ∧ α.

We include one power of i
2 with ∂ρ and the rest with α. When computing (19), it

suffices to work with α modulo the ideal I generated by ρ, ∂ρ, ∂ρ. The reasons of
course are that ρ = 0 on bΩ, that dρ = ∂ρ + ∂ρ, that dρ is orthogonal to bΩ, and
finally that the first term includes a ∂ρ.

Note that η = ξ + i
2h∂∂(ρ) modulo I. Hence, modulo I, we have

α =
n−1∑
j=0

Λn−j−1(η) ∧ Λj(ξ) ∼=
n−1∑
j=0

Λn−j−1(η) ∧ Λj(η +
i

2
h∂∂(ρ)).

An exterior power of a non-negative (1, 1) form is itself non-negative. The sum
of non-negative forms is non-negative. Hence if i∂∂F is CR positive, h ≥ 0 on bΩ,
and i∂∂ρ is non-negative, then α is positive modulo I.

Since ρ < 0 on Ω, it follows that G ≤ F if and only if h ≥ 0. Thus, if h ≥ 0 and
ρ is plurisubharmonic on bΩ, then i∂∂G ≥ i∂∂F . We conclude that (19) holds if
the following all hold:

• G ≤ F on Ω.
• i∂∂F is CR positive.
• ρ is plurisubharmonic on bΩ; that is, i∂∂ρ ≥ 0 as a (1, 1) form there. �

We mention a version of the maximum principle from [BT1]. Suppose F,G are
plurisubharmonic and continuous on the closure of Ω. If the complex Hessian deter-
minants satisfy det(Fzjzk

) ≤ det(Gzjzk
), then the maximum of G− F happens on

the boundary. Part of the difficulty is to make sense out of the Hessian determinant
when F and G are not differentiable. Their result is used to establish uniqueness
of solutions to the complex Monge-Ampère equation det(uzjzk

) = f .
Here we seek integrated inequalities. As we saw, even in one dimension, there is

no pointwise inequality relating these determinants.

5. Proper holomorphic mappings between balls

We first recall various facts about proper holomorphic mappings. See the survey
[F] for general information and see [D2] for more details related to Proposition 5.1
and Theorem 5.1. Then we show how to derive Corollary 1.1 from Theorem 1.1.

Definition 5.1. Let Ω and Ω′ be open, connected subsets of complex Euclidean
spaces. Suppose f : Ω → Ω′ is continuous. Then f is called proper if, whenever
K ⊂ Ω′ is compact, then f−1(K) is compact in Ω.

A continuous map f : Ω → Ω′ between bounded domains is proper if and only
if the following holds: whenever {zν} is a sequence tending to the boundary bΩ,
then {f(zν)} tends to bΩ′. In case f extends to be a continuous mapping of the
boundaries, it follows that the extended map sends bΩ to bΩ′. When the boundaries
are smooth, if f is holomorphic and sufficiently smooth at bΩ, then the extended



4356 JOHN P. D’ANGELO

map is a CR mapping. When n ≥ 2 and f : Bn → BN is proper, holomorphic, and
sufficiently smooth at the boundary, then f is a rational mapping. See [F].

Remark 5.1. Proper holomorphic mappings must be finite-to-one, although not all
points in the image must have the same number of inverse images. By properness,
the inverse image of a point must be a compact set. By complex analyticity, the
inverse image of a point must be a complex variety. Together these facts show that
no point in the target can have more than a finite number of inverse images.

The simplest example of a proper holomorphic mapping that is not injective
is the map z → zm on the unit disk. Its analogue in higher dimensions is the
tensor product z �→ z⊗d. In this case the target dimension must exceed the domain
dimension.

Definition 5.2. Let f = (f1, . . . , fM ) and g = (g1, . . . , gN ) be mappings taking
values in CM and CN . Their tensor product f ⊗ g is the mapping taking values in
CMN defined by (f1g1, . . . , fjgk, . . . , fMgN ).

Note the easily proved formula ||f ⊗ g||2 = ||f ||2||g||2. In Definition 5.2 we did
not precisely indicate the order in which the terms fjgk are listed. We do not care,
because the mapping z �→ f(z) is less important in this paper than the real-valued
function z �→ ||f(z)||2. Since ||z⊗m||2 = ||z||2m, we can make the tensor product
concrete by considering

(20) Hm(z) = (. . . , cαz
α, . . .).

In (20), zα is multi-index notation. Each α = (α1, . . . , αn) is an n-tuple of non-
negative integers which sum to m, and all

(
n+m−1

m

)
such α appear. Each cα is

the positive square root of the multinomial coefficient
(
m
α

)
. We write |z|2α for the

product
∏

j |zj |2αj . By the multinomial expansion we obtain

(21) ||z⊗m||2 =
∑
α

|cα|2|z|2α =
∑
α

(
m

α

)
|z|2α = (

∑
j

|zj |2)m = ||z||2m.

Thus Hm : Bn → BN is proper. Here N =
(
n+m−1

m

)
is the smallest possible

dimension k for which there is a polynomial mapping f : Cn → Ck such that
||f(z)||2 = ||z||2m. See [D2].

A variant of the tensor product operation allows us to construct more examples
of polynomial mappings between spheres. By also allowing an inverse operation we
will find all polynomial mappings between spheres.

Let A be a subspace of CN , and let πA be orthogonal projection onto A.
The Pythagorean theorem gives ||f ||2 = ||πAf ||2 + ||(1 − πA)f ||2. We use the
Pythagorean theorem in a similar way in formula (22) from the next result. We
will perform a tensor product operation on the subspace A and leave the space A⊥

unchanged. Then we form the orthogonal sum of the spaces A⊥ and A ⊗CN . In
this construction the target space of the new map EA,gf becomes A⊥ ⊕ (A⊗CN ),
which we regard as a copy of CK for some K. After the proposition we give the
simplest example of this construction, namely the Whitney map.

We obtain

Proposition 5.1. Suppose f : Cn → CM and g : Cn → CN satisfy ||f ||2 =
||g||2 = 1 on some set S. Then, for any subspace A of CM , the map EA,gf =
(1− πA)f ⊕ (πAf ⊗ g) satisfies ||EA,gf ||2 = 1 on S.
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Proof. By definition of orthogonal sum and tensor product we have

(22) ||EA,gf ||2 = ||(1− πA)f ⊕ (πAf ⊗ g)||2 = ||(1− πA)f ||2 + ||πAf ||2||g||2.
If ||g||2 = 1 on S, then (22) yields ||(1− πA)f ||2 + ||πAf ||2 = ||f ||2 = 1 on S. �

When g(z) = z, we can write the computation in (22) as follows:

(23) ||EA(f)||2 = ||f ||2 + (||z||2 − 1)||πA(f)||2.

Example 5.1. Put f(z1, z2) = (z1, z2). Let A denote the span of the standard
basis element e2. Let g(z1, z2) = (z1, z2) as well. Then

EA,gf = z1e1 ⊕ (z2e2 ⊗ (z1, z2)) = (z1, z2z1, z
2
2).

The last equality identifies the target space πA⊥ ⊕ (πA ⊗C2) with C3.

Iteration of Proposition 5.1 leads to the following theorem.

Theorem 5.1 (Orthogonal homogenization and squared norms). Let p : Bn → BN

be a proper polynomial mapping of degree d. Then there is a polynomial mapping
w such that

||z||2d = ||p(z)||2 + ||w||2
(
||z||2 − 1

)
.

Proof. Let p : Cn → CN be a polynomial mapping. Let || || denote the Euclidean
norm in either the domain or target. We expand p in terms of homogeneous parts.

Thus p =
∑d

k=0 pk, where each pk : Cn → CN and pk(tz) = tkpk(z) for all t ∈ C.
Suppose in addition that p : S2n−1 → S2N−1. Then, if ||z||2 = 1, we have

(24) ||p(z)||2 = ||
∑

pk(z)||2 =
∑
k,j

〈pk(z), pj(z)〉 = 1.

Replacing z by eiθz and using the homogeneity yields

(25) 1 =
∑
k,j

eiθ(k−j)〈pk(z), pj(z)〉.

The right-hand side of (25) is a trig polynomial; hence all its coefficients vanish
except for the constant term. We conclude that p must satisfy certain identities
when ||z|| = 1:

(26)
∑

||pk||2 = 1,

(27)
∑
k

〈pk, pk+l〉 = 0. (l �= 0).

By homogeneity, these identities hold everywhere. Let d be the degree of p.
When l = d in (27) the only term in the sum is when k = 0, and we conclude that
p0 and pd are orthogonal. Let πA denote the projection of CN onto the span A of
p0. We can write

(28) p = (1− πA)p⊕ πAp.

Consider a new map g, defined by

g = EA(p) = (1− πA)p⊕ (πAp⊗ z).

In terms of squared norms, we can describe the process as follows:

(29) ||EAp||2 = ||πAp||2 ||z||2 + ||(1− πA)p||2 = ||p||2 + ||πAp||2(||z||2 − 1).
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Hence EA(p) also takes the sphere to the sphere in a larger target dimension. The
map g = EA(p) has no constant term and is of degree d. Thus g0 = 0. Now
we apply (27) to g, realizing the following conclusion. Either g is homogeneous of
degree 1, or its first order part g1 is orthogonal to its highest order part gd. We
apply the same reasoning to g, letting πB denote the orthogonal projection onto the
span of the homogeneous part g1. The map EB(EA(p)) is still of degree d, but its
homogeneous expansion now has no terms of order 0 or 1. Continue this process.

By (29), at each stage of the process we add a squared norm times the defining
function to a squared norm, obtaining a new squared norm. Proceeding in this
fashion, we increase the order of vanishing without increasing the degree, stopping
when the result is homogeneous. Thus there is a natural sequence of subspaces
A0, . . . , Ad−1 such that composing these tensor product operations yields some-
thing homogeneous of degree d. As the last step, we obtain a homogeneous proper
mapping ζ of degree d between balls. It follows that ||ζ(z)||2 = ||z||2d. Hence

(30) ||z||2d = ||p(z)||2 + ||w(z)||2
(
||z||2 − 1

)
,

where ||w(z)||2 is the sum of the squared norms arising at each step. �
Corollary 5.1. Let f : Bn → BN be a proper polynomial mapping of degree m.
Then Φ(||f ||2) ≤ Φ(||z||2m).

Proof. Observe that ρ = ||z||2−1, the defining function for the ball, is plurisubhar-
monic. Put F = ||p||2 and G = ||z||2m. Theorem 1.1 (or Corollary 1.2) combines
with (30) to give Φ(F ) ≤ Φ(G). �

To finish the proof of Corollary 1.1, we must show, with G = z⊗m, that∫
Bn

det(Gzjzk
) dV2n = mnπ

n

n!
.

This statement is proved in [D2] by direct computation.

Remark 5.2. The volume of the unit ball in Rk is
Γ( 1

2 )
k

Γ( k
2+1)

. Replacing k by 2n, and

using Γ( 12 ) =
√
π, we see that the volume of the unit ball Bn is πn

n! . Thus the
volume of the image of the ball under z �→ z⊗m is mn times the volume of the ball.

We can generalize the proof of Theorem 5.1 to certain rational proper mappings.
Let p

q be a rational proper mapping between balls. We may assume that q(0) = 1

and that p
q is reduced to lowest terms. Formulas (24) and (25) get replaced with

(31) ||p(z)||2 = ||
∑

pk(z)||2 =
∑
k,j

〈pk(z), pj(z)〉 = |q(z)|2,

(32) 0 =
∑
k,j

eiθ(k−j)(〈pk(z), pj(z)〉 − qkqj).

These identities imply that the degree of q is at most the degree of p. If the degree
of p exceeds the degree of q, the reasoning in the proof of Theorem 5.1 shows that
we can perform tensor product operations to obtain a new proper rational mapping
P
q where

P = Pm−1 + Pm + · · ·+ Pm+d.

Each tensor operation increases the volume of the image. Put F = ||pq ||2 = ||f ||2

and G = ||Pq ||2 = |g|2. Theorem 1.1 implies that Vf ≤ Vg.
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