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MULTIPLICATIVELY COLLAPSING

AND REWRITABLE ALGEBRAS

ERIC JESPERS, DAVID RILEY, AND MAYADA SHAHADA

(Communicated by Pham Huu Tiep)

Abstract. A semigroup S is called n-collapsing if, for every a1, . . . , an in S,
there exist functions f �= g (depending on a1, . . . , an), such that

af(1) · · · af(n) = ag(1) · · · ag(n);

it is called collapsing if it is n-collapsing, for some n. More specifically, S is
called n-rewritable if f and g can be taken to be permutations; S is called
rewritable if it is n-rewritable for some n. Semple and Shalev extended Zel-
manov’s solution of the restricted Burnside problem by proving that every
finitely generated residually finite collapsing group is virtually nilpotent. In
this paper, we consider when the multiplicative semigroup of an associative al-
gebra is collapsing; in particular, we prove the following conditions are equiva-
lent, for all unital algebras A over an infinite field: the multiplicative semigroup
of A is collapsing, A satisfies a multiplicative semigroup identity, and A satis-
fies an Engel identity. We deduce that, if the multiplicative semigroup of A is
rewritable, then A must be commutative.

1. Introduction

Throughout this article, we shall use the term algebra (without modification)
to indicate an associative algebra over a field K of characteristic p ≥ 0; we do
not assume that algebras are unital. We propose to study certain Burnside-type
conditions on the adjoint semigroup of an algebra A in terms of the natural Lie
structure on A given by its Lie bracket

[a, b] = ab− ba.

Let us begin by recalling a few key definitions and facts. A Lie algebra L is said
to be m-Engel if it satisfies the polynomial identity

[x,m y] = 0,

where [x,m y] = (x)(ad y)m. Lie algebras over a field of characteristic zero that
satisfy an Engel identity are nilpotent. This remarkable fact was proved by Kemer
in [7], for associative algebras when viewed as Lie algebras, and later by Zel′manov
in [22], for general Lie algebras. To avoid ambiguity, an associative algebra A is
said to be Lie nilpotent if it is nilpotent when viewed as a Lie algebra. Although
not all m-Engel Lie algebras over a field of positive characteristic are nilpotent,
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Zel′manov proved this to be the case whenever the Lie algebra is finitely generated
([23, 24]). Independent of Zel′manov’s theorem, Riley and Wilson proved the fol-
lowing associative analogue in [17]: every finitely generated associative algebra A
(over any commutative unital ring K) satisfying an Engel identity is Lie nilpotent.
In fact, something stronger holds: A is ‘upper’ Lie nilpotent (see [17]).

The usual multiplicative semigroup of A will be denoted by (A, ·). If A is unital,
then the elements of (A, ·) possessing an inverse form the group of units, A×, of A.
By embedding A into its unital hull, A1, we can express the adjoint operation on
A by

a ◦ b = a+ b+ ab = (1 + a)(1 + b)− 1.

In the case when A is itself unital, (A, ◦) → (A, ·) : a �→ 1 + a is an isomorphism of
monoids. Recall that the Jacobson radical J (A) of A is the largest ideal of A that
forms a group under the adjoint operation.

A semigroup S is said to satisfy a (nontrivial) identity

ω1(x1, . . . , xn) = ω2(x1, . . . , xn),

where ω1 and ω2 are distinct monomials in the free semigroup on {x1, x2, . . .}, if,
for arbitrary elements s1, . . . , sn in S,

ω1(s1, . . . , sn) = ω2(s1, . . . , sn).

The identity is reduced if ω1 and ω2 begin and end with different letters. Define
sequences λn and ρn in the free semigroup on {x, y, z0, z1, . . .} by

λ0 = x, ρ0 = y

and
λn+1 = λnznρn, ρn+1 = ρnznλn,

for each n ≥ 0. The nth Mal′cev identity is the reduced identity

λn(x, y, z0, . . . , zn−1) = ρn(x, y, z0, . . . , zn−1),

while the nth Thue-Morse identity

μn(x, y) = νn(x, y)

is the nth Mal′cev identity with z0 = · · · = zn−1 = 1. It is known that a group
is a nilpotent of class at most n if and only if it satisfies the nth Mal′cev identity
([10,13]). Similarly, a ring R is Lie nilpotent of class at most n if and only if (R, ◦)
satisfies the nth Mal′cev identity ([1, 16]).

Riley and Wilson proved in [18] that, if A is an algebra over an infinite field, then
(A, ◦) satisfies a semigroup identity precisely when A satisfies an Engel identity;
moreover, in this case, (A, ◦) satisfies a Thue-Morse identity. It turns out that
rather more can be said.

Let us begin with the following combinatorial definition introduced by Semple
and Shalev in [19,20]. Let S be a semigroup, and let n be a positive integer. Then S
is said to be n-collapsing if, for every a1, . . . , an in S, there exist distinct functions
f, g : {1, . . . , n} → {1, . . . , n}, such that

af(1) · · · af(n) = ag(1) · · · ag(n).
If S is n-collapsing, for some n, then S is called collapsing. Clearly S satisfies an
identity when the functions f and g can be chosen independently of the particular
elements a1, . . . , an; conversely, it is easy to see that every semigroup satisfying an
identity is collapsing.
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Semple and Shalev extended Zel′manov’s acclaimed solution of the restricted
Burnside problem in [19] by proving that every finitely generated residually finite
collapsing group is virtually nilpotent (since any group satisfying a Burnside iden-
tity xm=1 is obviously collapsing). Observe that every virtually nilpotent group
satisfies a semigroup identity of the form

μn(x
e, ye) = νn(x

e, ye),

for some positive integers n and e. Therefore, every finitely generated residually
finite collapsing group satisfies a semigroup identity. In fact, Shalev subsequently
proved in [20] that the finite generation hypothesis is not required here and then
raised the following natural question:

Does every collapsing group satisfy a semigroup identity?

We believe the following logical extension is also open:

Does every collapsing semigroup satisfy an identity?

Our first result provides further positive support.

Theorem 1.1. Let A be an algebra over a field K. If K is infinite or A is nil,
then the following conditions are equivalent:

(1) The adjoint semigroup (A, ◦) is collapsing.
(2) A satisfies an Engel identity.
(3) (A, ◦) satisfies a Thue-Morse identity.
(4) (A, ◦) satisfies an identity.

Observe that Theorem 1.1 does not extend (in the obvious way) to all algebras
over all finite base fields. Indeed, it is clear that every finite algebra is collapsing,
but not every finite algebra satisfies an Engel identity, for example. We also remark
that it is not possible to add ‘the multiplicative semigroup (A, ·) is collapsing’ to
our list of conditions (at least in the case when A is without unity). Indeed, take A
to be the subalgebra R2(K) = Ke11+Ke12 contained in the algebra, M2(K), of all
2× 2 matrices over K. Then (A, ·) is 3-collapsing, since it satisfies the (unreduced)
identity xyz = yxz, and yet A does not satisfy any Engel identity. The analogous
statement holds for the algebra C2(K) = Ke11 +Ke21.

A permutational semigroup identity is one of the form

x1 · · ·xn = xf(1) · · ·xf(n),

for some nonidentity permutation f on {1, . . . , n}. For instance, as remarked above,
(R2(K), ·) and (C2(K), ·) satisfy permutational identities of degree 3. A semigroup
S is called n-rewritable if, for every a1, . . . , an in S, there exist distinct permutations
f, g on {1, . . . , n} (depending on a1, . . . , an), such that

af(1) · · · af(n) = ag(1) · · · ag(n).

Obviously, every semigroup satisfying a permutational identity is rewritable, and
every rewritable semigroup is collapsing. Blyth proved in [3] that every n-rewritable
groupG contains a normal subgroupN of finite index such that its derived subgroup
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N ′ is finite. It turns out that being rewritable is rather a strong condition on the
adjoint semigroup:

Theorem 1.2. Let A be an algebra over an infinite field. Then the following
conditions are equivalent:

(1) The adjoint semigroup (A, ◦) is rewritable.
(2) The adjoint semigroup of every 2-generated subalgebra of A is rewritable.
(3) A is commutative.
(4) (A, ◦) satisfies a permutational identity.

Again, there is no hope to extend Theorem 1.2 to all algebras over all base fields,
since every finite algebra is rewritable but not necessarily commutative. However,
in Section 4, we will prove that Theorem 1.2 does extend to all nil algebras over
‘sufficiently large’ finite base fields.

2. Collapsing nil algebras

It is known that a variety V of associative algebras over an infinite field is En-
gel if and only if V contains neither R2(K) nor C2(K). The characteristic zero
case is due to Ju. N. Mal′cev ([11]), while the positive characteristic case is due to
O. B. Finogenova (also known as O. B. Paison) ([5]). The analogous characteri-
zation when the base field is finite is more complicated. Let |K| = r < ∞, and

consider any extension field F of K with rs
t

elements, where s is a prime and t
is a positive integer, and let σ be any one of the automorphisms of F defined by

aσ = ar
kst−1

, where k ∈ {1, . . . , s− 1}. Because s is prime, F σ is the unique max-
imal subfield of F containing K. The associative K-algebra B(K,F, σ) consists of
all matrices of the form(

a b
0 aσ

)
= ae11 + be12 + aσe22,

where a and b belong to F . It follows from [5] that a variety V over a finite field K
is Engel precisely when V does not contain either of the algebras R2(K) or C2(K),
nor any algebra of the form B(K,F, σ).

Now define words εm and ηm in the free monoid on {x, y, z} by

εm(x, y, z) = λm(x, y, 1, z, z2, . . . , zm−1),

ηm(x, y, z) = ρm(x, y, 1, z, z2, . . . , zm−1);

in other words, zi = zi, for each i. A semigroup is called positively m-Engel
whenever it satisfies the identity εm = ηm; a semigroup is positively Engel if it is
positively m-Engel for some m. Positively Engel rings were first studied by Riley in
[16], where it was shown that a ring has positively Engel adjoint semigroup precisely
when the ring satisfies an Engel identity. The following lemma was used.

Lemma 2.1. Consider elements x, y, z in B(K,F, σ) of the form

x = a0e11 + b0e12 + aσ0 e22,

y = a0e11 + c0e12 + aσ0e22, and

zm = dme11 + dσme22 (m ≥ 0).
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Then, working in the multiplicative semigroup of B(K,F, σ), the following recursive
formulas hold:

λm(x, y, z0, . . . , zm−1) = ame11 + bme12 + aσme22 and

ρm(x, y, z0, . . . , zm−1) = ame11 + cme12 + aσme22,

where

am = a2m−1dm−1,

bm = am−1cm−1dm−1 + aσm−1bm−1d
σ
m−1, and

cm = am−1bm−1dm−1 + aσm−1cm−1d
σ
m−1,

for each m ≥ 1.

Lemma 2.2. Let A be an algebra over any field K of characteristic p > 0, and
suppose that, for some integers e,m ≥ 0, (A, ◦) satisfies the identity

εm(xpe

, yp
e

, zp
e

) = ηm(xpe

, yp
e

, zp
e

).

Then A satisfies an Engel identity.

Proof. Without loss of generality, let K = Fp. Clearly the condition on A can
be framed in terms of polynomial identities, which uniquely determines a variety
V over K. Thus, as discussed above, it suffices to show that V does not contain
R2(K) or C2(K), nor any algebra of the form B(K,F, σ).

First observe that p-powers in (A, ◦) coincide with p-powers in (A, ·). To prove
that A = R2(K) /∈ V , set x = −e11, y = −e11 + e12, and z = 0. Then xpe

= x,
yp

e

= y, and zp
e

= 0 in (A, ◦). Hence, by induction on m,

εm(xpe

, yp
e

, zp
e

)− ηm(xpe

, yp
e

, zp
e

) = μm(x, y)− νm(x, y) = x− y = −e12 �= 0,

for every m ≥ 0. The proof that C2(K) /∈ V is analogous.
It remains to prove that none of the algebrasB(K,F, σ) lies in V . SinceB(K,F, σ)

is unital, it suffices to show that its multiplicative semigroup does not satisfy the
identity εm(xpe

, yp
e

, zp
e

) = ηm(xpe

, yp
e

, zp
e

). So, let n be a positive integer, and let
x = αe11+βe12 +ασe22 ∈ B(K,F, σ) be an arbitrary element in the multiplicative
semigroup. A simple induction argument on n yields the expression

xn = αne11 + (
∑

i+j=n−1

αi+jσ)βe12 + αnσe22.

Now choose α ∈ F such that ασ �= α, and put x = αe11 + e12 + ασe22, y =
αe11 + ασe22, and z = α−1e11 + α−σe22. Then

xpe

= αpe

e11 + (
∑

i+j=pe−1

αi+jσ)e12 + αpeσe22,

yp
e

= αpe

e11 + αpeσe22, and

zp
e

= α−pe

e11 + α−peσe22.

Setting a0 = αpe

, b0 =
∑

i+j=pe−1 α
i+jσ, c0 = 0, and dm = α−mpe

, for each m ≥ 0,
we discover from Lemma 2.1 that

εm(xpe

, yp
e

, zp
e

) = ame11 + bme12 + aσme22 and

ηm(xpe

, yp
e

, zp
e

) = ame11 + cme12 + aσme22,
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for each m ≥ 1. Induction shows that am = am+1
0 and amdm = a0, for each m.

Consequently, bm−cm = (aσ0−a0)(bm−1−cm−1), and hence bm−cm = (aσ0−a0)
mb0,

for each m. This yields

εm(xpe

, yp
e

, zp
e

)− ηm(xpe

, yp
e

, zp
e

) = (aσ0 − a0)
mb0e12,

for each m ≥ 0. Thus, it suffices to show that neither aσ0 = a0 nor b0 = 0. So,
suppose to the contrary that a0 = αpe

is fixed by σ. Then

(ασ − α)p
e

= (αpe

)σ − αpe

= 0,

contrary to our choice of α. Now suppose b0 = 0; in other words,

∑
i+j=pe−1

αi+jσ = αpe−1

pe−1∑
i=0

(ασ−1)i = 0.

Then

(αpe

)σ−1 − 1 = (ασ−1)p
e − 1 = (ασ−1 − 1)

pe−1∑
i=0

(ασ−1)i = 0,

so that σ fixes αpe

, contrary to what we have seen. �

For each positive integer n, define a polynomial pn in the free algebra on inde-
terminates x1, x2, . . . , xn, y by

pn =
∏

(xf(1) ◦ · · · ◦ xf(n) − xg(1) ◦ · · · ◦ xg(n))y,

where the product runs over all pairs of distinct functions f, g on {1, . . . , n} (in
some fixed order). Thus, if (A, ◦) is n-collapsing, then A satisfies pn = 0.

The following result was proved by Riley, in [14], for all fields of characteristic
zero and, in [15], for all infinite fields of characteristic p > 0.

Theorem 2.3. Let A be a nil algebra over any field. If the adjoint group (A, ◦) is
n-collapsing, then A is m-Engel for some m depending only on n.

Proof. As remarked above, we may assume that the base fieldK is finite with prime
characteristic p. It is also safe to assume that A is 2-generated. Since A satisfies
the polynomial identity pn = 0, A is a finite nilpotent algebra by Kaplansky’s
celebrated solution to the Kurosh-Levitzki problem ([8]). It follows that G = (A, ◦)
is an n-collapsing finite group. Consequently, by Shalev’s Theorem A′ in [20], G
contains a normal subgroup N such that the exponent e of G/N and the nilpotence
class c of N are bounded by functions of n only. Thus, since G is a p-group, G
satisfies the semigroup identity

λc(x
pt

, yp
t

, zp
t

0 , . . . , zp
t

c−1) = ρc(x
pt

, yp
t

, zp
t

0 , . . . , zp
t

c−1),

where pt is the largest power of p dividing e. Therefore, by Lemma 2.2, A is m-
Engel, for some m, which may depend on p. However, if p > e, then G is nilpotent
of class at most c, which is tantamount to A being Lie nilpotent of class at most
c (see [1]). Since there are only finitely many prime-power divisors of e, clearly m
can be chosen independent of K and p. �
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3. Collapsing algebras over infinite fields

We shall say that a ring B is ‘involved’ in another ring A if B is a direct limit
of rings that are each a homomorphic image of a subring of A. Observe that, if A
is a ring such that (A, ◦) is n-collapsing, then every ring B involved in A has the
property that (B, ◦) is n-collapsing, too.

For each prime p > 0 and integer k ≥ 1, let Fpk denote the field of cardinality

pk. We embed each Fpk into Fpk+1 and set Fp∞ =
⋃

k≥1 Fpk . We shall write K0 for
Q, when p = 0, and Fp∞ , when p > 0.

Lemma 3.1. Let K be an infinite field. Then the following statements hold:

(1) K involves K0.
(2) R2(K), respectively C2(K), involves R2(K0), respectively C2(K0).

Proof. If Q or Fp∞ is a subfield of K, then both assertions are obvious. If not,
Fp(t) is a subfield of K, for some transcendental element t over Fp, and thus Fp[t]
is a subring of K. Since each field Fpk is a (ring) homomorphic image of Fp[t], this
proves (1). The proof of (2) is analogous. �
Lemma 3.2. Let A be an algebra over an infinite field K, and let e be any idem-
potent in A.

(1) If eA(1− e) = {ea− eae| a ∈ A} �= 0, then A involves R2(K0).
(2) If (1− e)Ae = {ae− eae| a ∈ A} �= 0, then A involves C2(K0).
(3) If A involves neither R2(K0) nor C2(K0), then e is central in A.

Proof. Suppose that x ∈ eA(1 − e) is nonzero. Then ex = x, xe = 0, and x2 = 0,
so that Ke + Kx ∼= R2(K) is a subalgebra of A. This proves (1) by Lemma 3.1.
Because (2) is left-right symmetric to (1), it remains to deduce (3): if A involves
neither R2(K0) nor C2(K0), then by (1) and (2),

eA(1− e) = 0 = (1− e)Ae,

so that e is central. �
Lemma 3.3. Neither R2(K0) nor C2(K0) is collapsing.

Proof. By symmetry, it suffices to address the claim for R2(K0). We consider the
characteristic zero case first. Let n ≥ 1 be given, and put ai = e11 + bie12, where
b = 2n, for each i. Let f be any function on {1, . . . , n}. Then, by induction on n,

af(1) ◦ af(2) ◦ · · · ◦ af(n) = (b− 1)e11 + (bf(1) + 2bf(2) + · · ·+ 2n−1bf(n))e12.

It remains to prove that the integer af = bf(1)+2bf(2)+ · · ·+2n−1bf(n) is uniquely
determined by f . Indeed, by our choice of b, collecting like powers of b yields the
unique b-adic expansion of the integer af . Because there is a one-to-one corre-
spondence between the nonempty subsets of {1, 2, . . . , 2n−1} and the sums of those
subsets, the claim follows.

Now consider the case when K0 = Fp∞ . Choose k minimally such that
φ(pk − 1) > (n − 1)nn, where φ is Euler’s function, and choose β1, . . . , βn ∈ K0

linearly independent over F := Fpk . Let α be a primitive (pk − 1)th root of unity

in F , and set αi = αni − 1 ∈ F and ai = αie11 + βie12, for each i. Let f be any
function on {1, . . . , n}. Then, by induction on n,

af(1) ◦ · · · ◦ af(n) = (αf(1) ◦ · · · ◦ αf(n))e11 +

n∑
i=1

[(αf(1) ◦ · · · ◦ αf(i−1)) + 1]βf(i)e12,
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where the empty circle product is zero. It remains to show that the scalar

af =

n∑
i=1

[(αf(1) ◦ · · · ◦ αf(i−1)) + 1]βf(i) =

n∑
i=1

αnf(1)+···+nf(i−1)

βf(i)

uniquely determines f . Indeed, observe first that the subset

Sf = {1, αnf(1)

, . . . , αnf(1)+···+nf(n−1)}
of F is linearly independent over Fp since the degree of the minimal polynomial
over Fp satisfied by α is φ(pk − 1) > (n − 1)nn, by construction. In particular,
the nonempty subsets of Sf are uniquely determined by the sum of their elements.
Moreover, the coefficients of the unique F -linear expansion of af in terms of the βi

determines a partition of Sf . Suppose now that af = ag for some function g on
{1, . . . , n}. Then, for every i, there exists a j such that the coefficient of βf(i) =
βg(j) in af = ag corresponds to both a subset Xi of Sf containing the element

αnf(1)+···+nf(i−1)

and to a subset Yj of Sg containing the element αng(1)+···+ng(j−1)

.
Again, since the powers of α contained in Sf ∪Sg are all less than the degree of its
minimal polynomial, it follows that

αnf(1)+···+nf(i−1) ∈ Yj .

In fact, the only possibility is

αnf(1)+···+nf(i−1)

= αng(1)+···+ng(i−1)

since
nf(1) + · · ·+ nf(i−1) ≡ i− 1 mod n− 1.

Therefore, i = j, and so g(i) = g(j) = f(i), as required. �
Let J (A) denote the Jacobson radical of A, and let C(A) denote the commutator

ideal of A, that is, the associative ideal generated by [A,A].

Proposition 3.4. Let n be a positive integer, and let A be an algebra over an
infinite field K. Then the following statements hold:

(1) If A = M2(K), then A does not satisfy pn = 0.
(2) If (A, ◦) is n-collapsing, then every idempotent e of A is central and A/J (A)

is commutative. Furthermore, if A is generated by m < ∞ elements, then
C(A) is nilpotent of index bounded by a function determined by m and n
only.

Proof. As in Lemma 3.1, M2(K0) is involved in M2(K). Thus, M2(K) does not
satisfy pn = 0 since M2(K0) does not: evaluate each xi = ai and y = e21 with
ai as in the proof of Lemma 3.3. Now suppose that (A, ◦) is n-collapsing. Then
A involves neither R2(K0) nor C2(K0) by Lemma 3.3; hence, by Lemma 3.2, all
idempotents are central in A. By part (1), A satisfies a nonmatrix identity; hence,
A/J (A) is commutative and C(A) is nilpotent when A is finitely generated (see [2]
or [12], for example). Because the last statement depends only on the K-variety
satisfied by pn = 0, the nilpotence index of C(A) is bounded by a function depending
only on m, n, and possibly K. To see there is a bound independent of K, let t0
be the nilpotence index of C(A) when A is the relatively-free (countably generated)
algebra Q-algebra satisfying pn = 0. Then, for all sufficiently large primes p, if an
Fp-algebra A satisfies pn = 0, then C(A) is nilpotent of index at most t0. Indeed,
otherwise, for each k ≥ 1, there exists a prime qk ≥ k and an Fqk -algebra Ak
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satisfying pn = 0 such that C(Ak) is not nilpotent of index at most t0. It follows
that the ultraproduct A =

∏
k≥1Ak/F , with respect to the Fréchet ultrafilter F ,

is an algebra over the field K =
∏

k≥1 Fqk/F that satisfies pn = 0 but C(A) is
not nilpotent of index at most t0. However, this cannot happen because K has
characteristic zero. Since every K-algebra is also an algebra over one of Q, Fp∞ or
Fp(t), the claim follows. �

Recall that a unital algebra A is called local if A = A× ∪ J (A).

Lemma 3.5. Let A be a finite-dimensional unital algebra over an infinite field K
such that A is local and C(A)2 = 0. If (A, ·) is n-collapsing, then A is Lie nilpotent.

Proof. Suppose that (A, ·) is n-collapsing. Using the identity

u−1v−1uv = 1 + u−1v−1[u, v],

twice, it is easy to check that the condition C(A)2 = 0 forces A× to be metabelian.
Thus, every 2-generated subgroup G of A× is residually finite by a theorem of
P. Hall in [6]. Since G is a subsemigroup of (A, ·), it is n-collapsing, too. It now
follows from Shalev’s Theorem A′ in [20] that G contains a normal subgroup N such
that the exponent e of G/N and the nilpotence class c of N are bounded functions
of n only. Thus, every such G, and hence A×, satisfies a semigroup identity of the
form μc(x

e, ye) = νc(x
e, ye). Moreover, since A = A× ∪ J (A), (A, ·) satisfies the

reduced semigroup law μc(x
t, yt) = νc(x

t, yt), where t is the greater of e and the
nilpotence index of J (A). It now follows from a theorem of Riley and Wilson ([18])
that A must be Lie nilpotent. �

Lemma 3.6. Let A be any algebra over an infinite field such that C(A)2 = 0. If
(A, ◦) is n-collapsing, then A satisfies an Engel identity of degree bounded by a
function of n only.

Proof. It suffices to assume that A is 2-generated. A theorem of Kublanovskii
([9]) states that every finitely generated algebra in a variety is residually finite-
dimensional precisely when the variety satisfies an identity of the form

xymz =
∑

mi<m

uixy
mizvi,

for some ui, vi in the free algebra. Since C(A)2 = 0 by hypothesis, A satisfies the
polynomial identity

xy2z − (xyz)y − y(xyz) + y(xz)y = [x, y][y, z] = 0;

hence, A is residually finite-dimensional. Thus, because our hypotheses are pre-
served by homomorphic images, we may assume that A is finite-dimensional. In
this case, A/J (A) is finite-dimensional and semiprimitive. By embedding A/J (A)
into its unital hull, standard arguments force A/J (A) to be semisimple, and hence
unital. Lift this unity to an idempotent e in A. Then, by Proposition 3.4, e is
central in A. In particular, A decomposes into a direct sum of ideals:

A = eA⊕ (1− e)A.

By construction, (1 − e)A ⊆ J (A), which satisfies an Engel identity of degree
bounded by a function of n only by Theorem 2.3. Since the ideal eA inherits our
hypotheses, it suffices to proceed under that assumption that A is unital.
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Since J (A) is nilpotent, the primitive central idempotents f1, . . . , fr in A/J (A)
lift to orthogonal idempotents e1, . . . , er in A. These idempotents are central in A
by Proposition 3.4. Furthermore, because 1 −

∑
ei is an idempotent contained in

J (A), we have
∑

ei = 1. Hence,

A = (
∑

ei)A = e1A⊕ · · · ⊕ erA,

where J (eiA) = eiJ (A), for each i. Because A/J (A) is commutative (by Propo-
sition 3.4), each Wedderburn factor eiA/eiJ (A) = fi(A/J (A)) is a field extension
of K. Thus, Lemma 3.5 applies to each local algebra Ai, so that A is Lie nilpotent.
To see that A satisfies an Engel identity of bounded degree, consider the unital
subalgebra B generated by arbitrary elements x, y ∈ A over the prime subfield F

of K. Then, as above, B is residually finite-dimensional as an F-algebra. Thus, we
may assume that B is a finite-dimensional Lie nilpotent algebra over the perfect
field F. Consequently,

B = Z(B) + J (B),

by a theorem of Sweedler ([21]), where Z(B) denotes the center of B. Since
(J (B), ◦) is n-collapsing, Theorem 2.3 informs us that J (B), and hence B, satisfies
an Engel identity of bounded degree, as required. �

Proposition 3.7. Let R be any associative ring such that R/C(R)2 is Lie nilpotent
of class c and C(R) is (associatively) nilpotent of index t. If c = 1, then R is
commutative. If c ≥ 2, then R is Lie nilpotent of class at most

t+
1

2
(c− 2)t(t− 1).

Proof. It suffices to assume that R is unital, so that C(R) = [R,R]R. Denote the
ith term of the lower central series of R by γi(R), so that γc+1(R) ⊆ C(R)2, by
hypothesis. If c = 1, then C(R) ⊆ C(R)2 = 0 since C(R) is nilpotent. Now suppose
c ≥ 2. Using the identity [ab, c] = a[b, c] + [a, b]c repeatedly yields

γc+1+k(R) ⊆
∑

i+j=k

[C(R),i R][C(R),j R],

for every integer k ≥ 0. Moreover,

[C(R),i R] = [[R,R]R,i R] ⊆ [R,R]γi+1(R) + γi+2(R)R ⊆ C(R)2,

provided i ≥ c−1. But, if i+j = k = 2(c−2)+1, then either i ≥ c−1 or j ≥ c−1;
hence, in either case,

γ(c+1)+[2(c−2)+1](R) ⊆ C(R)3.

The above pigeon-hole argument extends naturally to longer products proving that

γ(c+1)+[2(c−2)+1]+[3(c−2)+1]+···+[(t−1)(c−2)+1)](R) ⊆ C(R)t = 0.

�

The following theorem was proved by Riley and Wilson in [17].

Theorem 3.8. There exists an integer-valued function c depending only on positive
integers m and d with the following property. If A is an m-Engel algebra over a
commutative unital ring K, then every d-generated subalgebra of A is (upper) Lie
nilpotent of class at most c(m, d). Consequently, in this case, (A, ◦) satisfies the
Thue-Morse identity of index c(m, 2).
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Theorem 3.9. Let A be an algebra over an infinite field. If (A, ◦) is n-collapsing,
then A is m-Engel, for some m depending only on n.

Proof. It suffices to assume that A is 2-generated. Observe that A/C(A)2 satisfies
an Engel identity of bounded index by Lemma 3.6, so that A/C(A)2 is Lie nilpotent
of bounded class by Theorem 3.8. It now follows from Propositions 3.4 and 3.7 that
A is Lie nilpotent of bounded class. �

Proof of Theorem 1.1. The implication (1) ⇒ (2) follows from Theorems 2.3 and
3.9, while the implication (2) ⇒ (3) follows from Theorem 3.8. The remaining
implications are trivial. �

The following result shows that being collapsing is a ‘local’ condition.

Corollary 3.10. Let A be an algebra over a field K such that either K is infinite
or A is nil. If (B, ◦) is n-collapsing, for every 2-generated subalgebra B of A, then
(A, ◦) is N-collapsing, for some N depending only on n.

Proof. By Theorems 2.3 and 3.9, each B is m-Engel, for some m depending only on
n. Hence, by Theorem 3.8, each (B, ◦) satisfies the Thue-Morse identity of index
N = c(m, 2), and, consequently, (A, ◦) satisfies the Thue-Morse identity of index
N , as well. �

4. Rewritable algebras

Blyth proved in [3] that an n-rewritable group G contains a normal subgroup N
of finite index such that its derived subgroup, N ′, is finite. Elashiry and Passman
gave a quantitative version of this result in [4] by describing explicit integer-valued
functions r(n) and s(n), depending only on n, such that |G : N | ≤ r(n) and
|N ′| ≤ s(n).

The group commutator of x and y in a group G will be denoted by

(x, y) = x−1y−1xy.

Lemma 4.1. Let A be a nilpotent algebra over a field K such that

|K| ≥ r(n)(s(n) + 1).

If G = (A, ◦) is n-rewritable, then A is commutative.

Proof. Suppose G is n-rewritable. Then, as discussed above, G contains a normal
subgroup N such that |G : N | ≤ r(n) and |N ′| ≤ s(n). We claim that N must be
abelian, for otherwise we would have |N ′| > s(n). Indeed, if N ′ �= 1, then there
exist elements x, y ∈ N such that

x ◦ y − y ◦ x = xy − yx = [x, y] �= 0.

Because A is nilpotent, there exists a maximal integer k ≥ 1 such that [x, y] ∈ Ak

but [x, y] �∈ Ak+1. It suffices to prove that |N ′ + Ak+1/Ak+1| > s(n), and so we
may assume that Ak+1 = 0. Since |G/N | ≤ r(n), there exists some β ∈ K such
that, for at least (s(n) + 1)-many elements α ∈ K, we have (αx) ◦N = (βx) ◦N ;
in other words,

xα := (β − α)x(1− αx+ α2x2 − · · · ) = (1− αx+ α2x2 − · · · )(1 + βx)− 1 ∈ N.

Hence, because [x, y] ∈ Ak and Ak+1 = 0, we have

(1 + xα, 1 + y)− 1 = (1− xα + x2
α − · · · )(1− y + y2 − · · · )[xα, y] = (β − α)[x, y],
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and so |N ′| ≥ s(n) + 1, as claimed. Now notice that the subalgebra of A generated
by N is also an abelian normal subgroup of G of index at most r(n). Therefore,
in order to prove that G itself is abelian, it suffices for us to assume that N is a
subalgebra of A. We claim that, in this case, N must coincide with G. So, let us
suppose, to the contrary, that there is some x in G that does not lie in N , and let
α ∈ K×. Then, since N is both a subgroup of G and a subalgebra of A, neither
αx nor its inverse −αx+ α2x2 − α3x3 + · · · can lie in N . Now, for every α �= β in
K×, we have distinct cosets (αx) ◦N �= (βx) ◦N. Indeed, otherwise

(β − α)x(1− αx+ α2x2 − · · · ) = (1− αx+ α2x2 − · · · )(1 + βx)− 1 ∈ N,

so that

−αx+ α2x2 − α3x3 + · · · = −α(β − α)−1(β − α)x(1− αx+ α2x2 − · · · ) ∈ N,

contrary to what we have just observed. Since

|K×| = |K| − 1 ≥ r(n)(s(n) + 1)− 1 > r(n),

this contradicts the fact that |G : N | ≤ r(n), completing the proof. �

To prove Theorem 1.2, it suffices to prove the following stronger result.

Theorem 4.2. Let A be an algebra over a field K such that either K is infinite
or A is nil and |K| ≥ r(n)(s(n)+ 1). If the adjoint semigroup of every 2-generated
subalgebra of A is n-rewritable, then A is commutative.

Proof. We may assume that A itself is 2-generated and n-rewritable. Thus, by
Theorem 1.1, A is m-Engel, for some m, so that A satisfies the identity

xymz +
m∑
i=1

(−1)i
(
m

i

)
yixym−iz = [x,m y]z = 0.

Hence, by [9], we may assume that A is finite-dimensional and Lie nilpotent (by
Engel’s theorem). Thus, in the case when the base field K is perfect,

A1 = Z(A1) + J (A1) = Z(A1) + J (A)

by [21], and so A is commutative by Lemma 4.1. When K is not perfect, either K
contains the perfect field Fp∞ , in which case we are done by replacing K with Fp∞ ,
or K contains a transcendental element over Fp. In the latter case, the structural
constants of A are contained in a purely transcendental field extension F (t1, . . . , tm)
of a finite field F with m ≥ 1. By clearing denominators, we may assume that the
structural constants lie in R = F [t1, . . . , tm], and hence that A is a finitely generated
free R-algebra. Since R is the subdirect product of finite fields, all of arbitrarily
large cardinality, it follows that A is commutative by the perfect case. �
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gebras whose units satisfy a group identity, J. Algebra 190 (1997), no. 1, 241-252, DOI
10.1006/jabr.1996.6892. MR1442155 (98g:16030)

[3] Russell D. Blyth, Rewriting products of group elements. II, J. Algebra 119 (1988), no. 1,
246–259, DOI 10.1016/0021-8693(88)90088-9. MR971358 (90b:20034)

[4] M. I. Elashiry and D. S. Passman, Rewritable groups, J. Algebra 345 (2011), 190–201, DOI
10.1016/j.jalgebra.2011.08.007. MR2842061 (2012j:20089)

[5] O. B. Finogenova, Varieties of associative algebras satisfying Engel identities (Russian,
with Russian summary), Algebra Logika 43 (2004), no. 4, 482–505, 508, DOI
10.1023/B:ALLO.0000035118.51742.41; English transl., Algebra Logic 43 (2004), no. 4, 271–
284. MR2105850 (2005h:08007)

[6] P. Hall, On the finiteness of certain soluble groups, Proc. London Math. Soc. (3) 9 (1959),
595–622. MR0110750 (22 #1618)

[7] A. R. Kemer, Nonmatrix varieties (Russian), Algebra i Logika 19 (1980), no. 3, 255–283,
382. MR609015 (82k:16022)

[8] Irving Kaplansky, Rings with a polynomial identity, Bull. Amer. Math. Soc. 54 (1948), 575–
580. MR0025451 (10,7a)

[9] S. I. Kublanovskii, On varieties of associative algebras with local finiteness conditions
(Russian, with Russian summary), Algebra i Analiz 9 (1997), no. 4, 119–174; English transl.,
St. Petersburg Math. J. 9 (1998), no. 4, 763–813. MR1604008 (99a:16017)

[10] A. I. Mal′cev, Nilpotent semigroups (Russian), Ivanov. Gos. Ped. Inst. Uc. Zap. Fiz.-Mat.
Nauki 4 (1953), 107–111. MR0075959 (17,825d)

[11] Ju. N. Mal′cev, Varieties of associative algebras (Russian), Algebra i Logika 15 (1976), no. 5,
579–584, 606. MR0485632 (58 #5457)

[12] S. P. Mishchenko, V. M. Petrogradsky, and A. Regev, Characterization of non-matrix vari-
eties of associative algebras, Israel J. Math. 182 (2011), 337–348, DOI 10.1007/s11856-011-
0034-4. MR2783976 (2012e:16057)

[13] B. H. Neumann and Tekla Taylor, Subsemigroups of nilpotent groups, Proc. Roy. Soc. Ser. A
274 (1963), 1–4. MR0159884 (28 #3100)

[14] David Michael Riley, Algebras with collapsing monomials, Bull. London Math. Soc. 30 (1998),

no. 5, 521–528, DOI 10.1112/S0024609398004597. MR1643826 (99g:16029)
[15] David M. Riley, Algebras with collapsing monomials. II, Comm. Algebra 29 (2001), no. 7,

2745–2756, DOI 10.1081/AGB-100104984. MR1848379 (2002e:16048)
[16] David M. Riley, Engel varieties of associative rings and the number of Mersenne primes,

J. Algebra 261 (2003), no. 1, 19–30, DOI 10.1016/S0021-8693(02)00562-8. MR1967154
(2004b:16032)

[17] D. M. Riley and Mark C. Wilson, Associative rings satisfying the Engel condition,
Proc. Amer. Math. Soc. 127 (1999), no. 4, 973–976, DOI 10.1090/S0002-9939-99-04643-2.
MR1473677 (99f:16025)

[18] David M. Riley and Mark C. Wilson, Associative algebras satisfying a semigroup identity,
Glasg. Math. J. 41 (1999), no. 3, 453–462, DOI 10.1017/S0017089599000142. MR1720410
(2000j:16037)

[19] James F. Semple and Aner Shalev, Combinatorial conditions in residually finite groups. I, J.
Algebra 157 (1993), no. 1, 43–50, DOI 10.1006/jabr.1993.1089. MR1219657 (94g:20033)

[20] Aner Shalev, Combinatorial conditions in residually finite groups. II, J. Algebra 157 (1993),
no. 1, 51–62, DOI 10.1006/jabr.1993.1090. MR1219658 (94g:20034)

[21] Moss E. Sweedler, Lie nilpotent and solvable associative algebras, J. Algebra 26 (1973), 422–
430. MR0379604 (52 #509)

[22] E. I. Zel′manov, On Engel Lie algebras (Russian), Sibirsk. Mat. Zh. 29 (1988), no. 5, 112–117,
238, DOI 10.1007/BF00970273; English transl., Siberian Math. J. 29 (1988), no. 5, 777–781
(1989). MR971234 (90a:17010)

[23] E. I. Zel′manov, Solution of the restricted Burnside problem for groups of odd exponent

(Russian), Izv. Akad. Nauk SSSR Ser. Mat. 54 (1990), no. 1, 42–59, 221; English transl.,
Math. USSR-Izv. 36 (1991), no. 1, 41–60. MR1044047 (91i:20037)

[24] E. I. Zel′manov, Solution of the restricted Burnside problem for 2-groups (Russian), Mat.
Sb. 182 (1991), no. 4, 568–592; English transl., Math. USSR-Sb. 72 (1992), no. 2, 543–565.
MR1119009 (93a:20063)

http://www.ams.org/mathscinet-getitem?mr=1442155
http://www.ams.org/mathscinet-getitem?mr=1442155
http://www.ams.org/mathscinet-getitem?mr=971358
http://www.ams.org/mathscinet-getitem?mr=971358
http://www.ams.org/mathscinet-getitem?mr=2842061
http://www.ams.org/mathscinet-getitem?mr=2842061
http://www.ams.org/mathscinet-getitem?mr=2105850
http://www.ams.org/mathscinet-getitem?mr=2105850
http://www.ams.org/mathscinet-getitem?mr=0110750
http://www.ams.org/mathscinet-getitem?mr=0110750
http://www.ams.org/mathscinet-getitem?mr=609015
http://www.ams.org/mathscinet-getitem?mr=609015
http://www.ams.org/mathscinet-getitem?mr=0025451
http://www.ams.org/mathscinet-getitem?mr=0025451
http://www.ams.org/mathscinet-getitem?mr=1604008
http://www.ams.org/mathscinet-getitem?mr=1604008
http://www.ams.org/mathscinet-getitem?mr=0075959
http://www.ams.org/mathscinet-getitem?mr=0075959
http://www.ams.org/mathscinet-getitem?mr=0485632
http://www.ams.org/mathscinet-getitem?mr=0485632
http://www.ams.org/mathscinet-getitem?mr=2783976
http://www.ams.org/mathscinet-getitem?mr=2783976
http://www.ams.org/mathscinet-getitem?mr=0159884
http://www.ams.org/mathscinet-getitem?mr=0159884
http://www.ams.org/mathscinet-getitem?mr=1643826
http://www.ams.org/mathscinet-getitem?mr=1643826
http://www.ams.org/mathscinet-getitem?mr=1848379
http://www.ams.org/mathscinet-getitem?mr=1848379
http://www.ams.org/mathscinet-getitem?mr=1967154
http://www.ams.org/mathscinet-getitem?mr=1967154
http://www.ams.org/mathscinet-getitem?mr=1473677
http://www.ams.org/mathscinet-getitem?mr=1473677
http://www.ams.org/mathscinet-getitem?mr=1720410
http://www.ams.org/mathscinet-getitem?mr=1720410
http://www.ams.org/mathscinet-getitem?mr=1219657
http://www.ams.org/mathscinet-getitem?mr=1219657
http://www.ams.org/mathscinet-getitem?mr=1219658
http://www.ams.org/mathscinet-getitem?mr=1219658
http://www.ams.org/mathscinet-getitem?mr=0379604
http://www.ams.org/mathscinet-getitem?mr=0379604
http://www.ams.org/mathscinet-getitem?mr=971234
http://www.ams.org/mathscinet-getitem?mr=971234
http://www.ams.org/mathscinet-getitem?mr=1044047
http://www.ams.org/mathscinet-getitem?mr=1044047
http://www.ams.org/mathscinet-getitem?mr=1119009
http://www.ams.org/mathscinet-getitem?mr=1119009


4236 ERIC JESPERS, DAVID RILEY, AND MAYADA SHAHADA

Department of Mathematics, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel,

Belgium

E-mail address: efjesper@vub.ac.be

Department of Mathematics, Western University, London, Ontario, Canada N6A 5B7

E-mail address: dmriley@uwo.ca

Department of Mathematics, Western University, London, Ontario, Canada N6A 5B7

E-mail address: mshahada@uwo.ca


	1. Introduction
	2. Collapsing nil algebras
	3. Collapsing algebras over infinite fields
	4. Rewritable algebras
	References

