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CARDINAL SINE SERIES, OVERSAMPLING,

AND PERIODIC DISTRIBUTIONS

B. A. BAILEY AND W. R. MADYCH

(Communicated by Thomas Schlumprecht)

Abstract. Suppose u(n/ρ), n = 0,±1,±2, . . ., are samples of a frequency
band limited function u(z) and ρ is greater than the Nyquist rate. If the
even part of these samples, ue(n/ρ), has less than quadratic growth and the
odd part, uo(n/ρ), has less than linear growth as n → ±∞, then we show
that the corresponding cardinal sine series, that plays an essential role in the
Whittaker-Kotelnikov-Shannon sampling theorem, converges uniformly to u(z)

on compact subsets of the complex plane. An appropriately adapted version
of the technique used to prove this allows us to obtain a result concerning the
local convergence of the Fourier series of periodic distributions.

1. Introduction

1.1. Motivation and statement of the main results. Suppose u(z) is a con-
vergent cardinal sine series. This means that

(1) u(z) = lim
N→∞

N∑
n=−N

u(n)
sinπ(z − n)

π(z − n)

where the convergence is uniform on compact subsets of the complex plane C. It
follows that u(z) is an entire function that satisfies

(2) |ue(z)|e−π|Im(z)| = o(|z|2) and |uo(z)|e−π|Im(z)| = o(|z|) as |z| → ∞
where ue(z) and uo(z) are the even and odd parts of u(z),

ue(z) =
1

2
{u(z) + u(−z)} and uo(z) =

1

2
{u(z)− u(−z)}.

In other words, if Eσ denotes the class of entire functions of exponential type no
greater than σ, then (2) implies that u(z) is in Eπ and on the real axis

lim
x→±∞

ue(x)

x2
= lim

x→±∞

uo(x)

x
= 0.

The asymptotic bounds (2) cannot be improved, [1, Theorems 2 and 1].
However, the converse is patently false. Various examples show that entire func-

tions that satisfy (2) do not necessarily enjoy a representation as a convergent
cardinal sine series (1). Indeed, for functions u(z) in Eπ, not only does (2) not im-
ply (1) but the asymptotic bounds (2) when restricted to the integers do not imply
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analogous behavior on the whole real axis. This situation changes significantly if
we require u(z) to be in Eσ for some σ < π.

Theorem 1. Suppose u(z) is in Eσ for some σ, 0 < σ < π, and

(3) |ue(n)| = o(n2) and |uo(n)| = o(|n|) as n → ±∞
where ue(z) and uo(z) are the even and odd parts of u(z). Then

(4) u(z) = lim
N→∞

N∑
n=−N

u(n)
sinπ(z − n)

π(z − n)

uniformly on compact subsets of C.

Of course, as a corollary of (4), it follows that a function u(z) that satisfies the
hypothesis of Theorem 1 also enjoys the bounds (2).

A periodic distribution T is a tempered distribution whose Fourier transform T̂
is a train of δ functions, [6, Chapter 33]. In particular, if T is 2π periodic, then,
with possible abuse of notation,

(5) T̂ (x) =

∞∑
n=−∞

cnδ(x− n).

The calculations that lead to Theorem 1, when appropriately tweaked, yield the fol-
lowing result concerning periodic distributions that is an extension of the principle
of localization for classical Fourier series, [19, Vol. 1, p. 52].

Theorem 2. Suppose T is a 2π periodic distribution that vanishes in the open
interval I. If (5) is its Fourier transform and

lim
n→±∞

cn = 0,

then

lim
N→∞

N∑
n=−N

cne
inξ = 0

for ξ in I and uniformly on compact subintervals of I.

1.2. Background and notation. Cardinal sine series are a well-known and well-
studied classical subject, [7,16,17,19], that has found significant applications in the
sampling theory of frequency band limited signals; see for example [8,10,14,15,18]
among others.

Let Eσ, σ > 0, be the class of those entire functions u(z) of exponential type
no greater than σ that when restricted to the real axis grow no faster than a
polynomial. Namely, if u(z) is in Eσ there are constants C and n such that

|u(z)| ≤ C(1 + |z|)neσ| Im z|

for all z in the complex plane C. When restricted to the real axis such functions
u are tempered distributions so that their Fourier transforms û are well defined

in the distributional sense. If Êσ denotes the collection of all those distributions
that are Fourier transforms of elements u in Eσ, then by virtue of the distributional

variant of a celebrated theorem of Paley and Wiener, Êσ is the class of distributions
with support in the closed interval [−σ, σ]. For example, see [6, Chapter 43] or
[9, Theorem 1.7.7]. Thus Eσ is the class of functions that are frequency band
limited to the interval [−σ, σ].
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Suppose for some positive number ρ we are given the samples u(n/ρ), n =
0,±1,±2, . . . , then u is said to be sampled with rate ρ. If ρ = σ/π, then ρ is the
so-called Nyquist rate for Eσ. This means that if u is in Eσ and, in addition, u
is square integrable on the real axis, then by virtue of the Whittaker-Kotelnikov-
Shannon (WKS) sampling theorem u can be recovered from its samples taken at
the Nyquist rate but not necessarily at any lower rate. Any sampling rate greater
than the Nyquist rate is regarded as oversampling. For example see [8] or [18].

In this note we consider sampling of certain entire functions u at the rate ρ = 1,
which is the Nyquist sampling rate for u in Eπ but oversampling for u in Eσ,
0 < σ < π. For example, see Theorem 1 above. However, it should be clear
that upon appropriate scaling the results are valid for any positive sampling rate,
mutatis mutandis.

Under the assumption that u(z) is in Eσ, σ < π, and u(z) is bounded on the
real axis the conclusion of Theorem 1 appears to be part of folklore whose origin is
not clear. A precise statement and proof can be found in [4]. That case was further
generalized in [13] and [5] to include certain irregular sampling sequences that are
more general than the integer sequence treated here. At this time, the correct
formulation of Theorem 1 that includes such more general sampling sequences is
not clear.

In this paper we will make use of the following:

Fact. Suppose u(z) is an odd function in Eσ, σ < π.

(i) Then u(z) is a convergent cardinal sine series if and only if
∑∞

n=1
(−1)nu(n)

n
converges.

(ii) If u(z) is a convergent cardinal sine series, then the even entire function
v(z) = zu(z) is also a convergent cardinal sine series.

Item (i) follows from the characterization of convergent cardinal sine series
[1, Theorem 1] and the asymptotic behavior of the odd part of such series along
the imaginary axis [1, Proposition 2]. Item (ii) is also a consequence of that char-
acterization, see [2, Lemma 3].

In view of the Paley-Wiener Theorem it should not be completely unexpected
that the Fourier transform plays a role in our development. The normalization of
the Fourier transform used here is the one that for functions ψ(x) in the Schwartz
space S of rapidly decreasing C∞ functions results in

ψ̂(ξ) =

∫ ∞

−∞
e−iξxψ(x)dx.

Recall that the inverse of this normalization of the Fourier transform is

ψ(x) =
1

2π

∫ ∞

−∞
eixξψ̂(ξ)dξ.

These transforms are defined in terms of the above integrals whenever they make
sense and distributionally otherwise.

The value of a tempered distribution T at a test function θ(ξ) in S is denoted
by 〈T, θ〉. To be more precise, if T is equivalent to a function f(ξ) in L1(R), then

〈T, θ〉 =
∫ ∞

−∞
f(ξ)θ(ξ)dξ.

When convenient and the meaning is clear from the context, in what may be re-
garded as abuse of notation, we write T (ξ) to denote the dependence of T on the
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variable ξ even in cases when such pointwise values make no sense. For example, if
u(z) is in Eσ for some σ, 0 < σ < ∞, then

u(z) =
1

2π
〈û(ξ), eizξθ(ξ)〉 = 1

2π
〈û(ξ), eizξ〉,

where θ is any test function in S such that θ(ξ) = 1 for ξ in the support of û.
As is customary, we use the symbol C to denote generic constants.

2. Details

2.1. Functions in Eσ, σ < π, and their asymptotic behavior on the integers
and the real axis. Suppose u(z) is in Eπ and, for some real value of α,

u(n) = O(nα) as n → ∞.

Then examples show that u(x) need not enjoy the same asymptotic behavior for
real x, namely u(x) need not satisfy u(x) = O(xα) as x → ∞. This is the case even
if α < 2 and u(z) is a cardinal series or if O is replaced with o. However, if u(z) is
in Eσ, σ < π, the story is different.

Lemma 1. Suppose u(z) is in Eσ where σ < π.
If, for some real value α, u(n) = o(nα) as the integers n tend to ∞, then u(x) =

o(xα) as x tends to ∞ on the real axis.
This is also true if o is replaced with O. Namely, if u(n) = O(nα) as the integers

n tend to ∞, then u(x) = O(xα) as x tends to ∞ on the real axis.
Of course, similar results remain valid in the case that n and x tend to −∞.

Gerhard Schmeisser has kindly informed us that this lemma is essentially folklore
and follows from the version of Cartwright’s Theorem formulated in [3, p. 180, Thm.
10.2.1]. For completeness and in keeping with the general outlook of this article,
we provide an argument based on the methods of Fourier analysis.

To prove Lemma 1 we will use the fact that u(z) enjoys the representation

(6) u(z) =
∞∑

n=−∞
u(n)φ(z − n)

where

(7) φ(z) = Φ(εz)
sinπz

πz

and ε is a constant that satisfies 0 < ε < π − σ. Here Φ̂(ξ) is a non-negative C∞

function with support in the interval −1 ≤ ξ ≤ 1 that satisfies

Φ(0) =
1

2π

∫ 1

−1

Φ̂(ξ)dξ = 1.

As a consequence φ(z) is an entire function in Eπ+ε whose Fourier transform φ̂(ξ)

is in C∞ and φ̂(ξ) = 1 when |ξ| ≤ σ. Furthermore,
∞∑

n=−∞
φ̂(ξ − 2πn) = 1,

for integers n

φ(n) =

{
1 if n = 0,

0 otherwise,
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and for every integer m

|φ(z)| ≤ Ce(π+ε)| Im z|

1 + |z|m
where C is a constant independent of z.

We will use some of these properties of φ(z) in what follows.
There are several ways to verify (6). Perhaps the most convenient is to use a

modification of a method found in [11, page 160]. Namely, note that for fixed w in
C the function u(z)Φ(ε(w− z)) is in Eπ and, on the real axis, in L2(R). The WKS
theorem implies that

u(z)Φ(ε(w − z)) =
∞∑

n=−∞
u(n)Φ(ε(w − n))

sinπ(z − n)

π(z − n)
.

Since this is valid for all complex w, setting w = z results in (6).

Proof of Lemma 1. Assume that the o condition holds. Since

u(z) =
∞∑

n=−∞
u(n)φ(z − n)

for positive x we may write

u(x)

xα
= S1(x) + S2(x) + S3(x) + S4(x)

where

S1(x) =
1

xα

∑
n<0

u(n)φ(x− n), S2(x) =
1

xα

∑
0≤n≤x/2

u(n)φ(x− n),

S3(x) =
∑

x/2<n≤2x

u(n)

xα
φ(x− n), and S4(x) =

1

xα

∑
n>2x

u(n)φ(x− n).

In S1(x), |x− n| = x+ |n| so that |φ(x− n)| ≤ C(x+ |n|)−m while |u(n)| ≤ C|n|γ
for some γ. (Here and in what follows we choose m, as we may, to be sufficiently
large to draw the desired conclusions.) Hence

|S1(x)| ≤
1

xα

∑
n<0

|u(n)||φ(x− n)| ≤ C

xα

∑
n<0

|n|γ(x+ |n|)−m.

It follows that |S1(x)| is arbitrarily small for sufficiently large x.
In S2(x), |x− n| ≥ x/2 so that |φ(x− n)| ≤ Cx−m while |u(n)| ≤ Cxα if α > 0

and |u(n)| ≤ C if α ≤ 0.
Hence

|S2(x)| ≤
1

xα

∑
0≤n≤x/2

Cxκα−m ≤ Cx(κ−1)α−m+1

where κ is either 0 or 1 depending on whether α is ≤ or > 0. In either case it
follows that |S2(x)| is arbitrarily small for sufficiently large x.

In S3(x), |n|/2 ≤ x ≤ 2|n| so that there are positive constant c0 and c1

c0
|u(n)|
|n|α ≤

∣∣∣∣u(n)xα

∣∣∣∣ ≤ c1
|u(n)|
|n|α
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and given any positive ε by choosing x, and thereby n, sufficiently large

(8)

∣∣∣∣u(n)xα

∣∣∣∣ ≤ ε and |S3(x)| ≤ ε
∑

x/2<n≤2x

|φ(x− n)| ≤ ε

∞∑
n=−∞

|φ(x− n)|.

Since
∑∞

n=−∞ |φ(x− n)| ≤ C it follows that limx→∞ S3(x) = 0.

In S4(x), use |u(n)| ≤ Cnα and |φ(x− n)| ≤ Cn−m to conclude that

|S4(x)| ≤
1

xα

∑
n>2x

|u(n)||φ(x− n)| ≤ 1

xα

∑
n>2x

Cnα−m ≤ Cx1−m.

Since m can be taken to be greater than max{1, α+1}, it follows that limx→∞ S4(x)
= 0.

The argument in the case that the O condition holds is essentially identical. The
only change occurs in estimating |S3(x)| where (8) can be replaced by∣∣∣∣u(n)xα

∣∣∣∣ ≤ B and |S3(x)| ≤ B
∑

x/2<n≤2x

|φ(x− n)| ≤ B

∞∑
n=−∞

|φ(x− n)|

where B is a bound on |u(n)|/|n|α and
∑∞

n=−∞ |φ(x−n)| ≤ C. This together with
the estimates on |S1(x)|, |S2(x)|, and |S4(x)| implies that

lim sup
x→∞

∣∣∣∣u(x)xα

∣∣∣∣ ≤ CB. �

Lemma 2. Suppose u(z) is in Eσ where σ < π and v(z) is defined in terms of its

Fourier transform as v̂(ξ) = ψ̂(ξ)û(ξ) where ψ(ξ) is a function in C∞(R). Then
v(z) is in Eσ.

If, for some real value α, u(n) = o(nα) as the integers n tend to ∞, then v(x) =
o(xα) as x tends to ∞.

This is also true if o is replaced with O. Namely, if u(n) = O(nα) as the integers
n tend to ∞, then v(x) = O(xα) as x tends to ∞.

Similar statements remain valid in the case that n and x tend to −∞.

Proof. Since multiplying v̂(ξ) by a compactly supported C∞ function that is iden-
tically 1 on the support of v̂ does not change v, without loss of generality, we may

and do assume that ψ̂(ξ) has compact support. So we may write

v(x) = u ∗ ψ(x) =
∫ ∞

−∞
u(y)ψ(x− y)dy

where ψ(x) decays faster than reciprocal of any polynomial, namely for every m

(9) |ψ(x)| ≤ C

1 + |x|m

where C is a constant that is independent of x. To see the statement concerning o
write

|u(x)|
xα

= I1(x) + I2(x) + I3(x) + I4(x)
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where

I1(x) =
1

xα

∫ 0

−∞
ψ(x− y)dy, I2(x) =

1

xα

∫ x/2

0

u(y)ψ(x− y)dy,

I3(x) =

∫ 3x/2

x/2

u(y)

xα
ψ(x− y)dy, and I4(x) =

1

xα

∫ ∞

3x/2

u(y)ψ(x− y)dy.

Now use the fact that, in view of Lemma 1, u(x) = o(xα) as x tends to ∞ to
estimate each of these terms in a manner that is analogous to that used to estimate
the corresponding terms in the proof of Lemma 1. This leads to the desired result.

As in the proof of Lemma 1, the statement involving O follows from a similar
calculation. �

The use of the bound (9) on |ψ(x)| used to obtain the estimates of I1(x) - I4(x)
in the proof of Lemma 2 shows that ψ can be replaced by an appropriate family of
C∞ functions to obtain the following.

Lemma 3. Suppose u(z) satisfies the hypothesis of Lemma 2 with u(n) = o(nα) as
the integers n tend to ∞. Also suppose vt(z) is a family of entire functions indexed

by t in some index set I and defined by v̂t(η) = ψ̂t(η)û(η) where ψ̂t(η) is a family
of compactly supported C∞ functions with the property that for every integer m

|ψt(x)| ≤
C

1 + |x|m

where C is a constant independent of t and x. Then the o conclusion of Lemma 2
is valid uniformly in t. That is,

lim
x→∞

vt(x)

xα
= 0 uniformly in t.

Recall that
N∑

n=−N

einξ = DN (ξ)

is the Dirichlet kernel that can be re-expressed as

DN (ξ) =
sin

(
(N + 1/2)ξ

)
sin(ξ/2)

= cos(Nξ) + cot(ξ/2) sin(Nξ).

Lemma 4 follows from reasoning not unlike that used to establish the principle of
localization for classical Fourier series.

Lemma 4. Suppose u(z) is in Eσ where σ < π and limn→±∞ u(n) = 0. Then

(10) lim
N→∞

N∑
n=−N

u(n)e−inξ = 0

uniformly for values of ξ that satisfy |ξ − π| ≤ r for r < π − σ.
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Proof. Write

2π

N∑
n=−N

u(n)e−inξ =

N∑
n=−N

〈û(η), einη〉e−inξ

=

N∑
n=−N

〈û(η), ein(η−ξ)〉

= 〈û(η), DN (η − ξ)〉
= 〈û(η), cosN(η − ξ)〉+ 〈v̂ξ(η), sinN(η − ξ)〉

=
1

2

{
u(N)e−iNξ + u(−N)eiNξ

}
+

1

2i

{
vξ(N)e−iNξ − vξ(−N)eiNξ

}
where v̂ξ(η) = {θ(η) cot((η−ξ)/2)}û(η) and θ(η) is a C∞ function such that θ(η) =
1 when η is in the support of û and θ(η) = 0 when |η| ≥ π − r. So vξ(z) satisfies
the hypothesis imposed on vt(z) in Lemma 3 with the parameter t = ξ and

I = {ξ : |ξ − π| ≤ r}.
Since limN→±∞ u(N) = 0 and Lemma 3 implies that limN→±∞ vξ(N) = 0 uni-
formly in ξ, conclusion (10) follows. �

2.2. Proofs of Theorems 1 and 2. Both theorems are consequences of Lemma
4.

Proof of Theorem 1. We first show that u0(z) is a convergent cardinal sine series
and then show the same for ue(z). Together this implies the desired result.

Let ve(z) = u0(z)/z. Then ve(z) is an even function in Eσ that satisfies
limn→±∞ ve(n) = 0. Lemma 4 implies that

lim
N→∞

N∑
n=−N

ve(n)e
−inπ = 0

and we may write

lim
N→∞

N∑
n=−N

ve(n)(−1)n = ve(0) + 2

∞∑
n=1

(−1)nve(n)

= u′
o(0) + 2

∞∑
n=1

(−1)nuo(n)

n
= 0.

This implies that
∑∞

n=1
(−1)nuo(n)

n converges which, in view of Fact (i), implies that

(11) uo(z) = lim
N→∞

N∑
n=−N

uo(n)
sinπ(z − n)

π(z − n)

uniformly on compact subsets of C.
To obtain the same result for ue(z) let

vo(z) =
1

z
{ue(z)− u(0)}
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and note that vo(z) is an odd function in Eσ that satisfies vo(x) = o(x) as x → ±∞.
In view of the above result concerning uo(z) it follows that (11) is valid with vo(z)
replacing uo(z) and, by virtue of Fact (ii), (11) is also valid with z vo(z) replacing
uo(z). Since

ue(z) = u(0) + z vo(z)

and the constant function u(0) enjoys representation (1), see [12, Subsection 1.3.3],
we may conclude that

(12) ue(z) = lim
N→∞

N∑
n=−N

ue(n)
sinπ(z − n)

π(z − n)

uniformly on compact subsets of C.
Finally, (11) and (12) imply the desired result. �

Proof of Theorem 2. Recall that (5) means that

〈T̂ , θ 〉 = 〈T, θ̂ 〉 =
∞∑

n=−∞
cnθ(n)

for every test function θ in S. Let ξ0 be the center of I so that I = {ξ : |ξ−ξ0| < r}
for some r > 0. Define the function u(z) by its Fourier transform as

û(ξ) = T (η0 − ξ)φ̂(ξ)

where η0 = π + ξ0 and φ(x) is the function defined by (7). Then choosing the ε in
the definition of φ to be less than r, u(z) is in Eσ where σ = π − r < π and

2πu(m) = 〈T (η0 − ξ)φ̂(ξ), eimξ〉
= 〈T, eim(η0−ξ)φ̂(η0 − ξ)〉
= 〈T, {eixη0φ(m− x)}̂ 〉

=

∞∑
n=−∞

cne
inη0φ(m− n)

= cmeimη0 .

The last equality follows from the fact that

φ(n) =

{
1 if n = 0,

0 otherwise.

Hence
N∑

n=−N

cne
inξ =

N∑
n=−N

cne
inη0e−in(η0−ξ) = 2π

N∑
n=−N

u(n)e−in(η0−ξ)

which, by virtue of Lemma 4, converges as N → ∞ when |(η0 − ξ) − π| < r or,
equivalently, when |ξ − ξ0| < r. In other words,

lim
N→∞

N∑
n=−N

cne
inξ = 0

for ξ ∈ I = {ξ : |ξ − ξ0| < r} and uniformly on compact subintervals of I. �
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