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EXAMPLE OF SINGULAR REDUCTION

IN SYMPLECTIC DIFFEOLOGY

PATRICK IGLESIAS-ZEMMOUR

(Communicated by Michael Wolf)

Abstract. We present an example of symplectic reduction in diffeology where
the space involved is infinite dimensional and the reduction is singular. This
example is a mix of two cases that are not handled by ordinary symplectic
geometry. We show that, in this infinite dimensional example, the singularities

are distributed in such a way that the symplectic form, restricted to a generic
level of the moment map, passes to the reduced space.

Introduction

We equip the space of periodic functions from R to C with a homogeneous
symplectic structure. Then, we push this structure forward on the space of Fourier
coefficients. We give an autonomous description of the diffeology we obtain that
way. Next, we equip the infinite product of toruses with a tempered diffeology,
introduced for the purpose of the example. Equipped with this diffeology, the
infinite torus acts smoothly by automorphisms on the symplectic space of Fourier
coefficients. We compute the moment map of the action of the infinite torus. Given
a sequence of rationally independent real numbers, we induce the real line in the
infinite torus as an irrational solenoid and consider the induced action on the space
of Fourier coefficients. This action is not free and generates infinitely many singular
orbits. We consider then a generic level subspace of the moment map of the solenoid
(they are all isomorphic to the infinite sphere) and we reduce it by the action of
the solenoid. We call that quotient an infinite quasi-projective space. We show
eventually that, in spite of the presence of singular orbits, the restriction of the
symplectic form passes to the quotient and equips every infinite quasi-projective
space with a parasymplectic structure, that is, a closed 2-form.

This is a very informative example. It shows that, not only is diffeology a very
versatile and flexible approach of differential geometry, but it offers moreover the
right framework to deal with singularities, even in infinite dimensional situations
where all the difficulties are met. For the basic constructions and the vocabulary
of diffeology used here we recommend the lecture of the book [PIZ13].

A few words on symplectic diffeology. For the sake of simplicity we decided
to call parasymplectic space any diffeological space equipped with a closed 2-form.
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In diffeology there may be a few different ways to understand the word symplectic.1

The definition we present here uses the two main tools at our disposal: the group
of automorphisms of the parasymplectic structure and the universal moment map.2

We recall that the moment maps are defined for any parasymplectic space and do
not need any particular conditions on the parasymplectic form. Actually, what we
really need is the pseudogroup of local automorphisms. Then we can distinguish
four cases for a parasymplectic space:

(+ +) The local automorphisms are transitive and the universal moment map has
discrete prevalues.3 For manifolds, that is a characterization of symplectic
forms.4 In this case, we shall say that the diffeological space, equipped with
such a parasymplectic form, is symplectic.5

(+ −) The local automorphisms are transitive but the prevalues of the moment
map are not discrete. For manifolds, that is a characterization of presym-
plectic forms. We shall say in this case that the parasymplectic form is
presymplectic.

(− +) The local automorphisms are not transitive but the moment map has dis-
crete prevalues. That is the case of some classic pictures like cone orbifolds,
for example, or forms, symplectic everywhere except in a few points, where
it vanishes. We have no special vocabulary yet for this kind of space.

(− −) The local automorphisms are not transitive and the prevalues of the mo-
ment map are not discrete. That is the general case of parasymplectic
spaces. In this case, as well as the previous one, we can still analyze the
space in terms of orbits of the pseudogroup of automorphisms and the var-
ious levels of the universal moment map in each orbit.

Review on the moment maps of a parasymplectic form

Let (X, ω) be a parasymplectic space. Let G be a diffeological group, with a
smooth action g �→ gX on X, preserving ω, that is, g∗X(ω) = ω for all g ∈ G. We
denote by G∗ the space of momenta of G, defined as the left-invariant differential
1-forms on G,

G∗ = {ε ∈ Ω1(G) | L(g)∗(ε) = ε, for all g ∈ G}.

To understand the essential nature of the moment map, which is a map from X to
G∗, it is good to consider the simplest case, and use it then as a guide to extend
this simple construction to the general case.

The simplest case. Consider the case where X is a manifold, and G is a Lie
group. Let us assume that ω is exact ω = dα, and that α is also invariant by G.

1For example, a symplectic space could also be defined as a parasymplectic space generated
by symplectic plots, as it was suggested once by Yael Karshon. That would include, for example,
the cone orbifold Qm = C/Zm, which is excluded by the definition of this article.

2The moment maps relative to a closed 2-form are described in [PIZ10] or in chapter 9 of
[PIZ13]. The universal moment map is the moment map for the group of all the automorphisms
of the 2-form.

3We call prevalues of a function, the preimages of its values.
4For manifolds, the universal moment map is actually injective.
5A stronger case is when the group of automorphisms is transitive; in this case the space is

symplectic homogeneous.
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Regarding ω, the moment map6 of the action of G on X is the map

μ : X → G∗ defined by μ(x) = x̂∗(α),

where x̂ : G → X is the orbit map x̂(g) = gX(x).
As we can see, there is no obstacle, in this simple situation, to generalize, mutatis

mutandis, the moment map to a diffeological group acting by automorphisms on
a diffeological parasymplectic space.7 But, as we know, not all closed 2-forms
are exact, and even if they are exact, they do not necessarily have an invariant
primitive. We shall see now, how we can generally come to a situation, so close to
the simple case above, that modulo some minor subtleties, we are able to build a
good moment map in all cases.

The general case. We consider a connected parasymplectic diffeological space
(X, ω), and a diffeological group G acting on X and preserving ω. Let K be the
Chain-Homotopy Operator, defined in [PIZ13, 6.83]. The differential 1-form Kω,

defined on Paths(X), is related to ω by d[Kω] = (1̂∗ − 0̂∗)(ω), and Kω is invariant

by G. Considering ω̄ = (1̂∗− 0̂∗)(ω) and ᾱ = Kω, we are in the simple case, ω̄ = dᾱ
and ᾱ invariant by G. We can apply the construction above and define then the
moment map of paths by

Ψ : Paths(X) → G∗ with Ψ(γ) = γ̂∗(Kω),

and γ̂ : G → Paths(X) is the orbit map γ̂(g) = gX ◦ γ of a path γ. The moment of
paths is additive with respect to the concatenation,

Ψ(γ ∨ γ′) = Ψ(γ) + Ψ(γ′).

This paths moment map Ψ is equivariant by G, acting by composition on Paths(X),
and by coadjoint action on G∗. Next, defining the holonomy of the action of G on
X by

Γ = {Ψ(�) | � ∈ Loops(X)} ⊂ G∗,

the two-points moment map is defined by pushing Ψ forward on X×X,

ψ(x, x′) = class(Ψ(γ)) ∈ G∗/Γ,

where γ is a path connecting x to x′, and where class denotes the projection from
G∗ onto its quotient G∗/Γ. The holonomy Γ is the obstruction for the action of G
to be Hamiltonian. The additivity of Ψ becomes the Chasles’ cocycle condition

ψ(x, x′) + ψ(x′, x′′) = ψ(x, x′′).

The group Γ is invariant by the coadjoint action. Thus, the coadjoint action passes
to the quotient G∗/Γ, and ψ is equivariant. Because X is connected, there exists
always a map

μ : X → G∗/Γ, such that ψ(x, x′) = μ(x′)− μ(x).

Up to an arbitrary constant, μ is given by μ(x) = ψ(x0, x), where x0 is a chosen
point in X. But this map is a priori no longer equivariant. Its variance introduces
a 1-cocycle θ of G with values in G∗/Γ such that

μ(g(x)) = Ad∗(g)(μ(x)) + θ(g),

6Precisely, one moment map, since they are defined up to a constant.
7Actually, we shall be in this simple situation further, with the action of the infinite torus on

the space of rapidly decreasing sequences.
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with θ(g) = ψ(x0, g(x0)), modulo a coboundary due to the constant in the choice
of μ. This construction extends to the category {Diffeology}, the moment map for
manifolds introduced by Souriau in [Sou70]. The remarkable point is that none
of the constructions brought up above involves differential equations, and there is
no need of considering a putative Lie algebra either. That is a very important
point. The momenta appear as invariant 1-forms on the group, naturally, without
intermediary, and the moment map as a map in the space of momenta.

Note that the group of automorphisms Gω = Diff(X, ω) is a legitimate diffeologi-
cal group. The above constructions apply and give rise to universal objects: univer-
sal momenta G∗

ω, universal path moment map Ψω, universal holonomy Γω, universal
two-points moment map ψω, universal moment maps μω, universal Souriau’s cocy-
cles θω. A parasymplectic action of a diffeological group G is a smooth morphism
h : G → Gω, and the objects, associated with G, introduced by the above moment
maps constructions, are naturally subordinate to their universal counterparts.

Diffeology on Fourier coefficients of periodic functions

We denote by C∞
per(R,C) the space of 1-periodic functions defined on R with

values in C, that is,

C∞
per(R,C) = {f ∈ C∞(R,C) | f(x+ 1) = f(x)}.

We equip this space with the functional diffeology. Let us recall that a plot for
this diffeology is a parametrization P : U → C∞

per(R,C) such that the map (r, t) �→
P(r)(t), from U×R to C, is smooth.

Let f ∈ C∞
per(R,C), we denote by (fn)n∈Z its sequence of Fourier coefficients,

that is,

fn =

∫ 1

0

f(x)e−2iπnx dx, for all n ∈ Z.

We recall that the Fourier series converges to f , uniformly on [0, 1] [Vil68, §2,
Thm. 1]. We denote by

f(x) =
∑
n∈Z

fn e
2iπnx the limit f(x) = lim

N→∞

+N∑
n=−N

fn e
2iπnx.

Let j be the map from C∞
per(R,C) to the set of series of complex numbers

Maps(Z,C), that associates a smooth periodic function with its Fourier coefficients,

j : C∞
per(R,C) → Maps(Z,C) with j(f) = (fn)n∈Z.

That map j is injective, and we denote by E its image, that is, the subspace of
Maps(Z,C) made of the Fourier coefficients of smooth periodic functions,

E =
{
(fn)n∈Z = j(f) | f ∈ C∞

per(R,C)
}
.

We know that the subspace E is made exactly of all rapidly decreasing sequences
of complex numbers (op. cit.),

(fn)n∈Z ∈ E iff, for all p ∈ N, npfn −−−−→
|n|→∞

0.

1. Functional diffeology on Fourier coefficients. A parametrization P : r �→
(fn(r))n∈Z in E is a plot, for the pushforward of the functional diffeology on
C∞
per(R,C), if and only if:

(1) The functions fn : dom(P) → C are smooth.
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(2) For all closed ball B ⊂ dom(P), for every k ∈ N, for all p ∈ N, there exists
a positive number Mk,p such that, for all integers n �= 0,

(♦)

∣∣∣∣∂kfn(r)

∂rk

∣∣∣∣ ≤ Mk,p

|n|p for all r ∈ B.

Note 1. In other words, the parametrization r �→ (fn(r))n∈Z is a plot of this
diffeology if the functions fn are smooth and their derivatives are uniformly rapidly
decreasing, which we denote also by

np ∂
kfn(r)

∂rk
−−−−→
|n|→∞

0.

Note 2. By compactness, it is enough that, for every point r0 ∈ dom(P), there
exists a ball B′ centered at r0 such that (♦) holds to ensure that (♦) holds on every
closed ball B⊂ dom(P).

Proof. Let us check, first of all, that the condition (♦) defines a diffeology on the
space E of rapidly decreasing sequences of complex numbers.

Covering axiom — If fn(r) = fn is constant in r, for all n, then the condition
(♦) is trivially satisfied for k > 0, and for k = 0 it means that the series is rapidly
decreasing, which it is.

Locality axiom — According to Note 2, (♦) is a local condition.

Smooth compatibility axiom — Let P : (r �→ fn(r))n∈Z satisfying (♦) and
F : s �→ r be a smooth parametrization in the domain of P. We have, for all k > 0,

∂kfn(s)

∂sk
=

k∑
�=1

∂�fn(r)

∂r�
·Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)
,

where the Qk,� are polynomials. Now, since s �→ r is smooth, the partial derivatives
are bounded on every ball, and because the Qk,� are polynomials in the partial
derivatives, as a function of s, they are bounded operators on every ball. Let then
s0 ∈ dom(F), r0 = F(s0), and B be a ball centered at r0 such that the condition
(♦) is satisfied. Let B′ ⊂ F−1(B) be a ball centered at s0; we have for all s ∈ B′,∣∣∣∣∂kfn(s)

∂sk

∣∣∣∣ ≤
k∑

�=1

∣∣∣∣∂�fn(r)

∂r�

∣∣∣∣
∣∣∣∣Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)∣∣∣∣
≤

k∑
�=1

M�,p

|n|p sup
s∈B′

∣∣∣∣Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)∣∣∣∣ ,
where the M�,p are the constants of the inequality (♦) for the ball B. Let then

mk,� = sup
s∈B′

∣∣∣∣Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)∣∣∣∣ and M′
k,p =

k∑
�=1

mk,� M�,p ,

so we get, for all s ∈ B′, ∣∣∣∣∂kfn(s)

∂sk

∣∣∣∣ ≤ M′
k,p

|n|p .

Hence, thanks to Note 2, P ◦ F still satisfies the condition (♦). Therefore, this
condition defines a diffeology on the set E of rapidly decreasing sequences of complex
numbers.
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Let us show now that the diffeology defined on E by (♦) is the pushforward by
j of the functional diffeology of C∞

per(R,C).

A.— Let us prove, first of all, that j is smooth, where C∞
per(R,C) is equipped with

the functional diffeology and E with the diffeology defined by (♦). Let P : r → fr
be a plot of C∞

per(R,C) defined on some real domain U, the composite j ◦ P writes

j ◦ P : r �→ (fn(r))n∈Z with fn(r) =

∫ 1

0

fr(x)e
−2iπnx dx.

Clearly, since (r, x) �→ fr(x) is smooth, the fn : r �→ fn(r) are smooth, and we have

∂kfn(r)

∂rk
=

∫ 1

0

∂kfr(x)

∂rk
e−2iπnx dx.

For all nonzero integers n, after p integrations by parts, we get

∂kfn(r)

∂rk
=

1

(2iπn)p

∫ 1

0

∂p

∂xp

(
∂kfr(x)

∂rk

)
e−2iπnx dx.

Therefore, defining for every ball B ⊂ dom(P) the number

Mk,p =
1

(2π)p
sup
r∈B

sup
x∈[0,1]

∣∣∣∣ ∂p

∂xp

∂k

∂rk
fr(x)

∣∣∣∣ ,
we have ∣∣∣∣∂kfn(r)

∂rk

∣∣∣∣ ≤ Mk,p

|n|p for all r ∈ B.

Hence, j ◦ P is a plot of E . Therefore, j is smooth.

B.— Conversely, remember that j is injective, then let us show that j−1 : E →
C∞
per(R,C) is smooth. Let P : r �→ (fn(r))n∈Z be a parametrization in E satisfying

the condition (♦), and let

j−1 ◦ P : r �→ [x �→ fr(x)].

The parametrization r �→ fr is given by

fr(x) = lim
N→∞

SN(r, x) with SN(r, x) =

+N∑
n=−N

fn(r)e
2iπnx.

The SN are smooth for all N; we want to show that the limit (r, x) �→ fr(x) is
smooth too. For all k, p,N ∈ N, let us introduce the series of partial derivatives

Sk,pN (r, x) =
∂p

∂xp

∂k

∂rk
SN(r, x) =

+N∑
n=−N

(2iπn)p
∂kfn(r)

∂rk
e2iπnx.

The functions Sk,pN are smooth, with respect to the pair (r, x), for all N, k, p. Let

us denote by |S|k,pN (r, x) the series of moduli of the terms of Sk,pN ,

|S|k,pN (r, x) =
+N∑

n=−N

|2πn|p
∣∣∣∣∂kfn(r)

∂rk

∣∣∣∣ .
Then, let B ⊂ dom(P) be some closed ball. Thanks to the hypothesis applying (2)
to p+ 2, we have, for all r ∈ B,

+N∑
n=−N

|2πn|p
∣∣∣∣∂kfn(r)

∂rk

∣∣∣∣ ≤ c+ 2

N∑
n=1

(2π)p
Mk,p+2

n2
,
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where c, corresponding to n = 0, is some constant. Hence, for all r ∈ B, x ∈ [0, 1],
and N ∈ N,

|S|k,pN (r, x) ≤ K,

where K = c+ 2(2π)pMk,p+2(π
2/6). Next, since the series |S|k,pN (r, x) is increasing

and upper bounded, it is convergent, and therefore the series Sk,pN (r, x) is also con-
vergent. Moreover, according to what preceded, the sequence of smooth functions

Sk,pN converges uniformly on B × [0, 1] to some function Sk,p∞ when N → ∞. Now,
according to a classical result of differential calculus, see for example (an obvious
improvement of) [Don00, Thm. 3.10], the map (r, x) �→ fr(x) = limN→∞ SN (r, x)
is smooth, and the Sk,p∞ are the partial derivatives,

Sk,p∞ (r, x) =
∂p

∂xp

∂k

∂rk
fr(x).

Thus, the parametrization r �→ [x �→ fr(x)] is a plot of C∞
per(R,C) such that

j(r �→ fr) = (fn(r))n∈Z. Therefore, j is a diffeomorphism from C∞
per(R,C),

equipped with the functional diffeology, to E , equipped with the diffeology defined
by (♦). In other words, the diffeology defined on E by (♦) is the pushforward of
the functional diffeology on C∞

per(R,C). �

The infinite torus

We denote by T∞ the group of infinite sequences Z = (zn)n∈Z, with zn ∈ U(1),
that is,

T∞ =
∏
n∈Z

U(1).

We consider the natural C-linear action of T∞ on E ,
(zn)n∈Z · (Zn)n∈Z = (znZn)n∈Z.

Indeed, multiplying by a number of modulus 1 transforms a rapidly decreasing
sequence of complex numbers into another, and every element z = (zn)n∈Z ∈ T∞

is invertible,

(zn)
−1
n∈Z = (z̄n)n∈Z,

where z̄ denotes the conjugate. Moreover, for every plot r �→ (Zn(r))n∈Z in E , for
all p ∈ N, ∣∣∣∣∂pznZn(r)

∂rp

∣∣∣∣ =
∣∣∣∣∂pZn(r)

∂rp

∣∣∣∣ .
Obviously, the same holds for the inverse. Hence, the action of (zn)n∈Z is smooth
as well as its inverse, and then (zn)n∈Z acts on E by diffeomorphism. Thus, we get
a monomorphism

η : T∞ → GL∞(E) = GL(E) ∩Diff(E).

2. The tempered diffeology on the infinite torus. We shall say that a para-
metrization ζ : r �→ (zn(r))n∈Z in T∞ is tempered if the zn are smooth and if for
every k ∈ N, for every r0 in the domain of the parametrization, there exist a closed
ball B⊂ dom(ζ) centered at r0, a polynomial Pk, and an integer N such that

(♥) ∀r ∈ B, ∀n > N,

∣∣∣∣∂kzn(r)

∂rk

∣∣∣∣ ≤ Pk(n).
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The tempered parametrizations form a group diffeology on T∞. Equipped with the
tempered diffeology, the action of the group T∞ on E is smooth. Moreover, for all
N ∈ N, the injection ιN : TN → T∞ defined as follows is an induction,

ιN(ζ) = Z with

{
Zn = ζn if n ∈ {1, . . . ,N},
Zn = 1 otherwise.

Proof. Let us show first that the condition (♥) defines a diffeology, actually a sub-
diffeology of the product diffeology on the infinite product of toruses T∞ =

∏
n∈Z T.

Covering axiom. If ζ = (zn)n∈Z is constant, then |∂kzn(r)/∂r
k| is equal to 1 for

k = 0 and equal to 0 for k > 0. Thus we chose P0(n) = 1 and Pk(n) = 0 for k �= 0,
and the condition (♥) is satisfied.

Locality axiom. The condition (♥) is local in the variable r, by construction.

Smooth compatibility axiom. Let ζ : (r �→ zn(r))n∈Z satisfying (♥) and let
F : s �→ r be a smooth parametrization in the domain of ζ. We have, for all k > 0,

∂kzn(s)

∂sk
=

k∑
�=1

∂�zn(r)

∂r�
·Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)
,

where the Qk,� are polynomials. Therefore,∣∣∣∣∂kzn(s)

∂sk

∣∣∣∣ ≤
k∑

�=1

∣∣∣∣∂�zn(r)

∂r�

∣∣∣∣
∣∣∣∣Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)∣∣∣∣ .
Since the function s �→ r is smooth, the partial derivatives are bounded on every
ball, and these polynomials are locally absolutely bounded operators. Let

Mk,� = supr∈B

∣∣∣∣Qk,�

(
∂r

∂s
, . . . ,

∂kr

∂sk

)∣∣∣∣ .
Next, let N� satisfying (♥) for k = �, and N′ = sup�=1...k N�, then for all n > N′,∣∣∣∣∂kzn(s)

∂sk

∣∣∣∣ ≤
k∑

�=1

Mk,�

∣∣∣∣∂�zn(r)

∂r�

∣∣∣∣ ≤
k∑

�=1

Mk,�P�(n).

Hence, the partial derivatives of the zn with respect to r are still upper bounded
by polynomials, and the axiom of compatibility is satisfied.

Therefore, the condition (♥) defines a diffeology on the set T∞. Let us check
now that (♥) defines a group diffeology. First of all, let z : r �→ (zn(r))n∈Z and
z′ : r �→ (z′n(r))n∈Z be two plots of T∞, the derivatives of the n-th term r �→
zn(r)z

′
n(r), of the product zz′, write

∂kzn(r)z
′
n(r)

∂rk
=

k∑
�=0

(
k

�

)
∂k−�zn(r)

∂rk−�
· ∂

�z′n(r)

∂r�
.

Hence, ∣∣∣∣∂kzn(r)z
′
n(r)

∂rk

∣∣∣∣ ≤
k∑

�=0

(
k

�

) ∣∣∣∣∂k−�zn(r)

∂rk−�

∣∣∣∣
∣∣∣∣∂�z′n(r)

∂r�

∣∣∣∣
≤

k∑
�=0

(
k

�

)
Pk−�(n) P

′
�(n).
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Thus, the partial derivatives of the product znz
′
n are still upper bounded by a

polynomial. For the inverse mapping z−1 = (z̄n)n∈Z, we have, since z̄n(r)zn(r) = 1,

∂kzn(r)z̄n(r)

∂rk
= 0,

that is,

zn
∂kz̄n(r)

∂rk
+

k−1∑
�=0

(
k

�

)
∂k−�zn(r)

∂rk−�
· ∂

�z̄n(r)

∂r�
= 0.

Therefore,

∂kz̄n(r)

∂rk
= − 1

zn(r)

k−1∑
�=0

(
k

�

)
∂k−�zn(r)

∂rk−�
· ∂

�z̄n(r)

∂r�
.

Thus, if the partial derivatives ∂�z̄n(r)/∂r
� are absolutely bounded by a polynomial

for all � < k, then the k-th derivative ∂kz̄n(r)/∂r
k is also absolutely bounded by

a polynomial. And since |∂z̄n(r)/∂r| = |∂zn(r)/∂r|, by recursion, ∂kz̄n(r)/∂r
k

is upper bounded by a polynomial. Therefore, T∞, equipped with the tempered
diffeology, is a diffeological group.

For the last sentence, the injection ιN : TN → T∞ is clearly smooth since, for all
plots ζ in TN, the derivatives of the components Zn of the composite ιN ◦ ζ : r �→
(Zn(r))n∈Z vanish for n outside {1, . . . ,N}, hence,

np ∂kZn(r)

∂rk
= 0 if |n| > N.

Conversely, if ζ : r �→ (Zn(r))n∈Z is a plot of T∞ with values in ιN(T
N), then

the components r �→ Zn(r) are smooth, by definition of the diffeology on T∞, and
hence ι−1

N ◦ ζ is smooth. Therefore, ιN is an induction. �

3. Induced solenoids. A sequence α = (αn)n∈Z of positive numbers is indepen-
dent over Q, if for every finitely supported sequence (qn)n∈Z of rational numbers
qn ∈ Q, ∑

n∈Z

qnαn = 0 ⇒ qn = 0 for all n.

In the following we will consider such sequences with |αn| ≤ 1. Then, the map

ι : R �→ T∞, defined by ι(t) =

(
e2iπαnt

)
n∈Z

,

is obviously injective, but it is moreover an induction, that is, a diffeomorphism
onto its image equipped with the subset diffeology. We call the image ι(R) ⊂ T∞,
an irrational solenoid.

Proof. Let us show first that such irrational sequences α = (αn)n∈Z exist. Consider
a transcendental number α. We define

α0 = 1 and αm = αm − [αm] for m �= 0,



1318 PATRICK IGLESIAS-ZEMMOUR

where the bracket denotes the integral part. That defines αn for all n ∈ Z. Now,
for a finitely supported sequence of rational numbers qn, we have∑

n∈Z

qnαn = q0 +
∑
n∈Z
n�=0

qn (αn − [αn])

= q0 −
∑
n∈Z
n�=0

qn[α
n] +

∑
n∈Z
n�=0

qnα
n,

where only a finite part of this sum is not zero. Then, if
∑

n∈Z qnαn = 0, we

multiply both sides by α�, with � big enough to get an algebraic equation in α,
with all powers positive. But we assumed α transcendental, then all the coefficients
are 0, which implies qn = 0, for all n ∈ Z.

Next, we need to check first of all that ι is smooth. The successive derivatives
are simply

∂ke2iπαnt

∂tk
= (2iπαn)

ke2iπαnt.

Since 0 < αn ≤ 1, for all n ∈ Z, we have∣∣∣∣∂ke2iπαnt

∂tk

∣∣∣∣ ≤ (2π)k.

Hence, the derivatives are absolutely upper bounded by (constant) polynomials,
Pk(n) = (2π)k, and therefore ι is a plot in T∞. Conversely, consider a plot in T∞

with values in ι(R); the composite with the projection on the first two components
gives a plot in T2 with values in the solenoid (exp(2iπt), exp(2iπαt))t∈R. But the
injection t �→ (exp(2iπt), exp(2iπαt)) being an induction [PIZ13, Exercise 31], it
follows that ι is also an induction. �

Symplectic structure on the space of Fourier coefficients

We recall that a differential k-form ε on the diffeological space E is a map that
associates, with every plot P in E , a k-form ε(P) on dom(P) such that, for all
smooth parametrization F in dom(P), one has

ε(P ◦ F) = F∗(ε(P)).

4. Symplectic structure on C∞
per(R,C). Let Surf be the standard symplectic

form on C, defined by

Surfz(δz, δ
′z) =

1

2i
[δz̄ δ′z − δ′z̄ δz] ,

where z, δz, δ′z ∈ C. For all x ∈ R, let

x̂ : C∞
per(R,C) → C with x̂(f) = f(x)

be the evaluation map. Because x̂ is smooth, the pullback x̂∗(Surf)/π is a 2-form
on C∞

per(R,C), and it is closed because Surf is closed. We denote by ω its mean
value

ω =
1

π

∫ 1

0

x̂∗(Surf) dx.



EXAMPLE OF SINGULAR REDUCTION IN SYMPLECTIC DIFFEOLOGY 1319

Evaluated on a plot P : r �→ fr in C∞
per(R,C), ω is given by

ω(P)r(δr, δ
′r) =

1

2iπ

∫ 1

0

{
∂fr(x)

∂r
(δr)

∂fr(x)

∂r
(δ′r)

− ∂fr(x)

∂r
(δ′r)

∂fr(x)

∂r
(δr)

}
dx.

Since integration is a smooth operation, ω is still a differential closed 2-form. Now,
ω is invariant by translation Trg : f �→ f + g, and C∞

per(R,C) is a homogeneous
space of itself. The moment map of this action is given, up to a constant, by

μ(f) =
1

2iπ
d

[
g �→

∫ 1

0

f̄g − ḡf

]
.

An easy check shows that μ is injective. Thus, C∞
per(R,C) equipped with ω is a

diffeological symplectic space, in a strong sense. Indeed, C∞
per(R,C) acts transitively

on itself by translation. This action preserves ω and the moment map for this
action is injective. That falls under the definition we gave for being symplectic in
diffeology, as the case (+ +) of the Introduction, and considering [PIZ13, §9.19,
Note 3]. By transfer, that applies to the pushforward of ω on E .

Proof. The 2-form ω is actually exact, we choose the primitive ε defined by

ε(P)r(δr) =
1

2iπ

∫ 1

0

fr(x)
∂fr(x)

∂r
(δr) dx.

We use the notation of the Memoir on the Moment Maps in Diffeology [PIZ10].
Now, since the space C∞

per(R,C) is contractible, we can compute the moment map
through the paths moment map applied, for every f , to the path γf : t �→ tf . That
is,

μ(f) = Ψ(γf ) = γ̂∗
f (Kω),

where K is the chain-homotopy operator. But ω = dε and we recall that

dK +Kd = 1̂∗ − 0̂∗.

Therefore,

μ(f) = γ̂∗
f (K(dε))

= γ̂∗
f

[
1̂∗(ε)− 0̂∗(ε)− d(Kε)

]
= (1̂ ◦ γ̂f )∗(ε)− (0̂ ◦ γ̂f )∗(ε)− d

[
γ̂∗
f (Kε)

]
.

But γ̂f (g) = [t �→ Tg(tf) = tf + g], thus 1̂ ◦ γ̂f (g) = f + g, that is, 1̂ ◦ γ̂f = Tf .
Then,

T ∗
f (ε)(r �→ gr)r(δr) = ε(r �→ gr + f)r(δr)

=
1

2iπ

∫ 1

0

(
gr(x)+f(x)

) ∂gr
∂r

(δr) dx

= ε(r �→ gr)r(δr)

+ d

[
g �→ 1

2iπ

∫ 1

0

f(x)g(x) dx

]
(r �→ gr)r(δr),
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that is,

(1̂ ◦ γ̂f )∗(ε) = ε+ d

[
g �→ 1

2iπ

∫ 1

0

f(x)g(x) dx

]
.

On the other hand, 0̂◦ γ̂f (g) = g, that is, 0̂◦ γ̂f = 1 and (0̂◦ γ̂f )∗(ε) = ε. Next, since
ε is a 1-form, Kε is a function on Paths(C∞

per(R,C)), precisely Kε(γ) =
∫
γ
ε. Thus,

γ̂∗
f (Kε) = (Kε) ◦ γ̂f . But (Kε) ◦ γ̂f (g) = Kε(t �→ tf + g) =

∫ 1

0
ε(t �→ tf + g)t(1)dt,

that is,

(Kε) ◦ γ̂f (g) =

∫ 1

0

ε(t �→ tf + g)t(1) dt

=
1

2iπ

∫ 1

0

{∫ 1

0

(tf(x)+g(x))f(x) dx

}
dt

=
1

2iπ

1

2

∫ 1

0

|f(x)|2dx+
1

2iπ

∫ 1

0

g(x)f(x) dx.

Therefore,

d [(Kε) ◦ γ̂f ] = d

[
g �→ 1

2iπ

∫ 1

0

g(x)f(x) dx

]
.

Combining everything into the expression of μ(f), we get what was announced. �

5. Action of the infinite torus and moment maps. We consider the 2-form
ω defined above pushed on the space of Fourier coefficients E . Evaluated on a plot
P : r �→ (fn(r))n∈Z,

ω(P)r(δr, δ
′r) =

1

2iπ

∑
n∈Z

∂fn(r)

∂r
(δr)

∂fn(r)

∂r
(δ′r)

− ∂fn(r)

∂r
(δ′r)

∂fn(r)

∂r
(δr).

The ordinary action (zn)n∈Z · (Zn)n∈Z = (znZn)n∈Z of the infinite torus T∞ on E ,
is Hamiltonian and exact.8 The moment map μ is given by

μ(Z) =
1

2iπ

∑
n∈Z

|Zn|2 π∗
n(θ) + σ,

where πn : T∞ → U(1) is the n-th projection πn(Z) = Zn, θ is the canonical
invariant 1-form on U(1), and σ is some constant momentum of T∞ (a constant
invariant 1-form).

Let (αn)n∈Z be a sequence of numbers independent over Q. We denote by
ι : R → T∞ the induction of R in T∞, ι(t) = (e2iπαnt)n∈Z, and by t(Zn)n∈Z =
(e2iπαntZn)n∈Z, the induced action of R on E . Its moment map is given by

ν(Z) = h(Z) dt with h(Z) =
∑
n∈Z

αn|Zn|2 + c,

where c is some constant.

8Being exact means having an equivariant solution to the equation in μ, ϕ(x, x′) = μ(x′)−μ(x)
[PIZ13, Chapter 9]
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Proof. The primitive ε of ω, that is,

ε(P)r(δr) =
1

2iπ

∑
n∈Z

Zn(r)
∂Zn(r)

∂r
(δr),

where r �→ (Zn(r))n∈Z is a plot of E , is obviously invariant under the action of
T∞. Therefore, the action is Hamiltonian and equivariant [PIZ13, §9.11]. And the

moment map is, up to a constant, the pullback of ε by the orbit map Ẑ : T∞ → E ,
Ẑ(z) = zZ, where z = (zn)n∈Z and Z = (Zn)n∈Z. Therefore, μ(Z) = Ẑ∗(ε) + σ.
Now, let θ be the canonical 1-form on U(1) defined by

θ(ζ)r(δr) = ζ̄(r)
∂ζ(r)

∂r
(δr),

for all plots ζ in U(1). Let πn : T∞ → U(1) be the n-th projection Z �→ Zn, for all
Z = (Zn)n∈Z ∈ E . Let ζ : r �→ (ζn(r))n∈Z be a plot in T∞, the moment map μ is
then explicitly given, up to the constant σ, by

μ(Z)(ζ)r(δr) = Ẑ∗(ε)(ζ)r(δr)

= ε(Ẑ ◦ ζ)r(δr)

=
1

2iπ

∑
n∈Z

Znζn(r)
∂Znζn(r)

∂r
(δr)

=
1

2iπ

∑
n∈Z

|Zn|2 ζ̄n(r)
∂ζn(r)

∂r
(δr)

=
1

2iπ

∑
n∈Z

|Zn|2 π∗
n(θ)(ζ)r(δr).

Therefore, the general moment map is written

μ(Z) =
1

2iπ

∑
n∈Z

|Zn|2 π∗
n(θ) + σ.

Remark that, for all n ∈ Z, for all ball B ⊂ dom(ζ), there exists a smooth function
τn, defined on B, such that ζn(r) = exp(2iπ τn(r)). Then, modulo a constant, the
moment map is also given by

μ(Z)(ζ)r(δr) =
∑
n∈Z

|Zn|2
∂τn(r)

∂r
(δr).

Note also that, since ζ is a plot in T∞ for the tempered diffeology, the norm of
the derivatives ∂ζn(r)/∂r, that is, the norm of ∂τn(r)/∂r, are upper bounded by
a polynomial in n which insures the convergence of the series defining the moment
map just above.

Now, consider the induction ι. It induces a projection ι∗ : T ∞∗ → R∗, where
T ∞∗ is the space of momenta of T∞. The moment maps with respect to the group
R are then the composites ν = ι∗ ◦ μ, that is,

ν = ι∗
{

1

2iπ

∑
n∈Z

|Zn|2 π∗
n(θ) + σ

}
=

1

2iπ

∑
n∈Z

|Zn|2 (πn ◦ ι)∗(θ) + ι∗(σ).

But πn ◦ ι : t �→ exp(2iπαnt), then (πn ◦ ι)∗(θ) = 2iπαn dt. Thus, ν(Z) = h(Z) dt
with h(Z) =

∑
n∈Z αn|Zn|2 + c, where ι∗(σ) = c dt, c ∈ R. �
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Quasiprojective action of the real line and reduction

Let α = (αn)n∈Z be a sequence of positive numbers, independent over Q. Let
S∞α be the unit level9 of the moment map ν of the action of R,

S∞α =

{
Z = (Zn)n∈Z ∈ E

∣∣∣∣ ∑
n∈Z

αn|Zn|2 = 1

}
.

Let QP∞
α be the quotient of S∞α under the action of R, and pr be the projection,

pr : S∞α → QP∞
α and QP∞

α = S∞α /R.

We say that the quotient space is an infinite quasiprojective space.

Note. Consider a general level
∑

n∈Z αn|Zn|2 − c, with c > 0. By the change

Zn �→ √
αnZn/

√
c, the subspace S∞α is mapped into S∞ ⊂ E , the unit sphere in E .

Now, if all αn would be equal to 1, then the action of R would give the action of S1

and QP∞
α would be diffeomorphic to the infinite projective space CP∞ = S∞/S1,

and the projection pr : S∞α → QP∞
α would be the infinite Hopf fibration.10 And

that justifies our choice of vocabulary.

6. The orbits of the quasiprojective action of R. Considering the action of
R on S∞α , the analysis of the action of R in terms of orbits is given by the following
properties.

(1) Let Z ∈ S∞α . If there exist Zn �= 0 and Zm �= 0, then the stabilizer of
Z is {0} and the orbit of Z by R, equipped with the subset diffeology, is
diffeomorphic to R. They are the principal orbits.

(2) The singular orbits, that is, the nonprincipal orbits, are the subspaces

S1n = {Z ∈ S∞α | Zm = 0 if m �= n} with n ∈ Z.

Each singular orbit, equipped with the subset diffeology, is diffeomorphic
to the circle S1.

(3) The singular locus, that is, the union S =
⋃

n∈Z S1n ⊂ S∞α , equipped with

the subset diffeology, is actually the diffeological sum11

S =
∐
n∈Z

S1n, and dim(S) = 1.

(4) The regular locus, that is, the subset S∞α − S, is D-open.12

Proof. For the first item, let Z ∈ S∞α with Zn �= 0 and Zm �= 0, the map

t �→ (e2iπαntzn, e
2iπαmtzm) with zn =

Zn

|Zn|
and zm =

Zm

|Zm|

is an induction from R into T2, because αn and αm are independent over Q, see
[PIZ13, Exercise 31]. It follows from there that the orbit map t �→ t(Z) is an
induction.

9The choice of the constant c in the moment map ν being irrelevant for the following, we choose
c = 0.

10Same set but with another diffeology as in [PIZ13, §4.11].
11See [PIZ13, 1.39].
12That is, open for the D-topology [PIZ13, 2.8].
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For the second item, there exists n such that for all m �= n, Zm = 0 but Zn �= 0,
since

∑
n∈Z αn|Zn|2 > 0. The orbit map is a covering onto the circle S1n induced in

S∞α .
For the third item, let P : U → S be a plot. For every n ∈ Z let On =

(πn ◦ P)−1(C − {0}), where πn : S∞α → C is the projection πn((Zm)m∈Z) = Zn.
Since πn ◦ P is smooth, thus continuous, every On ⊂ U is open. Moreover, let
n �= m, assume r ∈ On ∩ Om, that is, Zn(r) �= 0 and Zm(r) �= 0, but P takes its
values in the union of the S1m, m ∈ Z; hence, Zn(r) �= 0 implies Zm(r) = 0 for all
m �= n, thus, On ∩Om = ∅. Therefore,

U =
⋃
n∈Z

On and On ∩ Om = ∅ for all n �= m.

That means that the On make an open partition of U. Then, each On is a union
of connected components of U. Thus, P takes locally its values in the S1n, n ∈ Z,
which means that S is the diffeological sum of the circles S1n, n ∈ Z (op. cit.).

For the fourth item, let P : U → S∞α be a plot, P(r) = (Zn(r))n∈Z. For all
r0 ∈ P−1(S∞α − S), there exist at least two different indices n and m such that
Zn(r0) �= 0 and Zm(r0) �= 0. Since Zn and Zm are smooth, there exists an open
neighborhood V of r0 such that Zn(r) �= 0 and Zm(r) �= 0, for all r ∈ V, that is,
V ⊂ P−1(S∞α − S). Thus, P−1(S∞α − S) is a union of open domains, it is then an
open domain, and consequently S∞α − S is D-open. �

7. Symplectic reduction on the quasiprojective space. Independent of the
various types of fibers of the projection pr : S∞α → QP∞

α , and the singularities
induced on the quotient space QP∞

α , there exists a differential closed 2-form � on
QP∞

α such that

ω � S∞α = pr∗(�).

Note. The group T∞ being abelian, it still acts on the reduced space QP∞
α , its

moment on this space is the projection of the moment μ of its action on S∞α [PIZ13,
§9.13].

Proof. We shall apply the general criterion for a differential form to be the pullback
of another one [PIZ13, §6.38]. Let P : U → S∞α and P′ : U → S∞α be two plots,

U S∞α

QP∞
α

P

P′

pr such that pr ◦P = pr ◦P′.

We want to check if, in these conditions, ω(P) = ω(P′). That would insure
the existence of �, a (necessarily closed) 2-form on QP∞

α such that ω = pr∗(�)
[PIZ13, §6.38]. We consider, first of all, what happens on the open subset

U0 = P−1(S∞α − S).
Since pr ◦P = pr ◦P′, P−1(S∞α − S) = P′−1(S∞α − S) = U0. Now, the restrictions
of P and P′ on U0 take their values in the subset of S∞α made of principal orbits of
R, for which the stabilizer of the action of R is {0}. Thus, for each r ∈ U0 there
is a unique τ (r) ∈ R such that, for all n, Z′

n(r) = e2iπαnτ(r)Zn(r). The function
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τ is smooth. Indeed, for all r0 ∈ U0, there exists n ∈ Z such that Zn(r0) �= 0.
Then there exists a neighborhood of r0 where Zn(r) �= 0. On this neighborhood
Z′
n(r) �= 0, and e2iπαnτ(r) = Z′

n(r)/Zn(r). But r �→ Z′
n(r) and r �→ Zn(r) are

smooth, thus r �→ e2iπαnτ(r) is smooth, and therefore so is τ .
Now, ω = dε, and

ε(P′)r(δr) =
1

2iπ

∑
n∈Z

Z′
n(r)

∂Z′
n(r)

∂r
(δr)

=
1

2iπ

∑
n∈Z

Zn(r)
∂Zn(r)

∂r
(δr)

+

(∑
n∈Z

αnZn(r)Zn(r)

)
∂τ (r)

∂r
(δr)

= ε(P)r(δr) + τ∗(dt)r(δr).

Therefore, [ω(P′) − ω(P)] � U0 = 0. Thus, by continuity, [ω(P′) − ω(P)] �U0 = 0,
where U0 is the closure of U0. It remains to check what happens on the comple-
mentary V = U −U0. The subset V is open, thus P � V and P′ � V are two plots
of S∞α but with values in the subset of singular orbits S. Since S has dimension
1 and ω is a 2-form, ω(P � V) = ω(P′ � V) = 0, see [PIZ13, §6.39, Note]. In
conclusion, ω(P′) = ω(P) everywhere on U. That proves that there exists a 2-form
� on QP∞

α = S∞α /R such that pr∗(�) = ω. �
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