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ON CONFORMALLY FLAT MANIFOLDS

WITH CONSTANT POSITIVE SCALAR CURVATURE

GIOVANNI CATINO

(Communicated by Lei Ni)

Abstract. We classify compact conformally flat n-dimensional manifolds with
constant positive scalar curvature and satisfying an optimal integral pinching
condition: they are covered isometrically by either Sn with the round metric,
S1×Sn−1 with the product metric or S1×Sn−1 with a rotationally symmetric
Derdzinski metric.

1. Introduction

In this paper, we study compact conformally flat Riemannian manifolds, i.e.,
compact manifolds whose metrics are locally conformally equivalent to the Eu-
clidean metric. Riemannian surfaces are always conformally flat, hence it is natural
to look to the higher-dimensional case. Kuiper [21] was the first who studied global
properties of this class of manifolds. He showed that every compact, simply con-
nected, conformally flat manifold is conformally diffeomorphic to the round sphere
S
n. In the last years, much attention has been given to the classification of con-

formally flat manifolds under topological and/or geometrical assumptions. From
the curvature point of view, conformal flatness is equivalent to the vanishing of the
Weyl and the Cotton tensor. In particular, the Riemann tensor can be recovered
by its trace part, namely the Ricci tensor. Schoen and Yau [26] showed that con-
formal flatness together with (constant) positive scalar curvature still allow much
flexibility. In contrast, conditions on the Ricci curvature put strong restrictions on
the geometry of the manifold. Tani [27] proved that any compact conformally flat
n-dimensional manifold with positive Ricci curvature and constant positive scalar
curvature is covered isometrically by S

n with the round metric. This result, with a
pointwise pinching condition on the Ricci curvature, was generalized by many au-
thors (for instance see [7,12,22,24,29] for results and references). In [5] Carron and
Herzlich classify complete conformally flat manifolds of dimension n ≥ 3 with non-
negative Ricci curvature: they are either flat, or locally isometric to R× S

n−1 with
the product metric; or are globally conformally equivalent to R

n or to a spherical
space form. On the other hand, classification of compact conformally flat man-
ifolds satisfying an integral pinching condition was obtained by Gursky [13] and
Hebey and Vaugon [15, 16]. They showed that n-dimensional spherical space form
can be characterized by means of an optimal Ln/2-pinching condition on the Ricci
curvature (see [23, 28] for other results in this direction).
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The aim of this paper is to show a new classification result for compact confor-
mally flat n-dimensional manifolds with constant positive scalar curvature. A large
variety of Riemannian manifolds belong to this class: manifolds which are covered
isometrically by S

n with the round metric or by S
1×S

n−1 with the product metric;
but also the quotient of Sn−k × H

k, 2k < n with the product metric. In general,
by the work of Schoen [25], one can construct conformally flat manifolds with con-
stant positive scalar curvature by gluing copies of metrics of this type. Additional
examples were constructed by Derdzinski [10] in the class of warped product met-
rics. More precisely, he showed that there exists a family of warped product metrics
(with (n−1)-dimensional Einstein fibers) with harmonic curvature, the Ricci tensor
of which is not parallel and has less than three distinct eigenvalues at any point,
and proved that every manifold with these properties is covered isometrically by
one of these examples (see Theorem 3.2). When the fibers are isometric to S

n−1,
these metrics give rise to examples of compact conformally flat manifolds with con-
stant positive scalar curvature that we will call rotationally symmetric Derdzinski
metrics.

We prove that these metrics, together with the trivial ones, can be characterized
as conformally flat metrics with constant positive scalar curvature and satisfying an
optimal integral pinching condition. Let (Mn, g) be an n-dimensional Riemannian
manifold. We denote by Ric and R the Ricci and the scalar curvature, respectively,
and by E the trace-less Ricci tensor, i.e., E = Ric− 1

nRg.
Our main result reads as follows:

Theorem 1.1. Let (Mn, g) be a compact conformally flat n-dimensional manifold
with constant positive scalar curvature. Then∫

Mn

|E|n−2
n

(
R −

√
n(n− 1)|E|

)
≤ 0

and equality occurs if and only if (Mn, g) is covered isometrically by either S
n with

the round metric, S1×S
n−1 with the product metric or S1×S

n−1 with a rotationally
symmetric Derdzinski metric.

Since E ≡ 0 on S
n with the round metric, while R ≡

√
n(n− 1)|E| on S

1×S
n−1

with the product metric, Theorem 1.1 can be interpreted as a rigidity result for an
interpolation curvature estimate.

2. Codazzi tensors with constant trace

Let (Mn, g) be a smooth Riemannian manifold of dimension n ≥ 3 and consider
a Codazzi tensor T on Mn, i. e., a symmetric bilinear form satisfying the Codazzi
equation

(∇XT )(Y, Z) = (∇Y T )(X,Z) ,

for every tangent vectorsX,Y, Z. For an overview on manifolds admitting a Codazzi
tensor see [2, Chapter 16.C]. In all of this section we will assume that T has constant
trace. In particular, the trace-free tensor T ′ = T − 1

n tr(T ) g is again a Codazzi
tensor. In a local coordinate system, we have

(2.1) ∇kT
′
ij = ∇jT

′
ik .

Throughout the article, the Einstein convention of summing over the repeated
indices will be adopted. Taking the covariant derivative of the Codazzi equation
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and tracing we obtain

ΔT ′
ij = ∇k∇jT

′
ik

= ∇j∇kT
′
ik − RikjlT

′
kl +RjkT

′
ik ,

where we have used the commutation rules of covariant derivatives of symmetric two
tensors. Here Rikjl and Rjk denote the components of the Riemann and Ricci tensor
respectively. Now, since T ′ is trace-free, from (2.1) one has ∇kT

′
ik = ∇iT

′
kk = 0.

Thus, any trace-free Codazzi tensor T ′ satisfies the following elliptic system:

(2.2) ΔT ′
ij = −RikjlT

′
kl +RjkT

′
ik .

In particular, the following Weitzenböck formula holds:

(2.3)
1

2
Δ|T ′|2 = |∇T |2 −RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik .

Using (2.3), Berger and Ebin [1] showed that every Codazzi tensor T with constant
trace on a compact Riemannian manifold with non-negative sectional curvature is
parallel. Moreover, if the sectional curvature is positive at some point, then T ′

must vanish.
The aim of this section is to show a vanishing theorem for Codazzi tensor with

constant trace, in the spirit of the work Gursky [14] on conformal vector fields.
In this paper the author proved a vanishing theorem for conformal vector fields
on four-manifold with negative scalar curvature and satisfying an integral pinching
condition on the Ricci tensor (see also [18] for other results in this direction). The
proof of this result is an improvement of the Bochner method [3] and strongly relies
on the validity of a refined Kato-type inequality involving the covariant derivative of
the conformal vector field. As first observed by Bourguignon [4], trace-free Codazzi
tensor satisfies the following sharp inequality (for a proof, see for instance [16]).

Lemma 2.1. Let T ′ be a trace-free Codazzi tensor on a Riemannian manifold
(Mn, g) and let Ω0 = {p ∈ Mn : |T ′|(p) �= 0}. Then, on Ω0,

|∇T ′|2 ≥ n+ 2

n
|∇|T ′||2 .

From the previous equation, on Ω0, we therefore have

(2.4)
1

2
Δ|T ′|2 ≥ n+ 2

n
|∇|T ′||2 −RikjlT

′
ijT

′
kl + RjkT

′
ijT

′
ik .

Since we want to prove an integral estimate, we will need to apply (2.4) on the
whole Mn. To do this we use the following:

Lemma 2.2. Let T ′ be a non-trivial, trace-free Codazzi tensor on the Riemannian
manifold (Mn, g) and let Ω0 = {p ∈ Mn : |T ′|(p) �= 0}. Then Vol (Mn \ Ω0) = 0.
In particular (2.4) holds in an H1-sense on Mn.

Proof. The lemma follows from equation (2.2) and the unique continuation result
of Kazdan [20, Theorem 1.8] for solutions of an elliptic system on Riemannian
manifolds. �

The main result of this section is the following integral inequality on trace-free
Codazzi tensor.
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Proposition 2.3. Let T ′ be a non-trivial, trace-free Codazzi tensor on the Rie-
mannian manifold (Mn, g). For ε > 0, define Ωε = {p ∈ Mn : |T ′|(p) ≥ ε},
and

fε =

{
|T ′|(p) if p ∈ Ωε,

ε if p ∈ Mn \ Ωε .

Then ∫
Mn

(
−RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε ≤ 0 .

Proof. Multiplying both sides of inequality (2.4) by f
n+2
n

ε and integrating by parts,
we get

0 ≥ −1

2

∫
Mn

Δ|T ′|2f−n+2
n

ε +
n+ 2

n

∫
Mn

|∇|T ′||2f−n+2
n

ε

+

∫
Mn

(
−RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε

=
1

2

∫
Mn

〈∇|T ′|2,∇
(
f
−n+2

n
ε

)
〉+ n+ 2

n

∫
Mn

|∇|T ′||2f−n+2
n

ε

+

∫
Mn

(
−RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε

= −n+ 2

n

∫
Mn

〈∇|T ′|,∇fε〉|T ′| f− 2
n

ε +
n+ 2

n

∫
Mn

|∇|T ′||2f−n+2
n

ε

+

∫
Mn

(
−RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε .

Since fε = |T ′| on Ωε and ∇fε = 0 on Mn \ Ωε, we obtain

0 ≥ −n+ 2

n

∫
Mn

|∇fε|2 f
−n+2

n
ε +

n+ 2

n

∫
Mn

|∇|T ′||2f−n+2
n

ε

+

∫
Mn

(
− RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε

=
n+ 2

n

∫
Mn\Ωε

|∇|T ′||2f−n+2
n

ε

+

∫
Mn

(
− RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε

≥
∫
Mn

(
−RikjlT

′
ijT

′
kl +RjkT

′
ijT

′
ik

)
f
−n+2

n
ε .

This concludes the proof. �

3. Proof of Theorem 1.1

Throughout this section (Mn, g), n ≥ 3, is a compact conformally flat Riemann-
ian manifold with constant positive scalar curvature. To fix the notation, we recall
the decomposition of the Riemann tensor into the Weyl, the Ricci and the scalar
curvature part

Rikjl =Wikjl +
1

n− 2

(
Rijgkl −Rilgjk +Rklgij −Rjkgil

)

− R

(n− 1)(n− 2)

(
gijgkl − gilgjk

)
.
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Since g is conformally flat, then, if n ≥ 4, the Weyl tensor must be identically zero.
On the other hand, in dimension n = 3, the Weyl tensor is zero for algebraic reasons
and conformally flatness is equivalent to the vanishing of the Cotton tensor

Cijk = ∇kRij −∇jRik − 1
2(n−1)

(
∇kR gij −∇jR gik

)
.

Moreover, when n ≥ 4, one has (see [2, 16.3])

∇lWikjl =
n− 3

n− 2
Cijk.

Hence, if we assume that the manifold is conformally flat, both the Weyl and the
Cotton tensor are identically zero. In particular we have that the Schouten tensor

Aij =
1

n− 2

(
Rij −

1

2(n− 1)
Rgij

)

is a Codazzi tensor with constant trace, since tr(A) = 1
2(n−1)R = const. This

implies that the trace-less Ricci tensor E = Ric − 1
nRg is a Codazzi tensor too.

Assume that E is not identically zero. From Proposition 2.3, we get that the
following integral inequality holds:

(3.1)

∫
Mn

(
−RikjlEijEkl +RjkEijEik

)
f
−n+2

n
ε ≤ 0 ,

where

fε =

{
|E|(p) if p ∈ Ωε,

ε if p ∈ Mn \ Ωε,

and Ωε = {p ∈ Mn : |E|(p) ≥ ε}. Since g is conformally flat, the Riemann tensor
becomes

Rikjl =
1

n− 2

(
Eijgkl − Eilgjk + Eklgij − Ejkgil

)
+

R

n(n− 1)

(
gijgkl − gilgjk

)
,

and a simple computation shows

−RikjlEijEkl +RjkEijEik =
1

n− 1
R|E|2 + n

n− 2
EijEikEjk .

Moreover, since E is trace-free, we have the sharp inequality (see for instance [19,
Lemma 2.4])

(3.2) EijEikEjk ≥ − n− 2√
n(n− 1)

|E|3

and equality holds at some point p ∈ Mn if and only if E can be diagonalized at
p with (n − 1)-eigenvalues equal to λ and one eigenvalue equal to −(n − 1)λ, for
some λ ∈ R. Hence, we get

−RikjlEijEkl +RjkEijEik ≥ 1

n− 1
|E|2

(
R −

√
n(n− 1)|E|

)
,

and from (3.1), we obtain∫
Mn

|E|
n−2
n

(
R−

√
n(n− 1)|E|

)
|E|

n+2
n f

−n+2
n

ε

≤
∫
Mn

(
−RikjlEijEkl +RjkEijEik

)
f
−n+2

n
ε ≤ 0 .
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Now, taking the limit as ε → 0, since |E|n+2
n f

−n+2
n

ε → 1 a.e. on Mn by Lemma 2.2,
we conclude ∫

Mn

|E|
n−2
n

(
R −

√
n(n− 1)|E|

)
≤ 0 .

Hence, we have proved the following:

Lemma 3.1. Let (Mn, g) be a compact conformally flat manifold with constant
positive scalar curvature. Then∫

Mn

|E|
n−2
n

(
R −

√
n(n− 1)|E|

)
≤ 0

and equality occurs if and only if, at every point, either E is null or it has an
eigenvalue of multiplicity (n− 1) and another of multiplicity 1.

Now we can conclude the proof of Theorem 1.1. By the integral pinching as-
sumption we have that equality in Lemma 3.1 occurs. Hence, either g is Einstein,
and by conformally flatness it has constant positive sectional curvature or, at every
point, the Ricci tensor has an eigenvalue of multiplicity (n−1) and another of mul-
tiplicity 1. Moreover, since the Ricci tensor is Codazzi, we have that g has harmonic
curvature, i.e., ∇lRikjl ≡ 0 (see [2, Chapter 16.E]), and by the regularity result of
DeTurck and Goldschmidt [11], g must be real analytic in suitable (harmonic) local
coordinates.

Now, suppose that the Ricci tensor has an eigenvalue of multiplicity (n− 1) and
another of multiplicity 1. If the Ricci tensor is parallel, by the de Rham decom-
position theorem [8], (Mn, g) is covered isometrically by the product of Einstein
manifolds. Since g is conformally flat and has positive scalar curvature, then the
only possibility is that (Mn, g) is covered isometrically by S

1×S
n−1 with the prod-

uct metric.
On the other hand, if the Ricci tensor is not parallel, we have the following

classification result of Derdzinski [10, Theorem 2]:

Theorem 3.2. Let (Mn, g) be a compact Riemannian manifold with harmonic cur-
vature. If the Ricci tensor is not parallel and has less than three distinct eigenvalues
at each point, then (Mn, g) is covered isometrically by (S1×Nn−1, dt2+F 2(t)gN ),
where (Nn−1, gN ) is a compact Einstein manifold with positive scalar curvature and
F is a non-constant, positive, periodic function satisfying a precise ODE. Moreover,
if g is conformally flat, then (Nn−1, gN ) is isometric to Sn−1 with the round metric.

This concludes the proof of Theorem 1.1. Finally, we recall that splitting results
for Riemannian manifolds admitting a Codazzi tensor with only two distinct eigen-
values were obtained by Derdzinski [9] and Hiepko-Reckziegel [17] (see [2, Chap-
ter 16] for further discussion). See also a more recent result of the author with
Mantegazza and Mazzieri [6].
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concirculaire en géométrie conforme (French, with English and French summaries), C. R.
Acad. Sci. Paris Sér. I Math. 316 (1993), no. 5, 483–488. MR1209271 (94c:53049)

[16] Emmanuel Hebey and Michel Vaugon, Effective Lp pinching for the concircular curvature,
J. Geom. Anal. 6 (1996), no. 4, 531–553 (1997), DOI 10.1007/BF02921622. MR1601401
(99j:53038)

[17] Sönke Hiepko and Helmut Reckziegel, Über sphärische Blätterungen und die Vollständigkeit
ihrer Blätter (German, with English summary), Manuscripta Math. 31 (1980), no. 1-3, 269–
283, DOI 10.1007/BF01303277. MR576500 (82k:53079)

[18] Zejun Hu and Haizhong Li, Scalar curvature, Killing vector fields and harmonic one-forms
on compact Riemannian manifolds, Bull. London Math. Soc. 36 (2004), no. 5, 587–598, DOI
10.1112/S0024609304003455. MR2070435 (2005m:53047)

[19] Gerhard Huisken, Ricci deformation of the metric on a Riemannian manifold, J. Differential
Geom. 21 (1985), no. 1, 47–62. MR806701 (86k:53059)

[20] Jerry L. Kazdan, Unique continuation in geometry, Comm. Pure Appl. Math. 41 (1988),
no. 5, 667–681, DOI 10.1002/cpa.3160410508. MR948075 (89k:35039)

[21] N. H. Kuiper, On conformally-flat spaces in the large, Ann. of Math. (2) 50 (1949), 916–924.
MR0031310 (11,133b)

[22] Maria Helena Noronha, Some compact conformally flat manifolds with nonnegative scalar
curvature, Geom. Dedicata 47 (1993), no. 3, 255–268, DOI 10.1007/BF01263660. MR1235219
(94f:53068)

http://www.ams.org/mathscinet-getitem?mr=0266084
http://www.ams.org/mathscinet-getitem?mr=0266084
http://www.ams.org/mathscinet-getitem?mr=2371700
http://www.ams.org/mathscinet-getitem?mr=2371700
http://www.ams.org/mathscinet-getitem?mr=0018022
http://www.ams.org/mathscinet-getitem?mr=0018022
http://www.ams.org/mathscinet-getitem?mr=1205158
http://www.ams.org/mathscinet-getitem?mr=1205158
http://www.ams.org/mathscinet-getitem?mr=2231203
http://www.ams.org/mathscinet-getitem?mr=2231203
http://www.ams.org/mathscinet-getitem?mr=3343892
http://www.ams.org/mathscinet-getitem?mr=1832558
http://www.ams.org/mathscinet-getitem?mr=1832558
http://www.ams.org/mathscinet-getitem?mr=0052177
http://www.ams.org/mathscinet-getitem?mr=0052177
http://www.ams.org/mathscinet-getitem?mr=1016679
http://www.ams.org/mathscinet-getitem?mr=1016679
http://www.ams.org/mathscinet-getitem?mr=0253235
http://www.ams.org/mathscinet-getitem?mr=0253235
http://www.ams.org/mathscinet-getitem?mr=1305946
http://www.ams.org/mathscinet-getitem?mr=1305946
http://www.ams.org/mathscinet-getitem?mr=1718693
http://www.ams.org/mathscinet-getitem?mr=1718693
http://www.ams.org/mathscinet-getitem?mr=1209271
http://www.ams.org/mathscinet-getitem?mr=1209271
http://www.ams.org/mathscinet-getitem?mr=1601401
http://www.ams.org/mathscinet-getitem?mr=1601401
http://www.ams.org/mathscinet-getitem?mr=576500
http://www.ams.org/mathscinet-getitem?mr=576500
http://www.ams.org/mathscinet-getitem?mr=2070435
http://www.ams.org/mathscinet-getitem?mr=2070435
http://www.ams.org/mathscinet-getitem?mr=806701
http://www.ams.org/mathscinet-getitem?mr=806701
http://www.ams.org/mathscinet-getitem?mr=948075
http://www.ams.org/mathscinet-getitem?mr=948075
http://www.ams.org/mathscinet-getitem?mr=0031310
http://www.ams.org/mathscinet-getitem?mr=0031310
http://www.ams.org/mathscinet-getitem?mr=1235219
http://www.ams.org/mathscinet-getitem?mr=1235219


2634 GIOVANNI CATINO

[23] Stefano Pigola, Marco Rigoli, and Alberto G. Setti, Some characterizations of space-forms,
Trans. Amer. Math. Soc. 359 (2007), no. 4, 1817–1828 (electronic), DOI 10.1090/S0002-9947-
06-04091-8. MR2272150 (2008a:53036)

[24] Patrick J. Ryan, A note on conformally flat spaces with constant scalar curvature, Proceed-
ings of the Thirteenth Biennial Seminar of the Canadian Mathematical Congress, Vol. 2 (On
Differential Topology, Differential Geometry and Applications, Dalhousie Univ., Halifax, N.S.,
1971), Canad. Math. Congr., Montreal, Que., 1972, pp. 115–124. MR0487882 (58 #7478)

[25] Richard Schoen, Conformal deformation of a Riemannian metric to constant scalar curva-
ture, J. Differential Geom. 20 (1984), no. 2, 479–495. MR788292 (86i:58137)

[26] R. Schoen and S.-T. Yau, Conformally flat manifolds, Kleinian groups and scalar curvature,
Invent. Math. 92 (1988), no. 1, 47–71, DOI 10.1007/BF01393992. MR931204 (89c:58139)

[27] Mariko Tani, On a conformally flat Riemannian space with positive Ricci curvature, Tôhoku
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