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PULLING BACK THE GROMOLL-MEYER CONSTRUCTION

AND MODELS OF EXOTIC SPHERES

L. D. SPERANÇA

(Communicated by Guofang Wei)

Abstract. The Gromoll-Meyer construction of an exotic 7-sphere is general-
ized by producing geometric models of exotic 8-, 10- and Kervaire spheres as
quotients of principal bundles over spheres. Also, using the geometry of their
geodesics, the group structure of homotopy 8-spheres is explicitly presented.

1. Introduction

An exotic sphere is a differentiable manifold homeomorphic, but not diffeomor-
phic, to the standard Euclidean sphere Sn. The existence of such manifolds was
discovered by Milnor [Mil56], who described some 7-dimensional exotic spheres as
3-sphere bundles over S4 with structure group SO(4).

A milestone in the study of their geometry was the presentation, by Gromoll and
Meyer [GM72], of an exotic sphere as a quotient of the Lie group Sp(2) by a simple
S3-action. More precisely, considering S7 as the unitary sphere of the quaternionic
plane H2 and

Sp(2) =

{
Q =

(
η1 η3
η2 η4

)
∈ S7 × S7

∣∣∣ η̄3η1 + η̄4η2 = 0

}
,

then the group of unit quaternions S3 acts in Sp(2) by

q �

(
η1 η3
η2 η4

)
=

(
qη1q̄ qη3
qη2q̄ qη4

)
.(1.1)

Its quotient is a generator of the cyclic group of homotopy 7-spheres (see [EK62]).
This construction fits inside a richer framework. First observe that we have a

“standard” action of S3 in Sp(2):

q •
(
η1 η3
η2 η4

)
=

(
η1 η3q̄
η2 η4q̄

)
.(1.2)
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Actions (1.1) and (1.2) commute, giving rise to a cross diagram,

(1.3) S3

•

S3 �
Sp(2)

pr

��

pr′
�� Σ7.

S7

This diagram contains a wealth of information about the geometry of the
Gromoll-Meyer sphere, especially with respect to its geodesics and submanifolds
(e.g. [ADPR07, Dur01, DMR04, DR09]). For instance, note that each one of the
actions descends to symmetries of the quotient by the other action.

The main point of this paper is that the Gromoll-Meyer construction, understood
as diagram (1.3), can be pulled back to give explicit quotient models of other exotic
spheres. The main results are the following theorems.

Theorem 1. There are explicit principal S3-bundles π11 : E11 → S8 and π13 :
E13 → S10 such that

(1) E11 admits an explicit free S3-action which commutes with the principal
one and whose quotient is the only exotic 8-sphere;

(2) E13 admits an explicit free S3-action which commutes with the principal
one and whose quotient is a generator of the order 3 group of homotopy
10-spheres which bound spin manifolds.

We remark that all of the above actions are isometric for a big family of Kaluza-
Klein metrics (Lemma 4.3).

Pullback constructions related to exotic spheres first appeared in [Wil01], where
iterated pullbacks of the Gromoll-Meyer construction were used to produce (S3)m-
manifolds whose quotients were diffeomorphic to the bundles in [Mil56]. Further,
in [DPR10] a pullback construction was used to produce all 7-dimensional exotic
spheres. To the author’s knowledge, the present paper is the first application of this
kind of construction for homotopy spheres not bounding parallelizable manifolds.

We also show that these ideas can be applied to bundles unrelated to the Gromoll-
Meyer construction. In Section 5, we present all Kervaire manifolds as quotients of
O(n)-actions on pullbacks of frame bundles of round spheres.

Theorem 2. For every n ∈ N, there exists an explicit principal O(n)-bundle
πn : Ln → S2n−1 which admits an explicit free O(n)-action, commuting with the
principal one, whose quotient is the Kervaire manifold K2n−1.

The S3-manifolds in [DPR10,Wil01] and the O(n)-manifold K2n−1 are equivari-
antly diffeomorphic to the ones considered in [Dav82] and ∂P 2n(A2) in [Bre72, Sec-
tion V.8], where they are classified up to equivariant diffeomorphism type.

As geometric applications, we pull back to our examples the Wiedersehen metrics
and their relationship with exotic diffeomorphisms that began in [Dur01]. There,
an explicit Wiedersehen metric on the Gromoll-Meyer sphere is used to construct a
rather symmetric formula for an exotic diffeomorphism (degree 1 but not isotopic
to the identity) σ : S6 → S6. If one thinks of homotopy n-spheres as manifolds
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obtained by gluing two discs by a diffeomorphism of their boundary (as Smale’s the-
orem allows for n > 4), the group structure given by connected sum of homotopy
n-spheres is translated to composition in the group of isotopy classes of diffeomor-
phisms of the standard (n−1)-sphere. Here we produce a clutching diffeomorphism
of the exotic 8-sphere, together with an isotopy of its square to the identity (thus
realizing the group of homotopy 8-spheres as the cyclic group with two elements).

1.1. Notational conventions. Throughout this paper, we consider what we call
a special G-G bundle (or G-G bundle for short; compare [Las82]): a G-principal
bundle π : P → M , where P is a G×G-manifold, M is a G-manifold, π is principal
with respect to the G-action defined by {1}×G and equivariant with respect to the
one defined by G× {1}; furthermore, we require that G× {1} acts freely, denoting
its quotient by M ′ and its quotient map by π′ : P → M ′.

Given a G-G bundle π : P → M , we call the G-actions defined by {1} ×G and
G× {1} as the •-action and the �-action, respectively. We denote the •-action by
right juxtaposition, denoting by s ∈ G the acting element, and both the � and the
G-action on M by left juxtaposition by q ∈ G, i.e., if p ∈ P , the •-action of an
arbitrary element of G will be denoted by ps−1 (the inverse is used to maintain the
left-action convention) and the �-action as qp. We use the same pattern for Sp(2),
denoting action (1.2) by Qs−1 and (1.1) by qQ.

With this convention, the equivariance of π reads π(qp) = qπ(p). We also observe
that the G-action on M is completely determined by the �-action on P . Analo-
gously, M ′ has a unique G-action descending from the •-action on P . This is the
unique action that makes π′ a G-G bundle.

Our preference for considering G-G bundles instead of G×G-manifolds is based
on the various papers [ADPR07,Dur01,DMR04,DP09,DRS10] which suggest that
we gain interesting information from the study of P as a bundle over M . This is
illustrated throughout the paper, especially in Sections 3 and 4.

The symbols η1, η2, η3, η4, w1, w2 will denote elements of the quaternionic field H

and ξ an element of the subspace of pure imaginary quaternions Im H. λ is a real
number. Juxtaposition of quaternions will always mean quaternionic multiplication.

We often consider products of manifolds; more specifically, products of discs with
spheres, spheres with spheres, and manifolds with groups. We denote arbitrary
elements on products of discs with spheres and spheres with spheres as (x1, x2).
For products of manifolds and groups (which are usually related to trivializations
of bundles), we always denote the group element as g (even if it is a quaternion).

The letter p is always a point of P and x′ of M ′. We will use x for elements in
M or in subsets of M ; we use x ∈ D7 ⊂ S7, for example. The only exception is
Sp(2), where we denote an arbitrary element as Q.

2. Pulling back the Gromoll-Meyer construction to 8- and

10-dimensional exotic spheres

Consider, as in the Introduction, the Gromoll-Meyer construction as a pair of
commuting actions on Sp(2). We present here a natural procedure to pull back both
actions simultaneously. We first describe it in a general way and then specialize to
the cases in Theorem 1.
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We start by observing that a quotient map for action (1.2) is pr : Sp(2) → S7,
the map that sends a matrix in Sp(2) to its first column,

pr

((
η1 η3
η2 η4

))
=

(
η1
η2

)
.

There is a unique S3-action on S7 that makes it equivariant with respect to (1.1):

q

(
η1
η2

)
=

(
qη1q̄
qη2q̄

)
.(2.1)

From now on we consider S7 as the S3-manifold with action (2.1) and pr : Sp(2) →
S7 as the special S3-S3 bundle with (1.1) and (1.2).

Given a map f : M → S7, one can define the pullback bundle π : f∗Sp(2) → M
as the bundle with total space

f∗Sp(2) = {(x,Q) ∈ M × Sp(2) | f(x) = pr(Q)}(2.2)

and projection π(x,Q) = x. In particular, (x,Q) ∈ f∗Sp(2) if and only if it has the
form

(2.3) (x,Q) =

(
x,

(
η1(x) η3
η2(x) η4

))
,

where η1 and η2 are defined by (η1(x), η2(x))
t = f(x) ∈ S7. Equivalently, (up to

isomorphism) f∗Sp(2) is the only principal S3-bundle that fits in the “pullback
diagram”

f∗Sp(2)

π

��

�� Sp(2)

pr .

��

M
f

�� S7

Here the upper horizontal arrow is the projection in the second coordinate.
As a subspace, f∗Sp(2) is naturally a G-principal bundle over M with action

(x,Q)s−1 = (x,Qs−1). It inherits extra structures according to the properties of f .
For instance, it inherits a �-action if we require equivariance: suppose that M is an
S3-manifold and that f : M → S7 is a S3-equivariant map; then f∗Sp(2) admits
an induced �-action defined by the formula

(2.4) q(x,Q) = (qx, qQ).

It is free, since it is free in the Sp(2)-coordinate, and well defined, since pr(qQ) =

f(qx), thus defining f∗Sp(2)
π→ M as a S3-S3 bundle.

In what follows, we produce examples where M is a Euclidean sphere and M ′ is
an exotic one. We use their geometry to relate different presentations of M ′.

Remark 2.1. It is worth mentioning that the differentiable class of f∗Sp(2)/(S3 ×
{1}) is invariant under equivariant homotopies of f . This follows from the equivari-
ant version of the classical isomorphism between pullbacks induced by homotopic
maps (see [Las82, Corollary 2.11]), and also reflects the properties of the reentrance
procedure discussed in Section 3.1. In particular, the geometrically non-appealing
map (2.5), used to define π11, could be replaced by

f̃8

⎛⎝ λ
w1

w2

⎞⎠ =
1√

λ2 + |w1|4 + |w2|2

(
λ+ w1iw̄1

w2

)
.
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In contrast to [Wil01], we do not use submersions as pullback maps, but topolog-
ically motivated, highly singular maps. These maps preserve different geometrical
properties, namely, the geodesic joins S8 = S4 ∗ S3 and S10 = S6 ∗ S3 (compare
[DP09]).

2.1. 8- and 10-dimensional spheres. Consider S8 as the unit sphere in R×H2

and define f8 : S8 → S7 as

f8

⎛⎝ λ
w1

w2

⎞⎠ =

(√
1− ϕ(|w2|)2 λ+w1iw̄1√

λ2+|w1|4

ϕ(|w2|) w2

|w2|

)
,(2.5)

where ϕ is a smooth non-decreasing function that is the identity on [ 14 ,
3
4 ] and

constant near 0 and 1, fixing 0 and 1.
We endow S8 with the following S3-action,

(2.6) q

⎛⎝ λ
w1

w2

⎞⎠ =

⎛⎝ λ
qw1

qw2q̄

⎞⎠ ,

thus making f8 equivariant with respect to (2.1). In particular, it induces a special
S3-S3 bundle π11 : E11 = f∗

8Sp(2) → S8 whose quotient by the �-action we denote
Σ8. This action is written as

q

⎛⎝ λ
w1

w2

(
η1(x) η3
η2(x) η4

)⎞⎠ =

⎛⎝ λ
qw1

qw2q̄

(
qη1(x)q̄ qη3
qη2(x)q̄ qη4

)⎞⎠ .(2.7)

For the 10-dimensional case, consider S10 as the unit sphere in Im H × H2 and
endow it with the S3-action

q

⎛⎝ ξ
w1

w2

⎞⎠ =

⎛⎝ ξ
qw1

qw2q̄

⎞⎠ ,(2.8)

with ξ ∈ Im H and w1, w2 ∈ H. Define the smooth equivariant map f10 : S10 → S7

by

f10

⎛⎝ ξ
w1

w2

⎞⎠ =

⎛⎝√
1− ϕ(|w2|)2b

(
ξ√

|ξ|2+|w1|2
, w1√

|ξ|2+|w1|2

)
ϕ(|w2|) w2

|w2|

⎞⎠ ,(2.9)

where ϕ is as in (2.5) and b : S6 → S3 is the analytic transition map for pr defined
in [DMR04]:

b(ξ, w1) =

{
w1

|w1|e
πξ w̄1

|w1| , w1 �= 0,

−1, w1 = 0 .
(2.10)

Pulling back by f10 gives a new special S3-S3 bundle π13 : f∗
10Sp(2) = E13 → S10

whose quotient by the �-action we denote Σ10. These are the bundles in Theorem 1.
We recognize the differentiable structures of Σ8 and Σ10 in the next section by
identifying them as the plumbing manifolds in [Sch72]. In Section 4, we apply ideas
from [Dur01] to get explicit clutching diffeomorphisms and the desired isotopy.

Remark 2.2. Although we use smooth representatives of f8 and f10 throughout
the text, we can safely replace ϕ by the identity, which simplifies the proofs. In
fact, complementing Remark 2.1, even a non-smooth continuous equivariant map
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f : M → S7 defines a unique differentiable structure on f∗Sp(2)/(S3 × {1}): one
can equivariantly smooth f and recall that two smooth equivariant representatives
are smoothly equivariant (compare [DMR04, pp. 5036-5042] where differentiability
issues are carefully studied). A very simple application of this principle is used in
Theorem 4.6.

In general, given a special G-G bundle P→M and another G-manifold N , the
pullback construction furnishes a well defined map from the space of homotopy
classes of equivariant continuous maps from N to M to the space of equivariant
diffeomorphism classes of smooth G-manifolds. This relates homotopy classes of
equivariant maps with equivariant diffeomorphism invariants.

3. Recognizing the exotic spheres

A quotient model eventually gives more than the possibility to work without co-
ordinates, it also gives greater intuition on the structure of the manifold: choosing
different local sections on the total space gives different decompositions of the quo-
tient. Here we get different descriptions of our quotients using the pullback nature
of their total spaces and relate the following constructions:

(1) geometric quotients (Theorems 1 and 2);
(2) Milnor’s plumbing construction ([Mil59A], Theorem 3.2);
(3) the gluing of two discs by an “exotic” diffeomorphism (Theorem 4.6).

Recognizing Σ8 and Σ10 as plumbing manifolds allows the classification of their
differentiable classes. This is done by pulling back a plumb-like trivialization of
Sp(2). In 3.1, we begin by describing the S3-S3 bundle structure of pr and give
a plumbing description of the Gromoll-Meyer sphere. Then we pull it back to Σ8

and Σ10 in 3.2.

3.1. Sp(2) → S7 as a special S3-S3 bundle. Since pr is a bundle over a sphere,
Sp(2) can be obtained by gluing two copies of D7 × S3 around their bound-
aries. According to [DMR04], a gluing diffeomorphism for this presentation is
fb(x, g) = (x, gb(x)), with b as in (2.10). The geometry of the trivializations in
[Dur01,DMR04] gives the map b a special type of equivariance, which we call con-
jugation equivariance: for every x ∈ S6 and q ∈ S3,

b(qx) = qb(x)q−1,(3.1)

where qx = (qξq̄, qw2q̄) ∈ Im H×H, |ξ|2 + |w2|2 = 1. This property can be seen as
the reason for the existence of action (1.1). In fact, in the trivializations of [Dur01],
action (1.1) is written (locally, in each copy of D7 × S3) as

q(x, g) = (qx, gq−1).(3.2)

This formula defines a global action on the total space if and only if b satisfies (3.1).
Furthermore, (3.2) has a very explicit quotient map:

π′ : D7 × S3 → D7,

(x, g) �→ gx .(3.3)

Indeed, π′ is smooth, π′(qx, gq−1) = π′(x, g), and D7 × {1} is a section, therefore,
each copy of D7×S3 descends to a disc via π′. The gluing diffeomorphism of these
discs is explicitly calculated via

π′(fb(x, 1)) = b(x)π′(x, 1),(3.4)
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where b(x) acts on π′(x, 1) via (2.1) and fb was defined above. It follows that
x �→ b(x)x is a clutching diffeomorphism for the Gromoll-Meyer sphere.

The merit of this procedure lies in its generality (compare [DRS10]). We obtained
this clutching diffeomorphism using quite general facts: let P → M be aG-G bundle
and Ψ+,Ψ− : U± ×G → P be local trivializations compatible with (3.2), i.e.,

Ψ±(qx, sgq
−1) = qΨ±(x, g)s

−1.(3.5)

The projection analogous to (3.3) identifies π−1(U±) with U±. Denoting the asso-
ciated transition function by t : U+ ∩ U− → G, we have

π′(Ψ+(x, 1)t(x)
−1) = t(x)π′(Ψ−(x, 1)).(3.6)

Observing that Ψ±(U± × {1}) are sections, we conclude that π′(π−1(U+ ∪ U−)) is
equivariantly diffeomorphic to U+ ∪t̂ U−, where t̂(x) = t(x)x.

This observation suggests the procedure introduced in [DRS10] as “the reentrance
procedure” (see [Bre72, I.6 (C)] as well): given a G-manifold X and a smooth map
t : X → G satisfying (3.1), we can define the diffeomorphism

t̂ : X → X,

x �→ t(x)x.

We call t̂ the reentrance associated to t. The association t �→ t̂ is an anti-
homomorphism from the group of conjugation equivariant smooth maps with point-
wise multiplication to the group of G-equivariant diffeomorphisms of X. That is,
if t, r are maps as above, then t̂r = r̂t̂ where (tr)(x) = t(x)r(x). Moreover, equi-
variant homotopies of t produce isotopies of t̂ (see [DR09]). These facts are used
throughout the text, specifically in Theorem 4.6.

We just observed that quotients of �-actions are completely determined by the
reentrance of transition functions. In order to identify the differentiable classes
of Σ8 and Σ10, we choose the sets U± to induce plumbing-like decompositions on
them.

Let us begin describing a plumbing in a geometric way. Observe that one can
produce a 7-sphere by identifying the common boundaries of D4×S3 and S3×D4.
We do it by first considering the following subsets of S7,

ν(S3)− = {(η1, η2) ∈ S7 | η2 �= 0},(3.7)

ν(S3)+ = {(η1, η2) ∈ S7 | η1 �= 0}.(3.8)

These subsets intersect on a tubular neighborhood of |x|2 = |y|2 = 1/2. Thus
S7 is obtained by gluing them along their intersection, which is diffeomorphic to
S3 × S3 × (0, 1). We still get the same topological space if we discard “half” of the
intersection, replacing ν(S3)± by the subsets,

ν̄(S3)− = {(η1, η2) ∈ S7 | |η2|2 ≥ 1/2},(3.9)

ν̄(S3)+ = {(η1, η2) ∈ S7 | |η1|2 ≥ 1/2}.(3.10)

Since (3.9) and (3.10) are diffeomorphic to D4 × S3 and S3 ×D4, respectively, we
obtain the desired description of S7. Since there were no twists in the gluing, this
defines S7 as the “trivial” plumbing.

In spite of losing open charts when we consider the gluing by non-open subsets,
we still insist on calling the plumbing a differentiable manifold. This possibility
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has already been observed by Milnor in [Mil59B, Appendix] since the last identi-
fication can be done in a unique way in the differentiable category: there is only
one differentiable structure in the resulting space that preserves the differentiable
structures of the products of discs with spheres and the isotopy class of the gluing
diffeomorphism (which is the identity id : S3×S3 → S3×S3 in this case). In other
words, there is only one way to “straighten the corners”.

The next step is to give Sp(2) a similar structure.

Lemma 3.1. Sp(2) with the • and � actions is equivariantly diffeomorphic to

D4 × S3 × S3 ∪fθ7
S3 ×D4 × S3,

where fθ7(x1, x2, g) = (x1, x2, gx1x̄2) and, in each part, the • and � actions are

q(x1, x2, g)s
−1 = (qx1q̄, qx2q̄, sgq̄).

Proof. Let us use the subsets ν̄(S3)± to trivialize Sp(2): define Ψ− : D4×S3×S3 →
Sp(2) and Ψ+ : S3 ×D4 × S3 → Sp(2) by

Ψ−

⎛⎝x1

x2

g

⎞⎠ =

⎛⎝sin
(

π|x1|
4

)
x1

|x1| − cos
(

π|x1|
4

)
ḡ

cos
(

π|x1|
4

)
x2 sin

(
π|x1|

4

)
x2x̄1

|x1| ḡ

⎞⎠ ,(3.11)

Ψ+

⎛⎝x1

x2

g

⎞⎠ =

⎛⎝ cos
(

π|x2|
4

)
x1 − sin

(
π|x2|

4

)
x1x̄2

|x2| ḡ

sin
(

π|x2|
4

)
x2

|x2| cos
(

π|x2|
4

)
ḡ

⎞⎠ .(3.12)

To compute the transition function along S3 ×S3×{1}, we set |x1| = |x2| = 1 and
get Ψ−(x1, x2, 1) = Ψ+(x1, x2, 1)x2x̄1 = Ψ+(fθ7(x1, x2, 1)). �

Here θ7 : S3 × S3 → S3, defined by θ7(x1, x2) �→ x1x̄2, is the transition map
associated to the trivializations (3.11) and (3.12). These trivializations not only
endow Sp(2) with a plumbing-like decomposition, but also descend to Σ7 as a
genuine plumbing presentation: Σ7 = D4 × S3 ∪gf S3 × D4 where f(x1, x2) =
(x1, x1x2x̄1) and g(x1, x2) = (x2x1x̄2, x2). The form of the transition maps and
their relation to plumbing will be preserved by the pullback procedure, as we shall
see in the next section.

3.2. The 8- and 10-dimensional cases. Using standard facts on pullback bun-
dles (as in [Ste99, Section 10.1]), we get plumbing-like descriptions for π11 and π13.
Note that the f8-preimages of the subspaces ν̄(S3)± are the trivializing subsets,

f−1
8 (ν̄(S3)−) = {(λ,w1, w2) ∈ S8 | w2 ≥ 1/2},(3.13)

f−1
8 (ν̄(S3)+) = {(λ,w1, w2) ∈ S8 | λ2 + |w1|2 ≥ 1/2},(3.14)

thus giving a description of S8 as the gluing of D5×S3 and S4×D4 whose intersec-
tion is exactly the preimage of ν̄(S3)+ ∩ ν̄(S3)−. In this description, the transition
map of π11 associated with this trivializations is

θ8 : S4 × S3 → S3,(3.15)

((λ,w1), w2) �→ η(λ,w1)w
−1
2 ,

where η : S4 → S3 is a suspended Hopf map

η(λ,w1) =
λ+ w1iw̄1√
λ2 + |w1|4

.
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Applying an analogous procedure to π13, we get the transition function
θ10((ξ, w1), w2) = b(ξ, w1)w̄2 defined on S6 × S3.

Both θ8 and θ10 factor pointwise as products: θn(x1, x2) = αn(x1)βn(x2)
−1,

where α8 = η : S4 → S3, α10 = b : S6 → S3, and β8 = β10 = id : S3 → S3. All
maps are conjugation equivariant with respect to the actions induced from (2.6),
(2.8), or quaternionic conjugation.

The next three results — Theorem 3.2, Proposition 3.3, and Corollary 3.5 —
are valid in the general context of equivariant maps: in all proofs one can consider
arbitrary linear S3-actions on arbitrary Sk and Sl and arbitrary smooth conjugation
equivariant maps α : Sk → S3 and β : Sl → S3 instead of αn, βn. Proposition 3.3
and Corollary 3.5 are valid even if one replaces S3 by an arbitrary group acting
linearly on Sk and Sl. The exoticity of Σ8 and Σ10 is due to the special homotopy
classes one gets combining the actions and maps in the previous paragraph, as we
shall see in Corollary 3.5 and in the proof of Theorem 1. This generalization will
be used in Section 5.

Theorem 3.2. The quotient of En+3 by its �-action is diffeomorphic to

Σθn = Dk+1 × Sl ∪
̂θn

Sk ×Dl+1,

where the action on Sk × Sl is the product of the actions on Sk and Sl.

Proof. According to the discussion in 3.1, it is sufficient to find trivializations of
En+3 along f−1

n (ν̄(S3)±) satisfying (3.5) with transition function θn. This is easily
done by pulling back (3.11) and (3.12): using the identifications ν̄+(S

3)+ ≈ S3×D4,
ν̄+(S

3)− ≈ D4×S3, f−1
n (ν̄(S3)−) ≈ Dk+1×Sl, and f−1

n (ν̄(S3)+) ≈ Sk ×Dl+1, we

write Ψ̃±(x, g) = Ψ±(fn(x), g) and conclude that

f∗
nSp(2) = Dk+1 × Sl × S3 ∪fθn

Sk ×Dl+1 × S3,

where fθn(x, y, g) = (x, y, gθn(x, y)) and Ψ̃± satisfies (3.6). This is sufficient to
prove the theorem. �

Our next task is to identify the differentiable classes of Σθn . To improve read-
ability, we fix n and drop the subindexes of θn, αn, and βn. It follows from the
next proposition and Remark 3.4 that Σθ is a plumbing manifold ([Mil59A]).

Proposition 3.3. Let α̂ and β̂ be the reentrance associated to α and β, then

θ̂ = (α̂× id) ◦ g−1
β fα ◦ (id× β̂−1),

where gβ , fα : Sk × Sl → Sk × Sl are the diffeomorphisms defined by

gβ(x1, x2) = (β(x2)x1, x2),(3.16)

fα(x1, x2) = (x1, α(x1)x2).(3.17)

Proof. Let A,B : Sk ×Sl → S3 be the equivariant maps defined by A(x, y) = α(x)

and B(x, y) = β(y). Then Â = fα(α̂ × id) = (α̂ × id)fα and B̂ = fβ(β̂ × id) =

(β̂ × id)fβ . Furthermore,

θ̂ = B̂−1Â = g−1
β (id× β̂−1)(α̂× id)fα

= g−1
β (α̂× id)(id× β̂−1)fα.



3190 L. D. SPERANÇA

However, g−1
β (α̂× id) = (α̂× id)g−1

β and (id× β̂−1)fα = fα(id× β̂−1) since,

f−1
α (id× β̂−1)fα(x1, x2) = (x1, α(x1)

−1β̂−1(α(x1)x2)) = (x1, β̂
−1(x2)),

from the equivariance of β̂. An analogous calculation holds for g−1
β (α̂× id). �

Remark 3.4. Σθ is diffeomorphic to the plumbing defined by g−1
β fα since α̂ × id

(respectively id× β̂−1) extends smoothly to Sk ×Dl+1 (respectively Dk+1 × Sl).

To identify their differential structures, observe that the linear S3 actions on Sk

and Sl are defined through group homomorphisms which we denote Δ1 : S3 →
SO(k + 1) and Δ2 : S3 → SO(l+ 1). We have

Corollary 3.5. Σθ is diffeomorphic to the plumbing of Δ2α and Δ1β.

The differentiable class of the plumbing manifolds defined by these elements
are already identified in the literature. According to [Sch72], the exotic 8-sphere
can be obtained by plumbing a generator of π3SO(5) with a generator of π4SO(3)
composed with the standard inclusion SO(3) ↪→ SO(4). The spin bordant exotic
10-spheres are obtained by plumbing a generator of π3SO(7) with one of π6SO(3)
composed with SO(3) ↪→ SO(4). We conclude the proof by identifying Δ2αn, Δ1βn

as these elements.

Proof of Theorem 1. On both cases Δ1 generates π3SO(k + 1) and Δ2 factors as
the double cover of SO(3) followed by the standard inclusion SO(3) ↪→ SO(4).
In particular, Δ1β8 (resp. Δ1β10) is a generator of π3SO(5) (resp. π3SO(7)).
The map Δ2α8 (resp. Δ2α10) is the composition of a generator of π4SO(3) (resp.
π6SO(3)) with the inclusion SO(3) ↪→ SO(4). As discussed above, the plumbing
manifolds defined by these elements are the desired ones. �

4. Wiedersehen metrics and exotic diffeomorphisms

It is known ([Bes78]) that the behaviour of the geodesics in the round sphere is
of a very special kind. It motivates the following definition: a point x ∈ M in a
Riemannian manifold is called Blaschke if its cut locus is at constant distance from
x. It is Wiedersehen if, in addition, its cut locus is a point. We call a manifold
admitting a Blaschke (Wiedersehen) point as a pointed Blaschke (Wiedersehen)
manifold. Its topological structure is well known.

Theorem 4.1 (Weinstein, Allamigeon-Warner, [Bes78]). A manifold Mn is a
pointed Blaschke manifold, if and only if M is diffeomorphic to D ∪σ E where
D is a disc and E is a disc bundle whose boundary is diffeomorphic to Sn−1 being
σ : ∂Dn → ∂D(ξ), a gluing diffeomorphism.

In particular, if M is pointed Wiedersehen, E is the trivial disc bundle over a
point and M is a twisted sphere with clutching diffeomorphism σ : Sn−1 → Sn−1.

The construction of a pointed Blaschke metric on such a manifold was carried
out by Weinstein ([Bes78]) using the existence of the gluing diffeomorphism. In
[Dur01], the process was reverted: starting from an explicit Blaschke metric on
the Gromoll-Meyer exotic sphere, a formula for its clutching diffeomorphism was
written, inheriting symmetries of the metric.
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In this section, we observe that the method used on [Dur01] fits in a more general
context. We see that diagram (1.3) works as a translator of “horizontal” geodesics
between M and M ′ and prove

Theorem 4.2. Let P → M be a special G-G bundle. If G is compact, then M has
a fixed point x which is Blaschke (Wiedersehen) for a G-invariant metric if and
only if M ′ does.

This provides a big family of explicit pointed Wiedersehen metrics on our exotic
spheres and also on all exotic 7-spheres in [DPR10]. In the end, we follow ideas in
[Dur01,ADPR07] and present some formulas for gluing diffeomorphisms.

An important point in the proof of Theorem 4.2 is the existence of a trivialization
around x where the actions are written as (3.2). We prove it through geometric
methods (compare [Las82]). We start with the following (well-known) technical
lemma ([Bre72, Section VI.2]):

Lemma 4.3. Let π : P → M be a G-G bundle. Then, for any G-invariant metric
m on M , there exists a G×G-invariant metric on P which makes π a Riemannian
submersion with respect to m.

The lemma follows by averaging any connection metric on π by the G×G-action.
For the metric in Lemma 4.3, there is a unique metric on M ′ which makes π′

a Riemannian submersion. Its main property, for our purposes, is that geodesics
starting orthogonal to G × G-orbits in P stay orthogonal, therefore they descend
to geodesics on both M and M ′.

Let x ∈ M be a point fixed by the action and p ∈ π−1(x). Since qp ∈ π−1(x),
for every q ∈ G, there exists a unique φ(q) such that qpφ(q)−1 = p. One may verify
that the association q �→ φ(q) defines an automorphism of G whose graph is the
isotropy at p. That is,

(G×G)p = {(q, φ(q)) ∈ G×G | q ∈ G}.
In particular, the fibers of π and π′ coincide at x, implying that x′ = π′(p) ∈ M ′ is
a fixed point.

For simplicity, we compose the •-action with φ so that (G×G)p is the diagonal
of G in G×G. Any metric invariant by the original G×G-action will be invariant
by the new one.

Assuming further that x ∈ M is Blaschke (Wiedersehen) and denoting its hori-
zontal lift by Lp : TxM → TpP , we observe that

π expPp (v) = expMx (dπv), π′ expPp (v) = expM
′

x′ (dπ′v).

Theorem 4.2 is a direct consequence of the following proposition.

Proposition 4.4. Let M be as above. If expMx is an embedding when restricted to

the disc D ⊂ TxM of radius ρ, then expM
′

x′ is an embedding when restricted to the
disc dπ′Lp(D) ⊂ Tx′M ′ of radius ρ.

Proof. Observe that expPp : TpP → P is a G×G-equivariant map since we chose an
invariant metric on P . Its composition with Lp defines a map Ξ : TxM ×G → P ,

Ξ(v, g) = expPp (Lpv)g
−1 = expPpg−1(Lpg−1v).(4.1)

Since π(Ξ(v, g)) = expMx (v), the restriction of Ξ to a subset D ⊂ TxM is a
surjective diffeomorphism onto π−1(expMx (D)) as far as the restriction expMx |D is.
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In particular, if expMx embeds a disc D of radius ρ, so does Ξ|D×{1}. To see that

expM
′

x′ |dπ′Lp(D) is an embedding, we note that expM
′

x′ (dπ′Lp(D)) = π′Ξ(D × {1})
and prove that Ξ(D × {1}) is a section for the �-action. We claim:

Lemma 4.5. Ξ(qv, sgq−1) = qΞ(v, g)s−1. In particular, if expMx |D is an embed-
ding, π−1(expMx (D)) is equivariantly diffeomorphic to D×G with actions q(v, g)s−1

= (qv, sgq−1).

Proof. It is only left to prove that the �-action has the claimed form. However,

Ξ(qv, gq−1) = expPp (Lpqv)qg
−1 = q expPq−1p(Lq−1p(v))qg

−1

= q expPpq−1(Lpq−1(v))qg−1 = q expPp (Lp(v))q
−1qg−1

= q expPp (Lp(v))g
−1 = qΞ(v, g),

where the second equality holds from the equivariance of expPp . �

In particular, comparing with section 3.1, we conclude that D× {1} is a section
for both actions on D×G. Therefore, Ξ(D×{1}) is a section for the �-action on P .
It is easy to see that the disc π′Ξ(D×{1}) has radius ρ and its complement in M ′

is exactly the cut locus of x′, since Ξ(D ×G) = (π′)−1(expM
′

x′ (dπ′Lp(D))) = P . �

Proposition 4.4 provides a rather topological construction of pointed Blaschke
(Wiedersehen) metrics on the manifold M ′. In some sense, this process exotifies
not only the manifold, but normally a well-understood metric as well.

We now shift our attention to clutching diffeomorphisms of spheres. We do it in
a highly implicit way by pulling back the clutching presentation of 3.1. In general,
to obtain such a diffeomorphism from a plumbing presentation can be very involved
(see Section 3 in [DMR04]), however, in our case this is easily done. In fact, all
the algebraic structure, from (3.1) to (3.4), is nicely pulled back to give clutching
descriptions in E11 and E13.

We already saw that the bundle pr : Sp(2) → S7 is isomorphic to

D7 × S3 ∪fb D
7 × S3 → S7,(4.2)

where fb(x, g) = (x, gb(x)).
Observing that the points (±1, 0) ∈ S7 are fixed by the action, we note that the

geometric realization of (4.2) is completely described in the present section. The
two discs are the north and south hemispheres of S7 with respect to the real part
of the first coordinate and the equator, where they intersect, is the unit sphere in
Im H×H.

In S8, the λ coordinate defines the hemispheres, with the pulled back equator,

S7 = f−1
8 (S6) = {(λ,w1, w2) ∈ S8 | λ = 0},

dividing S8 in S3-invariant subsets. With these subsets, we realize the bundle
f∗
8Sp(2) as

f∗
8Sp(2) = D8 × S3 ∪D8 × S3,

with clutching function fΘ8
(x, g) = (x, gb(f8(x))) and �-action given as in (3.2).
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Following Section 3.1, we have

Theorem 4.6. Let Θ8 : S7 → S3 and Θ10 : S9 → S3 be defined as

Θ8(w1, w2) =

{
w2

|w2|e
πw1iw̄1 w̄2

|w2| , w2 �= 0,

−1, w2 = 0 ,

Θ10(ξ, w1, w2) =

{
b(ξ, w1)e

πw2b(ξ, w1)
−1, w2 �= 0,

−1, w2 = 0 ,

where

S9 = {(ξ, w1, w2) ∈ S10 | Re(w2) = 0}.
Then, in the sense of the last paragraph in Section 2.1, Σn = Dn ∪Θ̂n

Dn, for
n = 8, 10.

To obtain Θ10, one must replace f10 by

f̃10

⎛⎝ ξ
w1

w2

⎞⎠ =

(
0 1
−1 0

)
f10

⎛⎝ ξ
w1

w2

⎞⎠ =

⎛⎝ ϕ(|w2|) w2

|w2|

−
√
1− ϕ(|w2|)2b

(
ξ√

1−|w2|2
, w1√

1−|w2|2

)⎞⎠ .

f̃10 is equivariantly homotopic to f10, since multiplication by the standard SO(2) ⊂
Sp(2) commutes with (2.1). For simplicity, following Remark 2.2, we already re-
placed ϕ in the final formulas.

An application of Theorem 4.6 is an explicit isotopy from the square of Θ̂8 to
the identity. This is produced by means of an equivariant homotopy from Θ8 to
Θ−1

8 , realizing the desired isotopy via the reentrance procedure.
Let α(t) = cos ti + sin tj, where i and j are the usual unitary quaternions. We

see that w1α(t)w̄1 ∈ Im H for every t and that α(π) = −i. Define

Θ8,t(w1, w2) =
w2

|w2|
eπw1α(t)w̄1

w̄2

|w2|
.

Since Θ8,t is conjugation equivariant for all t, it defines an equivariant isotopy

Θ̂8,tΘ̂8 = Θ̂8Θ8,t, from Θ̂2
8 (when t = 0) to the identity (when t = π).

According to Remark 2.2 and Section 3.1, the possible lack of differentiability
in Θ8 and Θ10 does not influence the present argument. A smooth approximation
guarantees the result.

5. A Gromoll-Meyer construction for Kervaire manifolds

There is another family of manifolds admitting a description similar to Σ8 and
Σ10. This is the well-known family of Kervaire manifolds that includes infinitely
many exotic spheres (see [Kos92]).

For the construction, we first present a rather non-interesting �-action on the
classical frame bundle O(n) · · ·O(n+1) → Sn, and then pull it back to get a special
O(n)-O(n) bundle Ln → S2n−1 whose quotient is the Kervaire (2n− 1)-manifold.

Consider O(n) < O(n + 1) as the subgroup of matrices with 1 in the upper
left entry. This subgroup defines two commuting actions on O(n+ 1) via left and
right multiplication. The map prn : O(n + 1) → Sn, which sends a matrix to its
first column, defines a principal bundle with the right multiplication. This bundle
becomes a special O(n)-O(n) bundle if we choose the left multiplication as its �-
action, thus endowing Sn with the standard linear O(n)-action that fixes the vector
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e0 = (1, 0, . . . , 0). Observe that the quotient by both right and left multiplications
is equivariantly diffeomorphic since inversion in O(n + 1) sends one action to the
other.

Consider S2n−1 as the unit sphere in Rn × Rn and define Jτ : S2n−1 → Sn as

Jτ (x1, x2) = exp

(
πτ

( x2

|x2|
)
x1

)
,

where exp(v) = cos(|v|)e0 + sin(|v|)v/|v| is the geodesic exponential map based on
e0. Jτ is equivariant with respect to the standard biaxial action of O(n) on S2n−1,

q(x1, x2) = (qx1, qx2),(5.1)

and the O(n) action we defined in Sn.
We define Ln = (Jτ )∗O(n+1) → S2n−1 as the special O(n)-O(n) bundle induced

from prn, as we did for E11 and E13 with pr, via (2.4).
The O(n)-O(n) bundle prn can be trivialized (satisfying (3.2)) on the hemi-

spheres defined by 〈x, e0〉 ≥ 0 and 〈x, e0〉 ≤ 0. On the other hand, the preimage of
these hemispheres are the subsets

Dn × Sn−1 = {(x1, x2) ∈ S2n−1 | |x1| ≤ 1/2},(5.2)

Sn−1 ×Dn = {(x1, x2) ∈ S2n−1 | |x1| ≥ 1/2},(5.3)

which intersect on the preimage of the equator 〈x, e0〉 = 0, inducing a plumbing-like
decomposition on S2n−1.

Associated to these trivializations on prn, we have the transition function τ :
Sn−1 → O(n) defined (as a linear map applied on v ∈ Rn) by

τ (x)v = 2 〈x, v〉x− v.(5.4)

It satisfies (3.1) if we endow Sn−1 with the standard linear O(n)-action.
Just as in (3.14)-(3.15), the transition function θ : Sn−1×Sn−1 → O(n) related to

(5.2), (5.3) is the composition θ(x1, x2) = τ (Jτ (x1, x2)). Noticing that |x1| = 1/2,
we have,

τ (Jτ (x1, x2)) = τ

(
exp

(
πτ

( x2

|x2|
)
x1

))
= τ

(
τ
( x2

|x2|
) x1

|x1|

)
= τ

( x2

|x2|
)
τ
( x1

|x1|
)
τ
( x2

|x2|
)−1

,

from the equivariance of τ . Since the map (x1, x2) �→ τ (x2) equivariantly extends
to Dn×Sn−1, Ln is equivariantly isomorphic to the bundle with transition function
r(x1, x2) = τ (x1)τ (x2)

−1. Going over the proofs of Theorem 3.2 and its corollary,
we conclude that the quotient by the resulting �-action is diffeomorphic to the
plumbing

K2n−1 = Dn × Sn−1 ∪g−1
τ fτ

Sn−1 ×Dn,(5.5)

where fτ (x1, x2) = (x1, τ (x1)x2) and g−1
τ (x1, x2) = (τ (x2)

−1x1, x2). According to
[Bre72, Section V.8], this manifold is the Kervaire manifold of dimension 2n − 1,
which is homeomorphic to a sphere if n is odd, but not diffeomorphic if, for instance,
n �= 2j − 1 ([Kos92, Section X.7]).

As a last remark, we observe that the biaxial O(n)-action on S2n−1 has no fixed
points. However, when n = 2k + 1, we can reduce prn to the analogous U(k)-U(k)
bundle defined prn|U(k+1) : U(k + 1) → S2k+1. This new bundle induces a biaxial
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U(k)-action on S4k+1 with many fixed points. This puts all Kervaire spheres in
the context of the application in Section 4 which can be used to obtain explicit
clutching diffeomorphism using the formulas in [Pü04].

Acknowledgements

Part of this work is in the author’s Ph.D. thesis done under the supervision of
A. Rigas and C. Durán. The author would like to thank them and the anonymous
referee, whose comments vastly improved the presentation of this paper.

References
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