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A FAMILY OF TESTS FOR IRREDUCIBILITY

OF POLYNOMIALS

STEVEN H. WEINTRAUB

(Communicated by Ken Ono)

Abstract. We combine a simple observation about factorization of polyno-
mials with some previous work to obtain a family of irreducibility tests, which
we then illustrate.

Let f(x) = anx
n+ . . .+a0 ∈ Z[x] be a polynomial. It is convenient to introduce

the following language:

Definition 1. Let q be a prime. Then f(x) satisfies condition (q, �) if its (mod q)

reduction f(x) is not divisible by any irreducible polynomial of degree � in Fq[x].

We then have the following result.

Theorem 2. Let f(x) = anx
n + . . .+ a0 ∈ Z[x] be a polynomial and suppose there

is a prime p such that p does not divide an, p divides ai for i = 0, . . . , n − 1, and
for some k with 1 ≤ k ≤ n− 1, p2 does not divide ak. Let k0 be the smallest such
value of k. Suppose furthermore that for some prime q �= p, f(x) satisfies condition
(q, �) for 1 ≤ � ≤ k0. Then f(x) is irreducible in Z[x].

Proof. Suppose not. Then, as we showed in [1], in this situation any factorization
of f(x) must be of the form f(x) = g(x)h(x) with h(x), say, of degree at most k0.

But then f(x) = g(x)h(x) with h(x) of degree at most k0, and in particular with

h(x) divisible by an irreducible polynomial of degree � ≤ k0. But that contradicts
condition (q, �). �

Now for any (q, �), there are only finitely many such polynomials, so condition
(q, �) can be checked. This can be done directly, or, more easily, by observing that

if f(x) does not have a root in Fq� , it satisfies this condition. This can then be
translated into conditions on the coefficients of f(x). Here are the first few cases:

Condition (2,1): a0 �≡ 0 (mod 2) and
∑

i ai �≡ 0 (mod 2).
Condition (3,1): a0 �≡ 0 (mod 3),

∑
i ai �≡ 0 (mod 3), and

∑
i(−1)iai �≡ 0 (mod 3).

Condition (2,2):
∑

i≡0,2 (mod 3)
ai �≡ 0 (mod 2) or

∑
i≡1,2 (mod 3)

ai �≡ 0 (mod 2).
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Condition (3,2): (i)
∑

i≡0 (mod 4) ai −
∑

i≡2 (mod 4) ai �≡ 0 (mod 3) or
∑

i≡1 (mod 4) ai −
∑

i≡3 (mod 4) ai �≡ 0 (mod 3),

and
(ii)

∑
i≡0,2,3 (mod 8) ai −

∑
i≡4,6,7 (mod 8) ai �≡ 0 (mod 3) or

∑
i≡1,2,7 (mod 8) ai −

∑
i≡3,5,6 (mod 8) ai �≡ 0 (mod 3),

and
(iii)

∑
i≡0,2,7 (mod 8) ai −

∑
i≡3,4,6 (mod 8) ai �≡ 0 (mod 3) or

∑
i≡1,6,7 (mod 8) ai −

∑
i≡2,3,5 (mod 8) ai �≡ 0 (mod 3).

Condition (2,3): (i)
∑

i≡0,3,4,5 (mod 7) ai �≡ 0 (mod 2) or
∑

i≡1,4,5,6 (mod 7)
ai �≡ 0 (mod 2) or

∑
i≡2,3,4,6 (mod 7) ai �≡ 0 (mod 2),

and
(ii)

∑
i≡0,3,5,6 (mod 7) ai �≡ 0 (mod 2) or

∑
i≡1,3,4,5 (mod 7)

ai �≡ 0 (mod 2) or
∑

i≡2,4,5,6 (mod 7) ai �≡ 0 (mod 2).

This leads us to see that the following polynomials, with k0 = 2 or 3, are irre-
ducible. (We omit k0 = 1, as that is very simple and in any case is superceded by
the fact that f(x) has a linear factor if and only if it has a rational root.)

Example 3. (a) Suppose that for some odd prime p, p divides a2 but p2 does not
divide a2, and that p2 divides a0. Suppose that a2 and a0 are both odd. Then,
by condition (2, �) for 1 ≤ � ≤ 2, for any n ≥ 3, n �≡ 1 (mod 3), the polynomial
xn + a2x

2 + a0 is irreducible.
(b) Suppose that for some prime p �= 3, p divides a2 but p2 does not divide a2,

and that p2 divides a0. Suppose that a0 ≡ 1(mod 3) and a2 ≡ −1(mod 3) or that
a0 ≡ −1(mod 3) and a2 ≡ 1(mod 3). Then, by condition (3, �) for 1 ≤ � ≤ 2, for
any n ≥ 3, if n �≡ 0, 1, 5 (mod 8) in case a0 ≡ 1(mod 3) and a2 ≡ −1(mod 3), and
if n �≡ 1, 2, 5 (mod 8) in case a0 ≡ −1(mod 3) and a2 ≡ 1(mod 3), the polynomial
xn + a2x

2 + a0 is irreducible.
(c) Suppose that for some odd prime p, p divides a3 but p2 does not divide a3,

and that p2 divides a0. Suppose that a3 and a0 are both odd. Then, by condition
(2, �) for 1 ≤ � ≤ 3, for any n ≥ 4, n �≡ 1 (mod 3) and n �≡ 1, 2 (mod 7), the
polynomial xn + a3x

3 + a0 is irreducible.
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