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ABSTRACT. We study solutions of certain nonlinear Dirac-type equations on
Riemann spin surfaces. We first improve an energy identity theorem for a
sequence of such solutions with uniformly bounded energy in the case of a fixed
domain. Then, we prove the corresponding energy identity in the case that
the equations have constant coefficients and the domains possibly degenerate
to a spin surface with only Neveu-Schwarz type nodes.

1. INTRODUCTION

Let M be a closed Riemann surface with a fixed spin structure. Let XM be
the spinor bundle over M with a hermitian metric (-, -)sps and a compatible spin
connection V. Let @ be the Dirac operator defined on I'(XM), i.e., @ :=e; - V., +
es - Ve, for a local orthonormal frame {e;, ea} of TM.

We consider the following nonlinear Dirac-type equation on M:

(1.1) P = Hya (!, 9") ¢!,
where ¢ = (p', 9%, ..., 9?),¢" € D(XM) and Hjp = (H}yy, Hpys o Hyy) €
C>(M,C?).

Nonlinear Dirac equations of the form (1)) appear naturally in geometry and
physics. First, consider the Dirac-harmonic map (¢, ) with curvature term intro-
duced by Chen-Jost-Wang [7l[8], which was derived from the nonlinear supersym-
metric o-model of quantum field theory, then the nonlinear Dirac equation for the
spinor v reduces to (LI)) with H being real valued, when ¢ is a constant map.
Second, the generalized Weierstrass representation indicates that solutions to some
Dirac equations of the form (I.1]) can be used to express surfaces immersed in R3, R*
and some three-dimensional Lie groups: SU(2), Nil, Sol, SL, (see e.g. [16]). Third,
Ammann-Humbert considered a similar Dirac equation to study the first conformal
Dirac eigenvalue [3].

In order to discuss some analytic aspects of the equation (III), we recall that
the energy of ¢ € I'(X¥M) on a domain © C M is defined by

(1.2) B, Q) = /Q | dvol,

where || := (,1)2. Note that (LI and (I2) are conformally invariant.
Chen-Jost-Wang [8] developed the basic geometric analysis tools for blow-up
analysis of the solutions of (Il) and proved an energy identity for a sequence of
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smooth solutions on a fixed domain with small uniform energy bound. For the
energy identities of two-dimensional harmonic maps, pseudo-holomorphic curves,
we refer to [O[I0LI4lI5LI8]. For the regularity issue of (I.Il), we refer to Wang [17],
where any weak solution to (1)) was shown to be smooth.

In this article, we will prove the energy identity without assuming the small
uniform energy bound. More precisely, we have the following:

Theorem 1.1. Let M be a closed Riemann surface with a fived spin structure, and
suppose that 1, is a sequence of smooth solutions of (L) on M with uniformly
bounded energy E (i) = fM |, |* < A < oo. Then there exist finitely many blow-
up points {x1,x9,...,x1}, a solution ¥ on M to (I:I:I:I) and finitely many solutions
¢l on S? of () with Hikm = Hjpm(25), 1= 1,2,..., ;1 =1,2,..., L;, such that,
after selection of a subsequence, 1, converges in Cr2, to P on M\ {xl, Xoy..., T}
and the following holds:

i

I L
7, l
(13) Jdim ) = Bw)+3 > BE).
=1 (=1
Furthermore, we prove that the corresponding energy identity holds in the case
that the domain converge to a possibly noncompact Riemann spin surface with all
punctures (if there are any) of Neveu-Schwarz type.

Theorem 1.2. Let (M,,c,,S,) be a sequence of closed Riemann spin surfaces
of genus g > 1 with complex structures ¢, and spin structures &,,. Assume that
(M,,, ¢n,S,,) converges to a possibly noncompact Riemann spin surface (M, c, &)
with only Neveu-Schwarz type punctures (if there are any). Let ¢, be a sequence of
smooth solutions of (1) on M, with H;iy, = const and with uniformly bounded
energy E(n, M,) < A < co. Then there exist a solution ¥ of (LI)) on (M,¢, &),

where (M€, &) is the normalization of (M,c,&) and finitely many solutions &~
of (CI) on S?% k = 1,2,...,K, such that, after selection of a subsequence, the
following holds:

K

(1.4) lim E(y,) = B(y) + Y B(&F).

n—00
k=1

We remark that, in the simple case of d = 1 and H = 1, the equation (L))
becomes
(1.5) P = [pPy.
It is well known that any solution to (LH]) represents a branched conformal im-
mersion in R3 with constant mean curvature H = 1 (see cf. [IL[16]) and hence the

concentrated energy in ([3]) and (4] can be explicitly quantized, i.e., in multiples
of 4.

2. PRELIMINARIES
We collect some basic analytic properties for solutions of (LI)) proved in [g].

Theorem 2.1. Let D be the unit disk. There exists a constant eg > 0 such that
(1) (e-regularity) Let ¢ be a smooth solution of ([Il) satisfying

- [ Wl <
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Then, we have
1915, < CllYllD.04,

VDeD,p>1andke Z.., where C = C(D,k,p) > 0 is a constant.
(2) (Singularity removability) Let ¢ be a smooth solution of (1) defined on
D\ {0} with the nontrivial spin structure. If

E(y, D) /D Wl < oo,

then ¢ extends to a smooth solution of (1) on the whole D.
(3) For any nontrivial solution v of (L) on S?, we have

B = [ it > e

Remark 2.1. Theorem [Z1] was proved in [§] for equation (1) with real valued H
as well as certain complex valued H ( Section 5. in [8]). It is easy to check that
the results hold true also in the case of general complex valued H.

For the notion of the nontriviality of a spin structure on an annulus or a cylinder,
we refer to [2H4]. Following the terminology introduced by Jarvis-Kimura-Vaintrob
[T1], the puncture {0} in (2) of Theorem 2] is said to be of Neveu-Schwarz type.
If D\ {0} is equipped with the trivial spin structure, then the puncture {0} is said
to be of Ramond type. See [21] for similar discussions.

Applying the analytic properties in Theorem 211 Chen-Jost-Wang [8] proved the
following:

Theorem 2.2. Let M be a closed Riemann surface with a fived spin structure, and
suppose that v, is a sequence of smooth solutions of ([LIl) on M with real valued
H and with uniformly bounded energy E(iy) = [, [tn|* < A < oo, and assume
that 1, weakly converges to some v in L*(SM). Then the blow-up set

L . . 4
S = ﬂ {x € Mhnnigf/D(m’r) [n|* > 60}

r>0

is a finite set of points {x1,xa, ..., x1}, where eq is as in Theorem[ZIl Furthermore,
there exists a constant co > 0 depending only on M such that if

(2.1) sup |H;kl\\/x < ¢g,
M5kl

then there are finitely many solutions of (L) on S%: ¢"'i = 1,2,...,[;] =

1,2,...,L;, after selection of a subsequence, v, converges in C{2, to v on M \
{z1,22,...,21} and the following holds:

I L,

(2.2) lim E(,) = E(W) +) Y E(EY).

n— o0
i=1 [=1
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3. ENERGY IDENTITY

In this section, we will prove Theorem [[LI] and Theorem
First, we recall the following lemma proved in [6] (see [§] for a different proof):

Lemma 3.1. Let ¢ be a solution of

dv=f

on the unit disk D, with 1|sp = @, and f € LP(D),p € WYP(dD) for some p > 1;
then

[¥lp.1p < CUIfllD.0p + llellon.1p),
where C = C(p) > 0 is a constant.
Next, inspired by the proof of Theorem 4.2 in [§], we give the following lemma:

Lemma 3.2. Let ¢ be a smooth solution of (L)) on the annulus A,, ,, := {x €
R2|ry < x| < 1o}, where 0 <7y < 211 <19/2 <19 <1 and assume that

i
sup  |Hjy| < ho < oc.
Aryrg bJsksl

Then we have

( / W < G / WOH! / ol
Azryrg/2 Argro Aryrg
(3.1) el / Wl + c / )3,
Apy2r AT2/2:T2
( / vyt < Co(/ |w|4>%</ oL
Azry,rg/2 Argro Aryrg
(3:2) ve [ owmieer [
Ary 2 Ary /2,9

where Cy, C are positive constants that do not depend on r1, ro and Cy = Cy(ho)
depends on hg.

Proof. We will prove this lemma using some arguments from [8]. Let D be the unit
disk. Choose a cut-off function 7 € [0,1] on D satisfying

(33) ne C((J)o(Arhrz) ; n= lin A27‘1,r2/27
(3.4) [Vn| <4/riin Ay 2, V| <4/roin Ay, jop,.
Then by the equation (1)) and Lemma [B1] we have

Imlpaas < ClIm)|p.oass
< C'||77(31P||D,0,4/3 + CllIVnlYlp,o,a/3
(3.5) < Cholvlla,. . ol + ClITALD0s.
It follows from (B.4]) and Cauchy inequality that
IVnlYlpoas < IVlYlla,, o048 VOISl A,, 0, 0478
(3.6) < ClYlla,, s, .04+ C||¢||AT2/2,T2,074-
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In view of (B3), we conclude from the Sobolev embedding theorem that
B7) 19l Az, vy 204+ 19l Az, 1y 21,78 < 1PND0,a+ 10N D 1,478 < 2000]D.1,a73-
Combining (33), 38) and (B1) gives (B1) and (B2)). O

Now, let us recall the conformal transformation between an annulus and a
cylinder (cf. [21]). Let (r,0) be the polar coordinates of R? centered at 0 and
hewet = dr? + r2df? be the Euclidean metric on R2. Equip the cylinder R! x S*
with the metric ds? = dt?> + df?, where S' = R/27Z. Then the following map
f:R! x St -+ R?

(3.8) r=et, 0=0, (t,0)cR xS
is a conformal transformation. One can verify that
[*hewa = e 2tds®.
Given r; > rg, then, the annulus A, ,, := {re|ry < r < ri} is mapped to the

cylinder Py, 4, == [t1,t2] x ST, where t; = —logr;,i = 1,2.
Let 1 be a solution of (LI)) defined on the annulus 4,, ,, C R?. Set

U= e 2 f*).
Then by the conformal invariance of ([II]), ¥ is a solution of ([II)) defined on the
cylinder P, +, C R! x ST
Denote by Pr, 7, = [T1,T2] x S a cylinder with metric ds? = dt* +d#?* and with
the spin structure being nontrivial along the boundary curves. Then we have the
following cylindrical version of Lemma

Lemma 3.3. Let U be a smooth solution of (1)) on Pr, 1,, where To—1 > T1+1 >
1. Assume that

sup |H§kl| < hg < o0.

Pry 1, ,i.5:k,

Then we have

C [t o< e [ [

Pry 41,151 Pr, Pry 1,
(3:9) ve( [ mieo [t
Pry—1,1, Pr, 1 +1
C [ vt < o [oemic [y
Pry 41,151 Pry 1y Pry,1,
(310) ve( [ pmieoc [
Pry_1,1, Pry 1y 41

where Cy, C' are positive constants that do not depend on Ty, Ty and Cy = Cy(ho)
depends on hyg.

Proof. Applying the conformal transformation (B8) to Lemma B2 then, (39,
(BI0) are direct consequences of (BI)), (3:2)). O
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Lemma 3.4. Given a cylinder Pr,_1 1,41, assume that

i
sup  [Hjjy| < ho < c0.
Pr)—1,15+1,%,J,k,l

Then there exists €1 = €1(hg) > 0 such that if U is a smooth solution of ([T
defined on Pr,_1 1,41 and

(3.11) / [T* <A < o0,

Pry—1,19+1

(3.12) w:=  sup [Tt < e,
tE[Tlfl,Tz]
[t,¢+1] xSt
then
(3.13) / Wt / VU5 < C(hg, A)wS.
Pr, T, Pr, 1,

Here, C(hg, ) is a constant depending only on hg and A, but not on Ty, Ts.

Proof. Let ¢; = min{#, 1}, where Cy > 0 is the constant in Lemma [333 Then
0
by assumption (BI2), we have

1
(3.14) sup / 0! < e < —5.
tE[Ty~1,T3] 8Cs
[t,t+1]x St
Note that p(t) := f[Tl fx 51 | W[4 is a continuous and nondecreasing function defined

on [T1,T] and the energy of ¥ over Pr,_1 1,41 is bounded by A. With similar
arguments as in [19] (Theorem 3.5, p. 134), we can separate Pr, p, into finitely
many parts as follows (cf. [2I, Lemma 3.3]):
No
Pryo, = J PP =" T" x SL,T0 =T, TV = T
n=1
such that Ny is an integer no larger than [8C3A] + 1, and the following hold:

1

1 E(W; P") < —
(3.15) (¥:P") < 4o

n=1,2...,No.
Applying Lemma to each part P" gives

Jrumt s ol [ i [ e

P [Tn-1-1Tn4+1]x 51 [Tn—=1-1,Tn+41]x S
(3.16) el / M+ o / w1},
[T'nflfLTnfl]Xsl [T”,T"+1]><Sl

It follows from the definition of w (see (B:12))) that

(3.17) </|@|4>% SCo((/l‘l’l‘l)%+w%+w%)((/|xp\4)i T S SO

Pn Pn Pn

Bl
PN

+wd.
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By the energy bound (BII]), we have

1) (et <l [ i 1ot At ot +ob
Pn Pn PTL
Here C(hg, A) depends on hy and A. From ([BI0]), we can rewrite [BI8]) as follows:

(3.19) (/|x1/|4)% < Clhy, M) (@} +w? +wh),
P’!L
Since €; < 1, by assumption (I2), we get
w = sup |\Il|4 <e <1.
tE[T1—17T2]
[t,t+1]x S

Hence, we conclude from (3I9)) that

e

(/ 1)} < Clho, A)(w? +w? +wh) < Clho, Awt.
PTL

With similar arguments, we have (by (.I0) in Lemma [3.3)

</|W\%>% < C(ho, Aot
Pn

Summing up the above estimates on P" gives

N,

(3.20) / oy / " < C(ho, A)Now < C(ho, Aw?

Pr,,my n=lpn
and

No

(3.21) / ol = Z/\vm% < C(ho, A)Now? < Cho, A

Pry 1 n=lpn,
BI13) follows immediately from combining B20) and E2I). O

Applying Lemma [3.4] we show Theorem [[11

Proof of Theorem [Tl The uniform energy bound E(¢y,) = [, [¢n]* < A < 00 im-
plies that v, weakly subconverges to some ¢ in L*(XM). By a standard covering
argument and e-regularity, there exist finitely many blow-up points {z1,za,...,zs}
such that, after passing to subsequences, 1, converges in C75 to ¢ on
M\ {z1,22,...,27}. Tt follows from the smoothness of ¢, and the singularity
removability that ¢ extends to a smooth solution of (1) on M.

To prove the energy identity (I3]), we only need to consider the case that I =1
and L; = 1, because the general case can be reduced to the simplest case by
induction. Following the arguments and notation as in the proof of Theorem 4.2 in
[8] (see Theorem 3.6 in [5] for similar arguments), we only need to show that
(3.22) lim lim lim E(%,, Pp r,) =0,

R—00 0—0n—o0

where Pr, 1, = [To, T,] x SY, Ty := |log 6|, T,, := |log A\, R|,d > 0, R > 0. Here, ¥,,
are induced from the solutions v,, on anuli near the blow-up point under a conformal
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transformation (cf. Theorem 4.2 in [§]) and hence ¥,, are smooth solutions of (L))

on Pry_1 1,41 with corresponding H satisfying

max ﬂﬁﬁﬂ@:xepnqﬂ%H}gnmxﬂH%K@:xeM}S(ﬁ<+w.
n,i,5,k,l ) 1,7,k,0

Moreover, through a standard argument by contradiction, one can prove that

(3.23) lim lim lim sup / T, * =0,
R—00 §—0 n—o0 te[To—1,Tn]
[t,t+1]x S?

On the other hand, we have

Pry—1,1,+1

Then we can apply Lemma B4 (8223) implies that the condition BI2) can be
satisfied) to conclude that

(3.24) nmmm/W+meg
R—00 §—0n—00
Pry, 1, Pry, 1,
In particular, (3:22)) holds. This completes the proof. a

Now, we consider a sequence of smooth solutions of (II]) on long spin cylinders
under certain assumptions and give the following proposition, which is analogous
to the cases of harmonic maps and Dirac-harmonic maps (cf. Proposition 3.1 in
[20] and Proposition 3.1 in [21]). The scheme of the proof is similar to the neck
analysis for certain approximate harmonic maps by Ding-Tian [9].

Proposition 3.1. Let ¥, be a sequence of smooth solutions of (L)) defined on P,,
where P, = [T}, T?] x S is equipped with the nontrivial spin structure. Suppose
that there is a constant C > 0 such that

sup |H§kl| < C < +o0.
P ikl

Assume that:

(1)

(3.25) 1< T < T2,
(2)
(3.26) E(¥,,P,) < A < oo,
(3)
(3.27) lim (JJ(\I/n, PTl T1+R) = lim w(\IIm PTQ—R Tz) = 0, VR > 1,
n— o0 nn n— o0 " n
where

w(U, Pry ) :=  sup / [Tt
te[Ty,To—1] J[t,t+1]x St



QUANTIZATION FOR A NONLINEAR DIRAC EQUATION 4541

Then there are finitely many solutions of (L) on S?: (%', 1 =1,2,...,L;; j =
1,2,..., K, such that after selection of a subsequence of (¥, P,), the following
holds:

K L]

J;

(3.28) lim (U, Py) Z};E ¢
]: =

Proof. In view of Theorem [Tl and Theorem 2] with similar arguments as in [20]

(Proposition 3.1), we can decompose P, into neck domains UZ o It and bubble

domains UJK=1 JJ (take subsequences if necessary):

K K
(3.29) r.=JnJJ
i=0  j=1

where K is independent of n. Furthermore, we have
(1) For each i, lim w(¥,,I})=0.
n—oo

(2) For each j, there are finitely many solutions of (1) on S?: (¥ 1 =
1,2,...,L;, such that:

Lj
(3.30) lim B(U,, J]) = > B,

1=1
Note that, here, some bubbles (solutions of (LI} on R x S') corresponding to
collapsing homotopically nontrivial simple closed curves on P,, can possibly appear.
Therefore, in order to apply the singularity removability result - Theorem [ZT] (2),
the nontriviality of the spin structures along P,, should be required (see Proposition
3.1 in [21] for similar discussions).

We need to verify that, in the limit, the necks W¥,, : I! — N,i = 0,1,..., K
contain no energy. It is not difficult to verify that, after passing to subsequences,
the local energy of ¥,, over a small neighborhood of the two boundary components
of I can be arbitrarily small. Then, applying Lemma B.4] gives

K K
(3:31) > E(U L) < C(A) Y (w(¥n, I)F =0, n— oc.
i=0 1=0

[B28)) follows from combining [B.30) and (B.31)). O

Now, we shall use Proposition [3.1] to prove Theorem

Proof of Theorem [L2l Recall that any closed surface of genus g > 1 is of general
type (cf. [20]). For each n, let h,, be the hyperbolic metric on M,, compatible with
the complex structure ¢,. As discussed in [20,21], we can assume that (M, hy, c,)
converges to a hyperbolic Riemann surface (M, h, ¢) by collapsing a possibly empty
collection of finitely many pairwise disjoint simple closed geodesics {#,j € J} on
M,,. Note that 0 < |J| < 3g — 3. For each j, the geodesics 7/ degenerate into a
pair of punctures (€71, £72) and I} := length(77) — 0 as n — oo. Let PJ be the
standard cylindrical collar about v (cf. [20]), namely
j j
Pi = jTW arctan(sinh(%n)), ?TW(W - arctan(smh(%”))) x S

n n
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with metric ds? = (2%;’;“)2(&2 +db?). Let 7, : M — M, \ U,c; 7, be the
7 sin St

27
corresponding diffeomorphisms realizing the convergence (cf. [20]). Let (M,¢) be
the normalization of (M, c).

Moreover, by taking subsequences, we can assume that 7, is compatible with the
spin structures &,,, namely, the pull-back spin structure on the limit surface M is
fixed. We denote it by &. In particular, for each j, & is nontrivial or trivial along
the pair of punctures (€71, £92) if and only if &,, is nontrivial or trivial along the
geodesic v/ for all n. By assumption, all punctures of the limit spin surface (M, &)
are of Neveu-Schwarz type. It is equivalent to say that the spin structure & on M
is nontrivial around all punctures of M. Thus, & extends to some spin structure
S on M (cf. [2,4L21]).

Asin [21] (see [13] for a more detailed explanation), by pulling back the geometric
data via the diffeomorphisms 7,,, we can fix the spinor bundle XM and think of
the hyperbolic metrics and the compatible complex structures (h,,c,) as all living
on the limit surface M and converging in Cy2, to (h,c). Let V,, be the connection
on XM coming from h, and V the connection on XM coming from h. Then, we
can consider v, as a sequence of solutions of (1) defined on (M, h,,, ¢,, ) with
respect to (¢n, V).

Note that all estimates in Theorem 2] and Theorem [[1] are uniform for the
metrics h,, and the complex structures ¢,. With similar arguments as in [20] (The-
orem [[T)) and [2T] (Theorem [[I] Theorem [[2), we can apply Theorem [l and
Theorem 2ZT] to prove that there exist finitely many blow-up points {z1, z2,..., 2}
which are away from the punctures {(£71,£72),j € J} and finitely many smooth
solutions of (L)) on S?: ¢!, [ = 1,2,..., L;, near the i-th blow-up point x;; a
smooth solution 9 of (LI) on (M, ¢, &), such that, after selection of a subsequence,
the following holds:

I L;
(3.32) lim E($) = E()+ )Y E(E") + lim lim E(th,, P0),
n— oo —0n—o0
i=11=1 jeJ

where PJ° is the d-subcollars of P}, for § € [%,arcsinh(l)} (see the proof of
Theorem [Tl in [20]), namely,

P .— [Tl’j"s,TQ’j’é] x St C pj7
where

oo o sinh(‘2)
2,5,0 _ 20 27 in(——~27),
sinh ¢ ) T o arcsin( sinh §

. 21 .
T = ZZ arcsin(

In fact, for each fixed n and each fixed § € {%, arcsinh(l)} , P79 is exactly the j-th

component of the d-thin part of the hyperbolic surface (M, h,).
To capture the concentrated energy at the punctures, i.e.,
. . ‘715
lim lim E(n, P)°),
jed

we shall apply Proposition Bl By conformal invariance of the equation (LI) and
the energy functional (TZ), we equip PJ with the Euclidean metric. Then applying
similar arguments as in [20] (Theorem 1.1) and [21I] (Theorem 1.2), we can use
Proposition Bl to show that there exist finitely many smooth solutions of (L)
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on S%: (#* k =1,2,...,K;,j € J, such that, after selection of a subsequence of
(Y, M), we have

K
(3.33) lim lim E(i,, P20 =Y E(F), jeJ
0—0 n—o0 st
Finally, combining (332) and [B33)) gives the energy identity ([4l). Thus, we
have finished the proof. |
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