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Abstract. If a p-group P acts coprimely on a finite group G, we give a
Brauer-Wielandt formula to count the number of fixed points |CG(P )| of P in
G. This serves to determine the number of Sylow p-subgroups of certain finite
groups from their character tables.

Brauer’s classic formula to count the number of fixed points of a Klein 4-group
acting on a group of odd order was later generalized by H. Wielandt [W] to give
a formula for the number of fixed points of a p-group P acting on a p′-group
G. Wielandt’s formula involves a Möbius type function on the lattice of cyclic
subgroups of P . (See (2.2) of [W].)

In this paper we give a different formula which seems not have been noticed
before.

Theorem A. Suppose that P is a p-group acting on a p′-group G. Then

|CG(P )| =
(∏

x∈P

|CG(x)|
|CG(xp)|1/p

) p
(p−1)|P |

.

One of the classical problems in character theory is to determine which properties
of a finite group G encapsulates its character table. In Question 7 of [N2] it is asked
if the character table of G determines the number of Sylow p-subgroups of G. The
following is a small step in the positive direction.

Theorem B. Let p be a prime and G a finite p-solvable group. If P ∈ Sylp(G) is
abelian or has exponent p, then the character table of G determines |NG(P )|.

When the character table does not seem sufficient to determine a group theo-
retical invariant, it is common to ask if the character table plus the power maps
are sufficient (see Brauer’s survey [Br]). After reading our proof of Theorem B, R.
Lyons and R. Solomon pointed out the following.

Theorem C. Let p be a prime and G a finite p-solvable group. Then the character
table of G together with the p-power map determine |NG(P )|.
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1. Proofs

We give a proof of Theorem A which is independent of Wielandt’s.

Theorem 1.1. Suppose that P is a p-group acting on a p′-group G. Then

|CG(P )| =
(∏

x∈P

|CG(x)|
|CG(xp)|1/p

) p
(p−1)|P |

.

Proof. By a result of Hartley and Turull (Theorem 3.31 of [I]), there exists an
abelian group H on which P acts such that |CG(R)| = |CH(R)| for every subgroup
R of P . In particular, |H| = |G|, whence H is a p′-group and it suffices to prove
the theorem for H. So, we may and shall assume henceforth that G is abelian. We
prove the theorem by induction on |G||P |.

Step 1. We may assume that P acts faithfully.

If 1 < Q � P acts trivially on G, then CG(xy) = CG(x) for x ∈ P and y ∈ Q,
P/Q acts on G and CG(P ) = CG(P/Q). If we write P = Qx1 ∪ . . . ∪Qxt, then

∏
x∈P

|CG(x)|
|CG(xp)|1/p =

t∏
j=1

∏
x∈Q

|CG(xxj)|
|CG((xxj)p)|1/p

=

⎛
⎝ t∏

j=1

|CG(Qxj)|
|CG((Qxj)p)|1/p

⎞
⎠

|Q|

,

and the result follows by induction.

Step 2. We may assume that G is an irreducible GF (q)[P ]-module.

If 1 < N < G is P -invariant, then |CG(R)| = |CG/N (R)||CN (R)| by coprime ac-
tion, and the theorem again follows by induction. Hence G is q-elementary abelian,
and it is irreducible by Maschke’s theorem.

Step 3. We may assume that P is not abelian.

Otherwise, CG(x) = 1 for all 1 �= x ∈ P , by Steps 1 and 2, and therefore P acts
as a Frobenius complement on G. Hence P is cyclic. Then∏

x∈P

|CG(x)|
|CG(xp)|1/p = 1 = |CG(P )| ,

as desired.

Step 4. Final step.

Since CG(P ) = 1 (by Steps 1 and 2), our goal now is to prove that∏
x∈P

|CG(x)|p =
∏
x∈P

|CG(x
p)| .

If 1 < N is a proper normal subgroup of P , again we know that CG(N) = 1, and
by induction, we have that∏

x∈N

|CG(x)|p =
∏
x∈N

|CG(x
p)| .

Let R = Φ(P ). Since P is not abelian by Step 3, then we know that CG(R) = 1.
Hence CG(J) = 1 for R ⊆ J ⊆ P . Write

(P/R)# = 〈Rx1〉# ∪ . . . ∪ 〈Rxk〉#
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as a disjoint union, where X# is the set of the non-identity elements of the group
X.

If P/R is cyclic, then P is cyclic, which is not the case. Hence 〈R, xj〉 is proper
in P . Also, 〈R, xj〉 = R∪Rxj∪Rx2

j ∪· · ·∪Rxp−1
j , because R has index p in 〈R, xj〉.

By induction and using the fact that |CG(R)| = |CG(〈R, xj〉)| = 1 for j ≥ 1, we
obtain ∏

x∈〈R,xj〉
|CG(x)|p =

∏
x∈〈R,xj〉

|CG(x
p)|

=
∏
u∈R

|CG(u
p)|

∏
u∈R

p−1∏
i=1

|CG((ux
i
j)

p)| =
∏
u∈R

|CG(u)|p
∏
u∈R

p−1∏
i=1

|CG((ux
i
j)

p)| .

Now, since

P = R ∪Rx1 ∪Rx2
1 ∪ . . . ∪Rxp−1

1 ∪ . . . ∪Rxk ∪Rx2
k ∪ . . . ∪Rxp−1

k

is a disjoint union, we have that

∏
g∈P

|CG(g)|p =

∏k
j=1

(∏
x∈〈R,xj〉 |CG(x)|p

)
(∏

x∈R |CG(x)|p
)k−1

=

∏k
j=1

(∏
u∈R |CG(u)|p

∏
u∈R

∏p−1
i=1 |CG((ux

i
j)

p)|
)

(∏
x∈R |CG(x)|p

)k−1

=

(∏
x∈R

|CG(x)|p
)

k∏
j=1

(∏
u∈R

p−1∏
i=1

|CG((ux
i
j)

p)|
)

=

(∏
x∈R

|CG(x
p)|

)
k∏

j=1

(∏
u∈R

p−1∏
i=1

|CG((ux
i
j)

p)|
)

=
∏
g∈P

|CG(g
p)| ,

and this proves the theorem. �

The one other ingredient we require for the proof of Theorem B is the following
result of the first author, which was proved using Isaacs π-character theory in [N1].
For the reader’s convenience, we give an elementary lovely proof which was provided
to the first author by Gordon Keller many years ago.

Theorem 1.2. Let p be a prime, G a finite p-solvable group, P a Sylow p-subgroup
of G, and K = xG the G-conjugacy class of x ∈ G. Then the character table of G
determines |K ∩ P |.

Proof. If N is a normal subgroup of G, then let P and K denote the images of P
and K respectively in G = G/N .

First we prove that if N is a normal p′-subgroup of G, then

|P ∩K| = |P ∩K| .
Since x is a p-element if and only if Nx is a p-element, then we have that |P∩K| = 0
if and only if |P ∩K| = 0. So we may assume that K consists of p-elements. Since
N is a p′-group, we have that the map g → Ng is a bijection from P to P̄ . Hence,
the map g → Ng defines a one-to-one map from P ∩K into P ∩K. Next we show



4202 GABRIEL NAVARRO AND NOELIA RIZO

that it is surjective. Suppose that Ny ∈ P ∩K. We may assume that y ∈ P . Let
z ∈ K ∩ Ny. As z ∈ K, z is a p-element of G. Now, N〈y〉 = N〈z〉. It follows
that 〈y〉 and 〈z〉 are Sylow p-subgroups of N〈y〉, and hence are N -conjugate. Since
Ny = Nz, it follows that y is N -conjugate to z. In particular, y ∈ P ∩K. Hence
the map g → Ng defines a bijection between P ∩K and P ∩K, as desired.

Next, we prove that if N is a normal p-subgroup of G, then

|P ∩K| = |P ∩K||N ||CḠ(x̄)|
|CG(x)|

.

To prove this, we compute the value of the induced character (1P )
G on x. If

Ω = {y ∈ G |xy ∈ K ∩P}, by the definition of the induced character, we have that

(1P )
G(x) =

|Ω|
|P | .

Now, since Ω is the disjoint union of |P ∩K| right cosets of CG(x) in G, it follows
that

(1P )
G(x) =

|P ∩K||CG(x)|
|P | .

Now, since N is a normal p-subgroup of G, we have that N is contained in the
kernel of ker((1P )

G), and therefore

(1P )
G(x) = (1P̄ )

Ḡ(x̄) =
|P̄ ∩ K̄||CḠ(x̄)|

|P̄ | ,

from which the desired equality easily follows. �
Finally, we prove Theorems B and C.

Theorem 1.3. Let p be a prime and G a finite p-solvable group. Let P ∈ Sylp(G).
If P is abelian or has exponent p, then the character table of G determines |NG(P )|.
For arbitrary P , the character table of G and the p-power map (on the conjugacy
classes of p-elements of G) determines |NG(P )|.

Proof. To know the p-power map of a character table is to know the following. If
{x1, . . . , xc} are representatives of the conjugacy classes of G (columns in the char-
acter table), then the p-power map is the function f : {1, . . . , c} → {1, . . . , c} such
that xp

j lies in the class of xf(j). (In fact, we shall only need to know this function

on the classes of p-elements of G.) Since the character table of G determines the
character table of G/N , it is also true that the p-power map of G determines the
p-power map of G/N . Both the conditions that P is abelian or has exponent P are
inherited by quotients of G.

We argue by induction on |G| that if P is abelian or has exponent p, then the
character table of G determines |NG(P )|. (Essentially the same proof is going
to show the assertion about character tables and p-power maps, until the very
end. Then we will make a comment.) If Op(G) > 1, then the character table
of G determines |Op(G)| and the character table of G/Op(G), so we are done by
induction. Hence, we may assume that Op(G) = 1.

Let N = Op′(G) �= 1. By induction, we know that the character table of
G determines |NG(P )N/N | = |NG(P )|/|CN (P )|. Hence, in order to prove the
theorem, we need to show that the character table of G determines |CN (P )|.

Now, let x ∈ P , and K = xG. By Theorem 1.2, we know that the character table
of G determines |K ∩ P |. Moreover, by coprime action, CG/N (Nx) = CG(x)N/N .
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Since G determines the character table of G/N , we have that the character table
of G determines

|CG/N (Nx)| = |CG(x)N/N | = |CG(x)|/|CN (x)| .

Since the character table of G determines |CG(x)|, we deduce that the character
table of G determines |CN (x)|.

If P is abelian, then the map P → Φ(P ) given by x �→ xp is an onto group
homomorphism with kernel Ω1(P ). Hence by Theorem A, we have that

|CN (P )| =
( ∏

x∈P |CN (x)|∏
x∈Φ(P ) |CN (x)||P :Φ(P )|/p

) p
(p−1)|P |

,

if P is abelian, or

|CN (P )| =
(∏

x∈P |CN (x)|
|N ||P |/p

) p
(p−1)|P |

,

if P has exponent p. (This latter formula was known to Wielandt, see [W].)
Now, let {y1, . . . , yk} be representatives of the G-conjugacy classes of the p-

elements of G (which are detectable in the character table by Higman’s Theorem
(8.21) of [Is]), and write

P = P ∩ (y1)
G ∪ . . . ∪ P ∩ (yk)

G .

Write Li = P ∩ (yi)
G. By Theorem 1.2, we know how to compute |Li| in the

character table. Furthermore |CN (z)| is constant in P ∩ (yi)
G. This shows that

∏
x∈P

|CN (x)| =
k∏

j=1

|CN (yj)||Lj |

is always computable from the character table of G. In particular, |CN (P )| is
computable from the character table of G if the exponent of P is p.

If P is abelian, then we need to calculate |P : Φ(P )| and determine which yj lie
on some G-conjugate of Φ(P ). Using the fact that P is abelian, by Hall-Higman’s
1.2.3. Lemma ([H]), we have that NP � G. Now, let σ be the Galois automorphism
that fixes p′-roots of unity and sends p-power roots of unity ξ to ξ1+p. We claim
that NΦ(P ) is the intersection of the kernels of the irreducible characters of G/N
which are σ-fixed. First of all it is straightforward to check that σ has p-power
order. If χ ∈ Irr(G/N) is σ-fixed, then χNP has a linear constituent λ such that
λg = λσ. Since G/NP is a p′-group and σ has p-power order, we easily deduce that
λg = λ = λσ. Then the order of λ divides p and NΦ(P ) ⊆ ker(λ)x for all x ∈ G.
Hence NΦ(P ) is contained in ker(χ). The converse is also true. If χ ∈ Irr(G) has
NΦ(P ) in its kernel, and λ ∈ Irr(NP ) is an irreducible constituent of χNP , then

λσ = λ. If I is the stabilizer of λ in G, then λ has a canonical extension λ̂ ∈ Irr(I)
(with the same field of values) by Corollary (6.27) of [Is], and the claim follows
from Gallagher’s Corollary (6.17) of [Is]. Finally, we deduce that yj lies in some
G-conjugate of Φ(P ) if and only if yj is in the kernel of the σ-invariant irreducible
characters that contain N in their kernel.

In order to show that the character table and the p-power map determine
|NG(P )|, the same arguments of this proof show that we only need to be able
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to calculate ∏
x∈P

|CN (xp)|

from the character table and then use Theorem A. If we know the p-power map,
then we know the integers 1 ≤ f1, . . . , fk ≤ k such that ypi is G-conjugate to yfi .
Then ∏

x∈P

|CN (xp)| =
k∏

j=1

|CN (yfj )||Lj | ,

and the proof of the theorem is complete. �
We have used in the case of P abelian in Theorem B that G has p-length one.

As pointed out to us by Solomon, this is also the case most of the time if P has
exponent p, but not always. The Hall-Higman theory ([H]) shows that groups G
of exponent p have p-length one unless p is a Fermat prime and G has non-abelian
Sylow 2-subgroups.
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