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ON THE ZEROS OF d-ORTHOGONAL LAGUERRE

POLYNOMIALS AND THEIR q-ANALOGUES

NEILA BEN ROMDHANE

(Communicated by Walter Van Assche)

Abstract. In this paper, we give some properties of the zeros of special fam-
ilies of Brenke type polynomials. In particular, we consider an extension of
Laguerre polynomials known as d-orthogonal Laguerre polynomials. For these
polynomials, we prove that all the zeros are simple, positive and interlaced. A

q-analogue is considered as well.

1. Introduction

Laguerre polynomials are defined in terms of hypergeometric functions as [14,
§9.12],

L(α)
n (x) =

(α+ 1)n
n!

1F1

(
−n
α+ 1

;x

)
,

where (a)n is the Pochhammer symbol defined by

(a)0 = 1, (a)n = a(a+ 1) · · · (a+ n− 1), n ≥ 1,

and the standard notation for hypergeometric function is

(1.1) pFq

(
β1, β2, . . . , βp

γ1, γ2, . . . , γq
;x

)
=

∞∑
n=0

(β1)n(β2)n · · · (βp)n
(γ1)n(γ2)n · · · (γq)n

xn

n!
.

These polynomials satisfy the three term recurrence relation [14]

nL(α)
n (x) = (α+ 2n− 1− x)L

(α)
n−1(x)− (α+ n− 1)L

(α)
n−2(x), n ≥ 1,

with initial values L
(α)
−1 (x) = 0 and L

(α)
0 (x) = 1.

When α > −1, it is well known that the zeros of L
(α)
n are positive and simple,

and that they interlace with the zeros of L
(α)
n+1.

Here, we are interested in the zeros of an extension of the orthogonal Laguerre
polynomials; namely, the d-orthogonal Laguerre polynomials, d being a positive
integer (see Section 2 for the definition of d-orthogonality). These polynomials
were first introduced in [8] and then studied in [4, 5]. They have the following
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hypergeometric representation:

l
−→α d
n (x) := l(α1,...,αd)

n (x) = 1Fd

(
−n
α1 + 1, . . . , αd + 1

;x

)
,

αl �= −1,−2, . . . ; l = 1, . . . , d.

The polynomials l
−→α d
n are a particular case of multiple orthogonal polynomials

of type II and they were recently used in [13] for investigating the singular values
of products of Ginibre random matrices, which form a determinantal point process
with a correlation kernel expressed in terms of Meijer G-functions.

A (d+ 1)-order recurrence relation satisfied by these polynomials is also given.
For d = 2, some properties of the zeros of these polynomials were established

in [20]. For the general case, we have the following result.

Theorem 1.1. For αl > −1, l = 1, . . . , d, the zeros of the d-orthogonal Laguerre

polynomials, l
−→α d
n , are simple, positive and they interlace with the zeros of l

−→α d
n+1.

For d = 1, we rediscover the known results for the Laguerre polynomials.
The proof of this theorem can be found in Section 3.
The interlacing property of the zeros has many applications and the most im-

portant ones are that it simplifies estimates of the ratio of polynomials, needed for
proving the asymptotic behavior [19] and it guarantees convergence of the approx-
imation of zeros by zeros of certain special functions using a fixed point method
[18].

In this paper, there are four sections and we have followed the outline of [11].
In Section 2, as a preliminary result, which may be of independent interest, we
first discuss a general theorem on the zeros of some d-orthogonal polynomials; see
Theorem 2.2. For this, we have to use some results on d-symmetric polynomials.
Then in Section 3, we apply Theorem 2.2 to the d-orthogonal polynomials of Brenke
type I introduced in [4] and we give the proof of Theorem 1.1. Analogous results
hold for d-orthogonal q-Laguerre polynomials which for d = 1 reduce to q-Laguerre
polynomials. These results are discussed in Section 4.

Throughout the paper, we take the convention that an empty product is equal
to 1 and an empty sum to 0.

2. Preliminary results

A polynomial sequence {Pn}n≥0, with Pn(x) = xn+ . . ., is called a d-orthogonal
polynomial set, (d-OPS) if there exists a d-dimensional vector of linear functionals,
U = (u0, u1, . . . , ud−1), such that (cf. [15, 21]), for k ∈ {0, 1, 2, . . . , d− 1},

(2.1)

{
〈uk, PmPn〉 = 0, if m > nd+ k, n ≥ 0,
〈uk, PnPnd+k〉 �= 0, n ≥ 0,

where 〈u, P 〉 denotes the effect of the linear functional u on the polynomial P .
Moreover, {Pn}n≥0 is a d-OPS if and only if it satisfies a (d+1)-order recurrence

relation of the type [15]:
(2.2){

P0(x) = 1,

Pn(x) = (x− βn−1)Pn−1(x)− γd−1
n−1Pn−2(x)− · · · − γ0

n−dPn−d−1(x), n ≥ 1,

with the convention P−n = 0, γ0
−n = 0, n ≥ 1 and the regularity conditionγ0

n+1 �=
0, n ≥ 0.



ZEROS OF d-ORTHOGONAL LAGUERRE POLYNOMIALS 5243

This result, for d = 1, is the so-called Favard Theorem or spectral theorem for
orthogonal polynomials.

On the other hand, d-symmetric polynomials are an extension of symmetric
polynomials and they are defined as follows:

A polynomial set {Pn}n≥0 is called d-symmetric if it fulfills [10]

(2.3) Pn(ωdx) = ωn
dPn(x), ωd = exp(2iπ/(d+ 1)).

If the polynomial set {Pn}n≥0 satisfies equation (2.2) with βn = 0 and γd−1−ν
n−1−ν =

0, ν = 0, . . . , d − 2, then it is also d-symmetric and it is said to be a d-symmetric
d-orthogonal polynomial set (d-SOPS). In this case, the reduced (d + 1)-order re-
currence relation (2.2) can be written as follows:

(2.4)

{
Pn(x) = xn, 0 ≤ n ≤ d,
Pn+d(x) = xPn+d−1(x)− γnPn−1(x), n ≥ 1, γn �= 0.

Furthermore, {Pn}n≥0 is a d-SOPS if and only if there exist (d + 1) sequences
of d-OPS {P l

n}n≥0, 0 ≤ l ≤ d; called the (d+1)-components of {Pn}n≥0; such that
[10]

(2.5) Pn(d+1)+l(x) = xlP l
n(x

d+1).

We note that the d-orthogonal polynomials are a particular subset of multiple or-
thogonal polynomials of type II with nearly diagonal multi-index [1, 3] and many
papers deal with polynomials satisfying the higher-order three-term recurrences
(2.4) (see for instance [2, 3]). In fact, such recurrences provide examples of simple
difference operators of order (d + 1) and the study of the associated polynomials
Pn facilitates an understanding of the spectral properties of such operators.

Some properties of the zeros of these polynomials are given [7, 12, 19]. In par-
ticular, in the following proposition, we recall some of these results which we will
need in this work.

Proposition 2.1 ([7]). Let {Pn}n≥0 be a d-SOPS satisfying equation (2.4) with
γn > 0, n ≥ 1. Then, for each n ≥ 1 and l = 0, 1, . . . , d, it follows that

a) If z is a zero of Pn(d+1)+l, then ωk
dz, k=1, . . . , d, are also zeros of Pn(d+1)+l.

b) 0 is a zero of Pn(d+1)+l of multiplicity l.
c) Pn(d+1)+l has n distinct positive real zeros denoted by: xn,l;s, s = 1, . . . , n.

Moreover, the following assertions hold [7, Eqs.(2.4)-(2.6)]

(2.6) xn,d;s < xn+1,0;s+1, s = 1, . . . , n,

(2.7) xn+1,l;s < xn,l;s, l = 0, . . . , d, s = 1, . . . , n,

(2.8) 0 < xn,l;s < xn,l+1;s, l = 0, . . . , d− 1, s = 1, . . . , n.

Now, we are able to state the following result which may be of interest in its own
right.

Theorem 2.2. Let {Pn}n≥0 be a d-SOPS satisfying equation (2.4) with γn > 0.
Then the zeros of the component polynomials P l

n, 0 ≤ l ≤ d, are positive, simple
and they interlace with the zeros of P l

n+1.
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Proof. Let xn,l;s, s = 1, 2, . . . , n be the n positive, distinct, real zeros of Pn(d+1)+l

guaranteed by Proposition 2.1(c). Then, from (2.5) (xn,l;s)
lP l

n((xn,l,s)
d+1) = 0 and

hence (xn,l,s)
d+1 are zeros of P l

n which will be positive and simple.
Now, we proceed to prove that the zeros of P l

n and P l
n+1 are interlaced. For

this, we have to discuss two cases. For l = 0, . . . , d− 1, s = 1, . . . , n, using, in the
following order, the equations (2.7)-(2.8)-(2.6)-(2.8), we obtain

xn+1,l;s < xn,l;s < xn,d;s < xn+1,0;s+1 < xn+1,l;s+1,

which in this case gives the desired result.
For l = d, we apply the following order (2.7)-(2.6)-(2.8), to obtain

xn+1,d;s < xn,d;s < xn+1,0;s+1 < xn+1,d;s+1,

which finishes the proof. �

3. Zeros of some d-OPS and proof of Theorem 1.1

The Brenke type polynomial sequences are defined as follows [9]:

A(t)B(xt) =
∞∑

n=0

Pn(x)t
n,

where A and B are two formal power series satisfying:

A(t) =
∞∑

n=0

ant
n, B(t) =

∞∑
n=0

bnt
n, a0bn �= 0, ∀n ∈ N.

In [4], the d-SOPSs of Brenke type were determined. There are exactly two families
of polynomials, {P1,n}n≥0 and {P2,n}n≥0, generated by functions expressed in terms
of the hypergeometric function and the basic hypergeometric series.

Our purpose in this section is to apply Proposition 2.1 and Theorem 2.2 to the
polynomial set {P1,n}n≥0 and then to deduce the proof of Theorem 1.1. First, we
recall that the d-SOPSs of Brenke type I, {P1,n}n≥0, are generated by [4]

(3.1) exp(atd+1)B1(xt) =
∞∑

n=0

P1,n(x)t
n, a ∈ R\{0},

where

B1(t) =

∞∑
n=0

b1,nt
n

=
d∑

l=0

tl∏l
k=1 vkmk

0Fd

⎛
⎝ −

m1 + 1, . . . ,ml + 1,ml+1, . . . ,md

;
td+1∏d
k=0 vk

⎞
⎠ ,

where (vl)0≤l≤d are non-zero constants and ml �= 0,−1,−2, . . . , 1 ≤ l ≤ d.
Furthermore, we have [4, Eq.(2.16)]

(3.2) b1,p(d+1)+l =
1∏l

k=1 vkmk

∏d
k=0 v

p
k

∏l
k=1 (mk + 1)p

∏d
k=l+1 (mk)p p!

.

These polynomials also satisfy the recurrence relation (2.4) with γn given by
[4, Eq.(2.8) for k = 1]

(3.3) γn = a

(
b1,n−2

b1,n+d−1
− b1,n−1

b1,n+d

)
, n ≥ 2.
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Particular cases of {P1,n}n≥0 are generalized Hermite polynomials, Gould-
Hopper polynomials and Gould-Hopper type polynomials (For more details see
[4] and the references therein.)

The following results on the zeros of {P1,n}n≥0 hold.

Theorem 3.1. Suppose
(
a
∏d

k=0 vk

)
< 0 and ml > −1, l = 1, . . . , d. Then the

polynomial P1,p(d+1)+l has p distinct positive real zeros.

Proof. We have to prove that, for the chosen hypothesis in this theorem, the coef-

ficients γn in equation (3.3) satisfy γn > 0. For this, we put αn =
ab1,n

b1,n+d+1
, and we

use equation (3.2) to compute αn+1

αn
, for n = p(d+1)+ l, 0 ≤ l ≤ d, 1 ≤ p. After a

simple calculation we obtain

(3.4)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

αn = (p+ 1)
(
a
∏d

k=0 vk

)∏l
k=1 (mk + 1 + p)

∏d
k=l+1 (mk + p),

αn+1

αn
= 1 + 1

ml+1+p , 0 ≤ l ≤ d− 1,

αn+1

αn
= 1 + 1

p+1 , l = d.

Then αn+1

αn
> 1 and αn < 0 and since γn = αn−2−αn−1, we deduce that γn > 0.

Finally, by using Proposition 2.1, we obtain the desired result. �

Next, we proceed to prove our main result. For this we recall the following [4]

Lemma 3.2. The components {P l
1,n}n≥0, 0 ≤ l ≤ d, of the polynomials {P1,n}n≥0

are d-OPSs of Brenke type and they have the following hypergeometric representa-
tions:

P l
1,n(x) =

an

n!
∏l

k=1 vkmk

1Fd

⎛
⎝ −n

m1 + 1, . . . ,ml + 1,ml+1, . . . ,md

;
−x

a
∏d

k=0 vk

⎞
⎠ .

(3.5)

Proof of Theorem 1.1. The d-orthogonal Laguerre polynomials, l
−→α d
n , can be ex-

pressed by means of the component P d
1,n. In fact, for ml = αl, l = 1, . . . , d, it

follows from Lemma 3.2 that

anl
−→α d
n (x) = (n!

d∏
k=1

vkαk)P
d
1,n

(
−a

d∏
k=0

vkx

)
.

Now, for αl > −1, l = 1, . . . , d and with the choice of
(
a
∏d

k=0 vk

)
< 0, and by

using Theorems 3.1 and 2.2, we deduce the desired results. �

4. q-Extension

In this section, we seek appropriate q-analogues of the previous results, which
will reduce to those results when q → 1. For this purpose, we will always assume
that 0 < q < 1, and we recall the following notation [14]:

The q-shifted factorials are defined by

(β; q)0 = 1, (β; q)n =
n∏

k=1

(1− βq(k−1)), n ≥ 1,
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and the multiple q-shifted factorials are

(β1, β2, . . . , βk; q)n =

k∏
j=1

(βj ; q)n.

The basic hypergeometric series rΦs (or q-hypergeometric series) is given by [17,
Eq.(17.4.1)]

(4.1) rΦs

(
β1, β2, . . . , βr

γ1, γ2, . . . , γs
; q, x

)
=

∞∑
n=0

(β1, . . . , βr; q)n
(γ1, . . . , γs; q)n

((−1)nq(
n
2 ))1+s−rxn

(q; q)n
,

where (n2 ) =
n(n−1)

2 , γ1, γ2, . . . , γs �= 1, q−1, q−2, . . . .
The q-exponential function is defined by [17, Eq.(17.3.1)]

eq(t) =

∞∑
n=0

(1− q)n

(q; q)n
tn.

In extending the results of Sections 1 and 3, we consider the q-analogues of the
Laguerre polynomials and the d-orthogonal Laguerre polynomials.

The q-Laguerre polynomials, or generalized Stieltjes-Wigert polynomials, are a
family of basic hypergeometric orthogonal polynomials in the basic Askey scheme
introduced by Moak in [16]. These polynomials are defined by

L(α)
n (x; q) =

(qα+1; q)n
(q; q)n

1Φ1

(
q−n

qα+1 ; q,−qn+α+1x

)
.

If we change q to q−1 we obtain the little q-Laguerre or Wall polynomials [14,
§14.20]. Some properties of the zeros of q-Laguerre polynomials are given in [16].
In particular, for α > −1, the roots of each of the polynomials are positive and

simple. Moreover, the roots of L
(α)
n (x; q) and L

(α)
n+1(x; q), interlace.

An extension of the q-Laguerre polynomials to d-orthogonal polynomials is the
polynomial set {L−→α d

n,q }n≥0, defined by [4, 6]

L
−→α d
n,q (x) = 1Φd

⎛
⎝ q−n

qα1+1, . . . , qαd+1
; q, (−1)dqnx

⎞
⎠ .(4.2)

In this section, we are interested in the zeros of these polynomials. The analogue
of Theorem 1.1 is the following.

Theorem 4.1. For αl > −1, l = 1, . . . , d, the zeros of the d-orthogonal q-Laguerre

polynomials, L
−→α d
n,q , are simple, positive and they interlace with the zeros of L

−→α d
n+1,q.

For d = 1, we rediscover the results obtained in [16] for q-Laguerre polynomials.
Here, to prove this theorem, we consider the d-SOPSs of Brenke type II,

{P2,n}n≥0 generated by [4]

(4.3) eq(at
d+1)B2(xt) =

∞∑
n=0

P2,n(x)t
n, a �= 0,
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where

B2(t) =:

∞∑
n=0

b2,nt
n

=
d∑

l=0

tl∏l
k=1 uk(ηk − 1)

0Φd

⎛
⎝ −

η1q, . . . , ηlq, ηl+1, . . . , ηd

; q,
ql+1td+1∏d

k=0 uk

⎞
⎠ ,

(ηl)1≤l≤d and (ul)0≤l≤d are such that ul �= 0 and ηl �= 1, q−1, q−2, . . . .
Furthermore, we have [4, Eq.(2.17)]

(4.4)

b2,p(d+1)+l =

(
(−1)pq(

p
2)
)(d+1)

qp(l+1)

∏l
k=1 uk(ηk − 1)

∏d
k=0 u

p
k

∏l
k=1 (ηkq; q)p

∏d
k=l+1(ηk; q)p(q; q)p

.

We remark that for ηl = qαl , 1 ≤ l ≤ d, αl �= 0,−1,−2, . . ., the polynomial
P1,n of Brenke type I is a limit case of the second one when q −→ 1. We have:
lim
q−→1

P2,n((q − 1)x) = P1,n(x).

Particular cases of {P2,n}n≥0 are symmetric Wall polynomials, Al-Salam Carlitz
polynomials, Stieltjes-Wigert polynomials and q-analogues of generalized Hermite
polynomials.

The polynomials {P2,n}n≥0 also satisfy the recurrence relation (2.4) and equation
(3.3) with γn and bn replaced, respectively, by γ2,n and b2,n [4].

The following results on the zeros of {P2,n}n≥0 hold.

Theorem 4.2. Suppose that (−1)(d+1)a
∏d

k=0 uk < 0 and 0 < ηlq < 1, l =
1, . . . , d. Then the polynomial P2,p(d+1)+l has p distinct positive real zeros.

Proof. We prove this result in much the same way as Theorem 3.1. For this, let

α2,n =
ab2,n

b2,n+d+1
; then use equation (4.4), to obtain for n = p(d + 1) + l, 0 ≤ l ≤

d, 1 ≤ p,

(4.5)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α2,n = (−1)(d+1)a
∏d

k=0 uk

q
p−1
p+1

(d+1)−p−l

(1−ηkqp)
∏l

k=1(1−ηkqp+1)
∏d

k=l+1(1−qp+1)
,

α2,n+1

α2,n
= 1 + 1−q

q−qp+1ηl+1
, 0 ≤ l ≤ d− 1,

α2,n+1

α2,n
= 1 + 1−q

q−qp+2 , l = d.

So, we have
α2,n+1

α2,n
> 1 and α2,n < 0 and since γ2,n = α2,n−2−α2,n−1, we deduce

that γ2,n > 0, and by using Proposition 2.1, we finish the proof. �

Now, we consider the component polynomials of {P2,n}n≥0. These polynomials
are also d-OPSs of Brenke type and they have the following basic hypergeometric
representations for 0 ≤ l ≤ d [4]:
(4.6)

P l
2,n(x)

=
an

[n]q!
∏l

k=1 uk(ηk − 1)
1Φd

⎛
⎝ q−n

η1q, . . . , ηlq, ηl+1, . . . , ηd

; q,
qn+l+1x

a(1− q)
∏d

k=0 uk

⎞
⎠.
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Proof of Theorem 4.1. For ηl = qαl , l = 1, . . . , d, we have the following transforma-
tion between the d-orthogonal q-Laguerre polynomials, L

−→α d
n,q , and the component

polynomials P d
2,n:

anL
−→α d
n,q (x) = ([n]q!

d∏
k=1

uk(q
αk − 1))P d

2,n

(
(−1)da

(1− q)

qd+1

d∏
k=0

ukx

)
.

Now, for
(
(−1)(d+1)a

∏d
k=0 uk

)
< 0 and αl > −1, l = 1, . . . , d, we have

(−1)da (1−q)
qd+1

∏d
k=0 uk > 0; then by using Theorems 3.1 and 2.2, we deduce the

desired results. �

In this paper, our approach to studying the zeros of both the d-orthogonal La-
guerre and q-Laguerre polynomials is based on the study of the zeros of two more
general classes of polynomials of Brenke type and their component sets. For this,
we only need the (d+1)-order recurrence relation satisfied by these polynomials. Fi-
nally, we note that the method described here may be extended in a straightforward
way to the d-orthogonal Jacobi polynomials.
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