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PERIODIC POINTS FOR AMENABLE GROUP ACTIONS

ON DENDRITES
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(Communicated by Yingfei Yi)

Abstract. We show that if G is a countable amenable group acting on a
dendrite X, then G has either a fixed point or a 2-periodic point in X.

1. Introduction

Let X be a topological space and let Homeo(X) be the homeomorphism group
of X. Let G be a group. A group homomorphism φ : G → Homeo(X) is called an
action of G on X. For brevity, we usually use gx or g(x) instead of φ(g)(x) for g ∈ G
and x ∈ X. The orbit of x ∈ X under the action of G is the set Gx = {gx : g ∈ G};
x is called a periodic point of G if Gx is finite, and the number of all elements in Gx
is called the order of x; if x is a periodic point of order n for some positive integer
n, then x is called an n-periodic point; if x is of order 1, then x is called a fixed
point of G, that is, gx = x for all g ∈ G.

For an action of a group G on a topological space X, an interesting question is
whether there exists a fixed point or a periodic point of G in X. The answer to
this question depends on the topology of X and the algebraic structure of G. Let
us recall some notions about amenable group and continuum:

Amenable group. A countable group G is called an amenable group if there

is a sequence of finite sets Fi (i = 1, 2, 3, . . . ) such that lim
i→∞

|gFi�Fi|
|Fi| = 0 for every

g ∈ G, where |Fi| is the number of elements in Fi; the set Fi is called a Følner
set. It is well known that solvable groups and finite groups are amenable. It is also
known that any group containing a free noncommutative subgroup is not amenable.
For examples of infinite amenable groups which contain no free noncommutative
subgroups, one may consult [3, 10]. An important characterization of countable
amenable group is that G is amenable if and only if every action of G on a compact
metric space X preserves a Borel probability measure on X.

Continuum. By a continuum, we mean a connected compact metric space. A
continuum is nondegenerate if it is not a single point. An arc is a continuum which
is homeomorphic to the closed interval [0, 1]. A continuum X is uniquely arcwise
connected if for any two points x �= y ∈ X there is a unique arc [x, y] in X, which
connects x and y. A dendrite is a locally connected, uniquely arcwise connected
continuum.

In 2009, Shi and Sun showed that every nilpotent group action on a uniquely
arcwise connected continuum has a fixed point (see [7]). In 2010, Shi and Zhou
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further showed that every solvable group action on such continua has either a fixed
point or a 2-periodic point (see [9]). Naturally, one may ask whether we have
similar conclusions for amenable group actions. We get the following theorem in
this paper.

Theorem 1.1. Let G be a countable amenable group and let X be a dendrite.
Suppose φ : G → Homeo(X) is a group action. Then G has either a fixed point or
a 2-periodic point in X.

As an application of this theorem, we give a new proof of some known results in
group theory, which may shine some light on justifying the nonamenability of some
groups.

In Section 2, we give some properties concerning the structure of dendrites. In
Section 3, we recall and prove some results about upper semi-continuous decompo-
sition. In Section 4, we provide some auxiliary results about group actions which
will be used in the proof of the main theorem. We prove the main theorem in
Section 5, and give some applications of the main theorem in Section 6.

2. Dendrite

Let X be a dendrite and let x ∈ X. We use ord(x,X) to denote the cardinality
of the set of all components of X − {x}, which is called the order of x in X. The
point x is a cut point if ord(x,X) ≥ 2; is a branch point if ord(x,X) ≥ 3; is an end
point if ord(x,X) = 1. A tree is a dendrite which has only finitely many end points.

We list some properties about dendrites in the following lemma. One may consult
[4] for the discussions about them.

Lemma 2.1. Let X be a dendrite. Then the following properties hold:

(a) Every connected subset of X is arcwise connected; every point of X has a
neighborhood system consisting of subdendrites; if e is an end point of X, then
there exists a neighborhood system of e consisting of subdendrites Yi, such that
the boundary ∂X(Yi) consists of a single point.

(b) Every subcontinuum of X is a dendrite; if A and B are subcontinua of X, then
either A ∩B = ∅ or A ∩B is a subdendrite of X.

(c) If Ai (i = 1, 2, 3, . . . ) is a sequence of mutually disjoint subdendrites of X, then
diam(Ai) → 0 as i → ∞.

(d) X has at most countably many branch points; if X is nondegenerate, then the
cut point set of X is uncountable.

(e) X is a tree if it has finitely many branch points each of which has finite order.
(f) If Y is a subdendrite of X and o is a branch point of Y , then o is also a branch

point of X and ord(o, Y ) ≤ ord(o,X).

If [a, b] is an arc in a dendrite X, denote by [a, b), (a, b], and (a, b) the sets
[a, b]− {b}, [a, b]− {a}, and [a, b]− {a, b}, respectively.

Lemma 2.2. Let X be a dendrite and let z ∈ X. Suppose oi (i = 1, 2, . . . ) is a
sequence of branch points such that oi → z as i → ∞. If ord(z,X) < ∞, then there
are branch points o′i (i = 1, 2, . . . ) lying in the same arc such that o′i → z as i → ∞.

Proof. Since ord(z,X) < ∞, there is a component, say Y , of X − {z}, which
contains infinitely many oi. Without loss of generality, we may suppose oi ∈ Y
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for all i. Consider the arc [o1, z]. By the uniquely arcwise connectivity of Y (see
Lemma 2.1(a)), there are points o′i ∈ [o1, z) such that [o1, z) ∩ [o1, oi] = [o1, o

′
i].

Clearly, o′i are branch points lying in the same arc [o1, z]. Passing to a subsequence
if necessary, we may suppose these o′i are mutually distinct. Since oi → z, we have
o′i → z by Lemma 2.1(a) and the uniquely arcwise connectivity of X. �

Let X be a dendrite and let A ⊂ X. The convex hull of A in X, which is
denoted by [A], is the intersection of all subdendrites containing A. Since [A] is a
subcontinuum of X, it is a subdendrite of X by Lemma 2.1(b). Thus [A] is the
smallest subdendrite of X, which contains A. (Here, we adapt the symbols and
notions in [2].)

Lemma 2.3. Let X be a dendrite and let A ⊂ X. If f is a homeomorphism on X
with f(A) = A, then f([A]) = [A].

Proof. Since f(A) = A, f([A]) and f−1([A]) are dendrites which contain A. So,
[A] ⊂ f([A]) and [A] ⊂ f−1([A]). Thus f([A]) = [A]. �

The following lemma is Proposition 4.2 in [2]. For the convenience of the reader,
we give a proof here.

Lemma 2.4. Let G be a group acting on a dendrite X. If G has a periodic point
in X, then G has either a fixed point or a 2-periodic point.

Proof. Suppose x ∈ X is a periodic point of G. Then [Gx] is a tree which is G-
invariant by Lemma 2.3. If [Gx] is neither a point nor an arc, then we can get a
G-invariant subtree Y of [Gx] by removing all the end points of [Gx] together with
the interiors of their adjacent edges. Going on in this way, we get in the end a
G-invariant subtree of [Gx], which is either a point or an arc. This completes the
proof. �

Lemma 2.5. Let X be a dendrite and let e be an end point of X. Suppose K is
a dendrite neighborhood of e such that ∂X(K) consists of a single point z. Let c
be a cut point in K and let Y be a component of X − {c} not containing z. Then
Y ⊂ K.

Proof. This is a direct corollary of the uniquely arcwise connectivity of X. �

Lemma 2.6. Let X be a dendrite and let e be an end point of X. Suppose
ci (i = 1, 2, 3, . . . ) is a cut point sequence with ci → e as i → ∞. Then there
is a subsequence cij and a component Yij of X − {cij}, such that the diameter
diam(Yij ) → 0 as j → ∞.

Proof. For every positive integer j, take a dendrite neighborhood K of e such that
diam(K) < 1/j and ∂X(K) consists of a single point z by Lemma 2.1(a). Since
ci → e (i → ∞), there is some ij such that cij ∈ K − {z}. Let Yij be a component
of X − {cij} such that z /∈ Yij . Then Yij ⊂ K by Lemma 2.5. So, Yij meet the
requirement. �

3. Upper semi-continuous decomposition

Let X be a topological space and let D be a collection of nonempty, mutually
disjoint subsets of X such that ∪ D = X (such a D is called a partition of X). The
partition D is called upper semi-continuous provided that whenever D ∈ D and
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D ⊂ U for some open set U in X, there exists open set V with D ⊂ V such that if
A ∈ D and A∩ V �= ∅, then A ⊂ U . For a partition D, we define a map π : X → D
by π(x) = the unique D ∈ D such that x ∈ D. Endow D with the largest topology
such that π is continuous, that is, U ⊂ D is open in D if and only if π−1(U) is open
in X; D with such a topology is called the quotient space of X and π is called the
quotient map.

Theorem 3.1 ([4, Theorem 3.10]). If X is a continuum and D is an upper semi-
continuous decomposition of X, then D is a continuum.

Recall that a continuous map f : X → Y is monotone if f−1(y) is connected for
every y ∈ Y .

Theorem 3.2 ([4, Corollary 13.41]). If X is a dendrite and f is a monotone map
onto a continuum Y , then Y is a dendrite.

Lemma 3.3. Let X be a dendrite. Suppose D is a partition of X, each element of
which is a subdendrite (may be degenerate). Then D is a dendrite.

Proof. It follows from Lemma 2.1(c) that D has at most countably many nonde-
generate dendrites, say Yi, and diam(Yi) → 0 as i → ∞ if the number of Yi is
infinite. This implies that the decomposition D is upper semi-continuous. Since
each element of D is connected, π is monotone. Hence, D is a dendrite by Theorem
3.1 and Theorem 3.2. �
Lemma 3.4. Let X be a dendrite and let K be a compact subset of X. Suppose
K is the collection of all components of K and D = K ∪ {{x} : x ∈ X − K}. If
π : X → D is the quotient map induced by the partition D, then π(K) is totally
disconnected in D.

Proof. Since every element of D is a subdendrite, D is a dendrite by Lemma 3.3. If
π(K) is not totally disconnected, then there is an arc [a, b] ⊂ π(K). Take x, y ∈ X
such that π(x) = a and π(y) = b. Thus π([x, y]) ⊃ [a, b] by the uniquely arcwise
connectivity of D. Since π is monotone, π([x, y]) = [a, b]. Thus [x, y] ⊂ K. This is
a contradiction, because x and y lie in distinct components of K. �

4. Group action

Let group G act on a topological spaceX. For a subset A ⊆ X, set GA =
⋃

x∈A

Gx;

A is said to be G-invariant, if GA = A. If A is G-invariant, by the symbol G|A, we
mean the restriction to A of the action of G. If A is a G-invariant closed subset of
X and the closure Gx = A for every x ∈ A, then A is called a minimal set of G.
When X is a compact metric space, minimal sets always exist by an argument of
Zorn’s Lemma.

The following lemma is well known and is direct to check.

Lemma 4.1. Let φ1 : G → Homeo(X) and φ2 : G → Homeo(Y ) be two actions of
group G on compact metric spaces X and Y . Suppose π : X → Y is a continuous
surjection and π(φ1(g)(x)) = φ2(g)(π(x)) for all g ∈ G and x ∈ X. Then π(K) is
minimal in Y provided that K is minimal in X. If K is the unique minimal set in
X, then π(K) is the unique minimal set in Y .

The following lemma is shown by Marzougui and Naghmouchi in [2]. For the
convenience of the reader, we provide a detailed proof here.
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Lemma 4.2. Let φ : G → Homeo(X) be an action of group G on a dendrite X.
If there are two disjoint G-invariant nonempty closed subsets of X, then G has a
periodic point in X.

Proof. Suppose A and B are two disjoint G-invariant nonempty closed subsets of
X. If one of them is finite, then the conclusion obviously holds. So, we may
assume that each of them is infinite. Consider the convex hulls [A] and [B]. Put
H = [A] ∩ [B]. Then H is either empty or a dendrite by Lemma 2.1(b). If H = ∅,
then there is a unique arc [a, b] such that a ∈ A, b ∈ B and [a, b]∩ (A∪B) = {a, b}.
Thus [a, b] is G-invariant by the uniquely arcwise connectivity of X. Hence, a is a
periodic point of G. So we may suppose that H �= ∅.

Claim 1. If o is a branch point of H, then the order of o in H is finite. Other-
wise, it follows from Lemma 2.1(f) that [A]− {o} has infinitely many components
Y1, Y2, Y3, . . . . By the definition of convex hull, there is ai ∈ Yi ∩A for each i (oth-
erwise, for some i, [A] − Yi would be a smaller dendrite than [A], which contains
A). Since diam(Yi) → 0 as i → ∞, ai → o, which implies that o ∈ A. Similarly, we
get o ∈ B. This contradicts the assumption that A ∩B = ∅.

Claim 2. H contains only finitely many branch points. Otherwise, there is a
sequence of branch points oi (i = 1, 2, 3, . . . ), such that oi → z as i → ∞,
for some z ∈ H. By Claim 1 and Lemma 2.2, we may suppose further that
[o1, o2] ⊂ [o1, o3] ⊂ · · · ⊂ [o1, oi] ⊂ · · · ⊂ [o1, z]. Let Yi be a component of [A]−{oi}
with Yi ∩ [o1, z] = ∅. Then these Yi are mutually disjoint and diam(Yi) → 0 as
i → ∞ by Lemma 2.1(c). Similar to Claim 1, we can take ai ∈ Yi ∩A. So, ai → z,
which means z ∈ A. Similarly, z ∈ B. This is a contradiction.

It follows from Claim 1, Claim 2, and Lemma 2.1(e) that H is a tree, each end
point of which is a periodic point. �

The following lemma is proven in [8] and is also implied by the main theorem in
[6].

Lemma 4.3 ([8, Theorem 1.3]). If G is a countable amenable group and X is a
nondegenerate dendrite, then G cannot act on X minimally.

5. The main theorem

If X is a dendrite, we use End(X) to denote the end point set of X. Now, we
start to prove the main theorem (Theorem 1.1) of this paper.

Proof. Assume that G has no periodic points in X. By Lemma 4.2, G has only one
minimal set M in X. There are three cases:

Case 1. M contains an isolated point. Then M is finite by the minimality of M ,
which contradicts the assumption.

Case 2. M contains no isolated points and is totally disconnected. Then M is
homeomorphic to the Cantor set. Consider the convex hull [M ] of M , which is a
G-invariant subdendrite of X by Lemma 2.3.

Claim 2.1. M = End([M ]). Indeed, we have M ∩End([M ]) �= ∅ by the uniqueness

of minimal sets. Thus M ⊂ End([M ]), since M is minimal. On the other hand, if
there is some e ∈ End([M ])−M , then it follows from Lemma 2.1(a) that there is a
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dendrite neighborhood K of e in [M ], such that K ∩M = ∅ and ∂[M ](K) consists

of a single point. This contradicts the definition of convex hull, since [M ]−K is a

smaller dendrite than [M ], which contains M . So, End([M ]) ⊂ M .

Claim 2.2. For every cut point c′ ∈ [M ]−End([M ]), there exist some e′ ∈ End([M ])
and a sequence gi ∈ G (i = 1, 2, 3, . . . ) such that gi(c

′) → e′ as i → ∞. Indeed, we
always have Gc′ ∩M �= ∅, since M is the only minimal set in X. Thus M ⊂ Gc′

by the minimality of M , which implies the claim by Claim 2.1.

Noting that G is amenable, we can fix a G-invariant Borel probability measure μ
on [M ], whose support is contained in M . Since M is minimal, supp(μ) = M . To
each cut point c ∈ [M ] with ord(c, [M ]) = 2 (for the existence of such c, one may
consult Lemma 2.1(d)), we associate a number D(c) which is defined by D(c) =
min{μ(M1), μ(M2)}, where M1 and M2 are the two components of [M ]−{c}. Since
μ is G-invariant and supp(μ) = M , we have

Claim 2.3. D(c) > 0 and D(c) = D(g(c)) for every g ∈ G.

From Claim 2.2, we can take a cut point c′ ∈ [M ]−End([M ]) with ord(c′, [M ]) =
2, an endpoint e′ ∈ End([M ]) and a sequence gi ∈ G (i = 1, 2, 3, . . . ) such that
gi(c

′) → e′ as i → ∞. Then we have

Claim 2.4. D(gi(c
′)) → 0 as i → ∞. Otherwise, passing to a subsequence if

necessary, we may suppose that D(gi(c
′)) > δ for some δ > 0 and for all i. It

follows from Lemma 2.6 that there is a subsequence gij (c
′) and Yij which is some

component of [M ]− {gij (c′)}, such that diam(Yij ) → 0 as j → ∞. Since μ has no
atoms in M (otherwise, G has a periodic point in M), μ({e′}) = 0. Thus there is
a neighborhood U of e′ in [M ] such that μ(U) < δ. This is a contradiction, since
Yij ⊂ U for sufficiently large j and μ(Yij ) > δ.

Since Claim 2.3 and Claim 2.4 contradict each other, Case 2 does not occur.

Case 3. M contains no isolated points and M has at least one nondegenerate
component. Let C be the family of all components of M and let F = C ∪ {{x} :
x ∈ X −M}. Then F with the quotient topology is a dendrite by Lemma 3.3. Let
π : X → F be the quotient map. Since G permutes each element in F , we get a
G-action on F by g(π(x)) = π(g(x)) for all x ∈ X and g ∈ G. Then π(M) is the
unique minimal set in F by Lemma 4.1.

Claim 3.1. π(M) has no isolated points. Otherwise, π(M) is a finite set, since
π(M) is minimal. Thus M is a disjoint union of finitely many, nondegenerate,
subdendrites Y1, . . . , Yn of X, for some positive integer n (notice that we have
assumed that M has a nondegenerate component). Put H = {g ∈ G : g(Y1) = Y1};
then H is a subgroup of G with index n. Hence, the restriction H|Y1

of H to Y1

is still minimal. This contradicts Lemma 4.3 (notice that every subgroup of an
amenable group is amenable).

By Claim 3.1 and Lemma 3.4, we have that π(M) contains no isolated points
and is totally disconnected. Since π(M) is the only minimal set in F by Lemma
4.1, Case 3 dose not occur by Case 2.

So, the assumption at the beginning is false. Then G has a periodic point in X.
This implies the existence of a fixed point or a 2-periodic point by Lemma 2.4. �
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6. Applications

An immediate corollary of Theorem 1.1 is that if a group G can act on a dendrite
without periodic points, then G is not amenable. This gives us a criterion to
justify the nonamenability of a group. Though the nonamenability of the free
noncommutative group Z ∗ Z and the free product Z2 ∗ Z3 are well known and are
not difficult to prove, we give here a new proof of these results based on the above
criterion. This may shine some light on similar problems.

Theorem 6.1. The free noncommutative group Z ∗ Z is not amenable.

Proof. Let X be the dendrite illustrated in Figure 1, such that: X is symmetric to
the center o; each branch point of X is of order 4; if x ∈ X is not an end point, then
the components of X −{x} are homeomorphic to each other. Let L,R, T,B be the
points which are to the most left, to the most right, at the most top, and at the
most bottom of X, respectively. Let ot be the branch point immediately over the
branch point o and let or be the branch point on the immediately right side of o.
Clearly, there are an “upward translation” f which sends o to ot and a “rightward
translation” g which sends o to or. Since every point in X except L and R has
an infinite orbit for 〈f〉-action and since every point in X except T and B has an
infinite orbit for 〈g〉-action, the Z ∗ Z-action generated by f and g has no periodic
points in X. So, Z ∗ Z is not amenable. �
Theorem 6.2. The free product Z2 ∗ Z3 is not amenable.

Proof. Let X be the dendrite illustrated in Figure 2, such that: X is symmetric to
the branch point o; each branch point of X is of order 3; if x ∈ X is not an end
point, then the components of X − {x} are homeomorphic to each other. Let q be
the branch point immediately to the right of o and let p be the middle point of the
arc [o, q]. Suppose f is the “3-order rotation” around o and g is the “reflection”
about p. We leave it to the reader to check that the Z2 ∗ Z3 action generated by f
and g has no periodic points in X, which implies Z2 ∗ Z3 is not amenable. �

Figure 1 Figure 2

It is unknown up to now whether the Thompson’s group is amenable. One may
consult [1, 5] for the definition and properties of the Thompson’s group. We end
this section with the following problem.
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Problem 6.3. Does there exist an action of the Thompson’s group on a dendrite
without periodic points?

If the answer to this problem is yes, then the nonamenability of the Thompson’s
group is obtained.
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