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SOBOLEV FUNCTIONS IN THE CRITICAL CASE

ARE UNIFORMLY CONTINUOUS IN s-AHLFORS

REGULAR METRIC SPACES WHEN s ≤ 1

XIAODAN ZHOU

(Communicated by Jeremy Tyson)

Abstract. We prove that functions in the Haj�lasz-Sobolev space M1,s on an
s-Ahlfors regular metric space are uniformly continuous when s ≤ 1.

1. Introduction

Sobolev functions in the class W 1,p(Ω) are Hölder continuous when Ω ⊂ R
n is

an open set and n < p < ∞. If n = 1, every function in W 1,1(Ω) has an absolutely
continuous representative. However, when n ≥ 2, there always exist discontinuous
Sobolev functions in W 1,p(Ω) for 1 ≤ p ≤ n. The aim of this paper is to investigate
continuity of Sobolev functions in the critical case, i.e., p = n, on more general
metric spaces. In particular, we will focus on s-Ahlfors regular metric spaces with
s ≤ 1.

The theory of Sobolev spaces on metric spaces has developed since the nineties.
There are various extensions of the theory of Sobolev spaces to metric-measure
spaces [1, 2, 4, 6–10, 20]. The theory of Sobolev spaces whose definitions are based
on upper gradients (Cheeger [2] and Newtonian Sobolev spaces [20]) become trivial
if the space is not highly connected. In particular, it does not apply to fractals
with limited connectivity properties. On the other hand, the theory of Haj�lasz-
Sobolev spaces [6] is rich without any assumption on connectivity of the space, and
Haj�lasz-Sobolev spaces on fractals have been investigated in [11, 18, 19, 22].

Sobolev functions in the critical case have been investigated in various metric
spaces. Kinnunen and Tuominen [17, Theorem 4] proved that on a doubling space
X, functions in the Haj�lasz-Sobolev spaceM1,1(X) coincide with Hölder continuous
functions outside a set of small Hausdorff content. If the space X is compact,
quasiconvex and 1-Ahlfors regular, the functions in the Newtonian Sobolev space
N1,1(X) are absolutely continuous [23].

The following result is the main theorem of this paper.

Theorem 1. Let (X, d,Hs) be an s-Ahlfors regular metric space and 0 < s ≤ 1.
If u ∈ M1,s(X, d,Hs), then u is uniformly continuous. Moreover, there exists a
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constant C > 0, such that for any ball B ⊂ X,

(1) sup
x,y∈B

|u(x)− u(y)| ≤ C
( ˆ

2B

gsdHs
) 1

s

,

where g ∈ D(u) ∩ Ls(X).

Here D(u) denotes the collection of all Haj�lasz gradients of u; refer to Definition
3 for the precise definition. Here and in the sequel by 2B we denote a ball concentric
with B and with twice the radius.

Remark 1. The restriction that s ≤ 1 is necessary in our statement, since we apply
the reverse Minkowski inequality in the proof. We conjecture that there always
exist discontinuous Sobolev functions in M1,s(X) when X is an s-Ahlfors regular
space with s > 1.

2. Basic definitions

We denote

B(x, r) = {y ∈ X : d(x, y) < r} and B(x, r) = {y ∈ X : d(x, y) ≤ r}.

Definition 1. Let (X, d, μ) be a metric space equipped with a Borel measure μ
and let s > 0. We say that a metric measure space (X, d, μ) is s-Ahlfors regular if
there is a constant CA ≥ 1, such that

C−1
A rs ≤ μ(B(x, r)) ≤ CAr

s, for any x ∈ X and 0 < r < diam(X).

If X is s-Ahlfors regular with respect to μ, then μ is comparable to the Haus-
dorff measure Hs, which implies that X is s-Ahlfors regular with respect to Hs

[9, Exercise 8.11.].
An important class of Ahlfors regular spaces is provided by fractals. Hutchinson

[12] proved that fractals generated by iterated function systems satisfying the open
set condition are Ahlfors regular. For example, the ternary Cantor set C equipped
with the Euclidean distance is s-Ahlfors regular with s = log 2

log 3 [3, Example 2.7].

Definition 2. A metric space (X, d) is uniformly perfect if there exists a constant
0 < c < 1 such that for all x ∈ X and 0 < r < diam(X),

B(x, r) \B(x, cr) �= ∅.

It is well known that s-Ahlfors regular metric spaces are uniformly perfect. In-
deed, if X is s-Ahlfors regular with constant CA, then B(x, r)\B(x, cr) �= ∅ for any

0 < c < C
−2/s
A . Suppose to the contrary that B(x, r) \ B(x, cr) = ∅. This would

imply

C−1
A rs ≤ Hs(B(x, r)) = Hs(B(x, cr)) ≤ CA(cr)

s

so C
−2/s
A ≤ c, which is a contradiction. This is observed in some earlier papers, for

example, [21].

Definition 3. Let (X, d, μ) be a metric space equipped with a Borel measure μ.
For 0 < p < ∞ we define the Haj�lasz-Sobolev space M1,p(X, d, μ) to be the set of all
functions u ∈ Lp(X) for which there exists a nonnegative Borel function g ∈ Lp(X)
such that

|u(x)− u(y)| ≤ d(x, y)
(
g(x) + g(y)

)
μ− a.e.
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Denote by D(u) the class of all nonnegative Borel functions g that satisfy the above
inequality. Thus u ∈ M1,p(X, d, μ) if and only if u ∈ Lp(X) and D(u) ∩ Lp �= ∅.
The space M1,p(X, d, μ) is linear and we define

||u||M1,p = ||u||Lp + inf
g∈D(u)

||g||Lp .

When p ≥ 1, || · ||M1,p is a norm and M1,p is a Banach space [6]. For applications
of Haj�lasz-Sobolev spaces with 0 < p < 1, see for example [7, 13–16].

3. Proof of the main theorem

Let C denote a general constant whose value can change even in the same chain
of estimates.

Lemma 2. Let X be a uniformly perfect space. Then there is a constant 0 < C0 < 1
such that for any ball B(x, r) with 0 < r < diam(X), there is a sequence of balls
{Bi}∞i=1 = {B(xi, C

i
0r)}∞i=1 ⊂ B(x, r) satisfying

(1) Bi ∩Bj = ∅, if i �= j,

(2) Bi ⊂ B(x,Ci−1
0 r) \B(x,Ci

0r).

Proof. Since X is uniformly perfect, there exists a constant 0 < c < 1 such that for
all x ∈ X and 0 < r < diam(X),

B(x, r) \B(x, cr) �= ∅.
Fix a number C1 = c/2. Clearly, 0 < C1 < 1.

Fix a ball B(x, r) ⊂ X with 0 < r < diam(X) and let y ∈ B(x, r) \ B(x, cr).
Then

B(y, C1r) ⊂ B(x,C−1
1 r) \B(x,C1r).

We can construct a sequence of balls B1, B2 . . . ⊂ B(x, r) in the following way.

Let r̂i = C2i−1
1 r and B̂i = B(x, r̂i). By the previous argument, for each B̂i, there

exists xi such that

B(xi, C1r̂i) ⊂ B(x,C−1
1 r̂i) \B(x,C1r̂i).

Let ri = C1r̂i = C2i
1 r, so

B(xi, ri) ⊂ B(x, ri−1) \B(x, ri).

Let C0 = C2
1 . Clearly, 0 < C0 < 1. Let Bi = B(xi, ri) = B(xi, C

i
0r). Since these

balls are contained in disjoint annuli, Bi ∩Bj = ∅ for i �= j.
From the construction, the balls in this sequence satisfy

Bi ⊂ B(x,Ci−1
0 r) \B(x,Ci

0r).

This completes the proof. �

We now can complete the proof of the main result, following some ideas from
[5].

Proof of Theorem 1. By definition, for u ∈ M1,s(X, d,Hs), there exists g ∈ Ls(X)
such that

|u(x)− u(y)| ≤ d(x, y)
(
g(x) + g(y)

)
,

when x, y ∈ X \ E and Hs(E) = 0.
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Let E0 = {x ∈ X \ E : g(x) < ∞}. Clearly, Hs(X \ E0) = 0. Fix a ball
B(z, r) ⊂ X. We will prove that

sup
x,y∈B(z,r)∩E0

|u(x)− u(y)| ≤ C
(ˆ

B(z,2r)

gsdHs
) 1

s

.

Let x, y ∈ B(z, r)∩E0. According to Lemma 2, there exists a sequence of disjoint
balls {Bi}∞i=1 = {B(xi, C

i
0r)}∞i=1 ⊂ B(x, r) such that

Bi = B(xi, C
i
0r) ⊂ B(x,Ci−1

0 r) \B(x,Ci
0r).

Let ri = Ci
0r; then

Bi = B(xi, ri) ⊂ B(x,C−1
0 ri) \B(x, ri).

Clearly, for each i ∈ N, we can find zi ∈ Bi ∩ E0 such that

g(zi) ≤
( 1

Hs(Bi)

)1/s( ˆ
Bi

gsdHs
)1/s

≤ C

ri

(ˆ
Bi

gsdHs
)1/s

.

Notice that zi ∈ Bi ⊂ B(x,C−1
0 ri) implies that d(x, zi) ≤ C−1

0 ri. It follows that

|u(x)− u(zi)| ≤ d(x, zi)
(
g(x) + g(zi)

)

≤ Crig(x) + C
(ˆ

Bi

gsdHs
)1/s

.

Hence, limi→∞ u(zi) = u(x). Thus,

|u(z1)− u(x)| ≤
∞∑
i=1

|u(zi)− u(zi+1)|

=

∞∑
i=0

d(zi, zi+1)
(
g(zi) + g(zi+1)

)
.(2)

Since zi ∈ Bi, zi+1 ∈ Bi+1 and Bi, Bi+1 ⊂ B(x,C−1
0 ri), we have that

d(zi, zi+1) ≤ Cri.

Moreover, ri+1 = C0ri and so the inequality (2) implies that

|u(z1)− u(x)| ≤
∞∑
i=0

Cri

( 1

ri

( ˆ
Bi

gsdHs
)1/s

+
1

ri+1

( ˆ
Bi+1

gsdHs
)1/s)

≤ C
∞∑
i=0

( ˆ
Bi

gsdHs
)1/s

≤ C
( ∞∑

i=0

ˆ
Bi

gsdHs
)1/s

≤ C
(ˆ

B(x,r)

gsdHs
)1/s

.(3)

The second to last inequality follows from the reverse Minkowski inequality and the
last inequality follows from the fact that the balls in the sequence {Bi}∞i=1 ⊂ B(x, r)
are pairwise disjoint.
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Notice that z1 ∈ B1 ⊂ B(x, r) ⊂ B(z, 2r) and

g(z1) ≤
C

r1

( ˆ
B1

gsdHs
)1/s

≤ C

r

( ˆ
B(z,2r)

gsdHs
)1/s

.

Similarly, we can find w1 ∈ B(y, r) ⊂ B(z, 2r) such that

(4) |u(w1)− u(y)| ≤ C
(ˆ

B(y,r)

gsdHs
)1/s

,

and

g(w1) ≤
C

r

( ˆ
B(z,2r)

gsdHs
)1/s

.

Since z1, w1 ∈ B(z, 2r), we also have

|u(z1)− u(w1)| ≤ d(z1, w1)(g(z1) + g(w1))

≤ C
( ˆ

B(z,2r)

gsdHs
)1/s

.(5)

Applying triangle inequality and combining the inequalities (3), (4), (5), we have

sup
x,y∈B(z,r)∩E0

|u(x)− u(y)| ≤ C
(ˆ

B(z,2r)

gsdHs
) 1

s

.

This and the absolute continuity of the integral imply uniform continuity of u|X\E0
.

Hence u uniquely extends to a uniformly continuous function on X and the inequal-
ity (1) follows. �

Remark 2. A closer inspection of the proof of the main theorem suggests that the
estimate (1) also holds under the weaker conditions that the metric space (X, d,Hs)
is uniformly perfect and satisfies the condition that there exists a constant C > 0
such that for all x ∈ X and 0 < r < diam(X),

Hs(B(x, r)) ≥ Crs.

However, to get the uniform continuity of the function by this inequality (1), the
condition that Hs(B(x, r)) ≤ Crs seems necessary.
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2002. MR1880640

[20] Nageswari Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric
measure spaces, Rev. Mat. Iberoamericana 16 (2000), no. 2, 243–279, DOI 10.4171/RMI/275.
MR1809341

[21] Jeremy T. Tyson, Metric and geometric quasiconformality in Ahlfors regular Loewner spaces,
Conform. Geom. Dyn. 5 (2001), 21–73 (electronic), DOI 10.1090/S1088-4173-01-00064-9.
MR1872156

[22] Dachun Yang, New characterizations of Haj�lasz-Sobolev spaces on metric spaces, Sci. China
Ser. A 46 (2003), no. 5, 675–689, DOI 10.1360/02ys0343. MR2025934

[23] X. Zhou, Sobolev functions on compact and quasiconvex 1-Ahlfors regular metric spaces.
Preprint, 2016.

Department of Mathematics, University of Pittsburgh, Pittsburgh, Pennsylvania

15260

E-mail address: xiz78@pitt.edu

http://www.ams.org/mathscinet-getitem?mr=1422932
http://www.ams.org/mathscinet-getitem?mr=1401074
http://www.ams.org/mathscinet-getitem?mr=2039955
http://www.ams.org/mathscinet-getitem?mr=1683160
http://www.ams.org/mathscinet-getitem?mr=1800917
http://www.ams.org/mathscinet-getitem?mr=3363168
http://www.ams.org/mathscinet-getitem?mr=1972194
http://www.ams.org/mathscinet-getitem?mr=625600
http://www.ams.org/mathscinet-getitem?mr=3060840
http://www.ams.org/mathscinet-getitem?mr=2424909
http://www.ams.org/mathscinet-getitem?mr=2593336
http://www.ams.org/mathscinet-getitem?mr=2764899
http://www.ams.org/mathscinet-getitem?mr=2328816
http://www.ams.org/mathscinet-getitem?mr=3125121
http://www.ams.org/mathscinet-getitem?mr=1880640
http://www.ams.org/mathscinet-getitem?mr=1809341
http://www.ams.org/mathscinet-getitem?mr=1872156
http://www.ams.org/mathscinet-getitem?mr=2025934

	1. Introduction
	2. Basic definitions
	3. Proof of the main theorem
	Acknowledgments
	References

