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Abstract. We prove that the class of inner quasidiagonal C∗-algebras is
closed under crossed products by finite group actions with the Rokhlin prop-
erty. As a consequence, the class of strong NF algebras is closed under crossed
products by finite group actions with the Rokhlin property.

1. Introduction

The Rokhlin property is a form of freeness for group actions on noncommutative
C∗-algebras. It first appeared in [12] for finite group actions on UHF algebras
and in [8] for actions of finite groups on arbitrary C∗-algebras. Izumi defined the
Rokhlin property for finite group actions on unital C∗-algebras in [10] and [11] and
classified a large class of finite group actions on unital C∗-algebras. In [19] and [18]
Phillips gives a definition of Rokhlin actions of finite groups on unital separable C∗-
algebras using projections, which is equivalent to Izumi’s definition. Recall Phillips’
definition of Rokhlin property.

Definition 1.1 ([18, Definition 3.1]). Let A be a separable unital C∗-algebra, and
let α : G → Aut(A) be an action of a finite group G on A. We say that α has
the Rokhlin property if for every finite subset F ⊂ A and every ε > 0, there are
mutually orthogonal projections eg ∈ A for g ∈ G such that

(i) ‖αg(eh)− egh‖ < ε for all g, h ∈ G,
(ii) ‖ega− aeg‖ < ε for all g ∈ G and all a ∈ F ,
(iii)

∑
g∈G eg = 1.

Recently, some authors have focused on the study of crossed products of C∗-
algebras by Rokhlin actions, especially by finite group actions with the Rokhlin
property. In [18], Phillips studied the crossed products of a class of C∗-algebras
by Rokhlin actions of finite groups. It is shown in [18] that a number of classes
of separable unital C∗-algebras are closed under crossed products by finite group
actions with the Rokhlin property, including: AI algebras, AT algebras, simple
unital AH algebras with slow dimension growth and real rank zero, C∗-algebras
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with real rank zero of table rank one, simple C∗-algebras for which the order on
projections is determined by traces, and so on. In [20], Santiago introduced a
new Rokhlin-type property for actions on nonunital C∗-algebras, which is defined
using positive elements instead of projections and which agrees with the standard
Rokhlin property in the unital case. Santiago showed that a large number of classes
of C∗-algebras are closed under crossed products by finite group actions with the
new Rokhlin-type property, such as C∗-algebras of nuclear dimension at most n,
separable C∗-algebras with almost unperforated Cuntz semigroup, separable C∗-
algebras whose closed two-sided ideals are nuclear and satisfy the UCT, simple
C∗-algebras with strict comparison of positive elements, and so on. For crossed
products by Rokhlin actions of infinite groups, we refer the reader to [5, 9, 13–16].
In this paper we study the crossed products of inner quasidiagonal algebras.

The notation of inner quasidiagonal algebra was introduced by Blackadar and
Kirchberg in [3] to distinguish the class of their NF algebras and strong NF algebras.
A separable C∗-algebra A is an MF algebra if it can be written as lim−→(An, φm,n) for

a generalized inductive system with the An finite-dimensional. If the connecting
maps φm,n can be chosen to be completely positive contractions, then A is an NF
algebra, and A is a strong NF algebra if the φm,n can be chosen to be complete
order embeddings (see [3, Definition 1.1]). Inner quasidiagonal algebra was defined
as follows.

Definition 1.2 ([3, Definition 2.2]). A C∗-algebra A is inner quasidiagonal if and
only if for every x1, x2, · · · , xn ∈ A and ε > 0, there is a representation π of
A on a Hilbert space H and a finite-rank projection p ∈ π(A)′′ ⊂ B(H) with
‖pπ(xj)p‖ > ‖xj‖ − ε and ‖[p, π(xj)]‖ < ε for all j.

This paper is organized as follows. In section 2, we study the corners of inner
quasidiagonal C∗-algebras. In section 3, we introduce local algebras and study
the local algebra of the class of inner quasidiagonal C∗-algebras. In section 4, we
use the results in the above sections to show that the class of inner quasidiagonal
algebras is closed under crossed products by finite group actions with the Rokhlin
property.

Throughout this paper, each homomorphism from a C∗-algebra A to a C∗-
algebra B is a ∗-homomorphism.

2. Corners of inner quasidiagonal C∗
-algebras

In this section we study corners of the inner quasidiagonal C∗-algebras and show
that if A is a separable inner quasidiagonal C∗-algebra, then any corner pAp for
some nonzero projection p is an inner quasidiagonal C∗-algebra. By [4, Theorem
1.2], we need to find a separating family of quasidiagonal irreducible representations
ofA, namely, a family {πi}i∈I of quasidiagonal irreducible representations of A such
that for any nonzero element a0 ∈ A, there is a πi0 for some i0 ∈ I with πi0(a0) �= 0.

A representation π of A is called quasidiagonal if π(A) is a quasidiagonal C∗-
algebra of operators on a Hilbert space H. By [1, Theorem V.4.1.5], π(A) is quasidi-
agonal if and only if there is an increasing sequence {qn} of finite-rank projections
on H, with

∨
n qn = I, such that limn ‖qnS − Sqn‖ = 0 for all S ∈ π(A).

Let P be a projection on a Hilbert space H; then H = PH⊕ ker(P ). For every
T ∈ B(H), it is reasonable to think of PTP as an operator from PH into PH.
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Lemma 2.1. Let A be a C∗-algebra, p ∈ A a projection. For every representation
π : A → B(H) of A on a Hilbert space H, define π′ : pAp → B(π(p)H) by

pap 	→ π(p)π(a)π(p).

Then π′ is a representation of pAp on π(p)H, and

(i) if π is irreducible, then so is π′;
(ii) if {πi}i∈I is a separating family of representations of A, then {π′

i}i∈I is a
separating family of representations of pAp.

Proof. In fact π′ is the restriction of π on pAp, so it is a representation of pAp.
Since π(p) is a projection on H, π(p)π(a)π(p) is an operator on π(p)H.

For (i), by [6, Theorem 32.6], π′ is irreducible if and only if π′(pAp) is dense
strongly in B(π(p)H), which immediately follows from the fact that π(A) is dense
strongly in B(H).

(ii) is clear. �

Lemma 2.2. Let A be a C∗-algebra, p ∈ A a projection. If π is a quasidiagonal
representation of A on a Hilbert space H, then π′ defined as in Lemma 2.1 is a
quasidiagonal representation of pAp on π(p)H.

Proof. Let {π(p)π(ai)π(p)}mi=1 be a finite subset of π′(pAp). Since π is quasidiago-
nal, there exists an increasing sequence of finite-rank projections Qn ⊂ B(H) such
that

∨
Qn = IH and

lim
n→∞

‖Qnπ(ai)− π(ai)Qn‖ → 0

for all 1 ≤ i ≤ m. Now let Pn = Qn ∧ π(p). Then Pn = π(p)Pnπ(p) is a projection
on π(p)H for all n and

∨
Pn = π(p) = Iπ(p)H. Note that Pn = Pnπ(p) = π(p)Pn =

QnPn = PnQn, so it is a straightforward calculation to show that

lim
n→∞

‖Pnπ(p)π(ai)π(p)− π(p)π(ai)π(p)Pn‖ = 0

for all 1 ≤ i ≤ m. Hence, π′ is quasidiagonal. �

Combining the above two lemmas, we obtain the following theorem.

Theorem 2.3. If A is a separable inner quasidiagonal C∗-algebra, then so is pAp
for every nonzero projection p ∈ A.

Proof. It follows from Lemmas 2.1, 2.2 and [4, Theorem 1.2]. �

Corollary 2.4. If A is a separable inner quasidiagonal C∗-algebra and p ∈ A is a
nonzero projection, then Mk(A)⊗ pAp is inner quasidiagonal for every k ∈ N.

Proof. By [3, Lemma 3.8], Mk(A) is inner quasidiagonal. Then by [4, Proposition
6.1] and Theorem 2.3 Mk(A)⊗ pAp is inner quasidiagonal. �

3. Local algebras of inner quasidiagonal C∗
-algebras

Let C be a class of separable C∗-algeras, A a separable C∗-algbra. If for every
finite set F ⊂ A and every ε > 0, there exist a C∗-algebra B ∈ C and an injective
homomorphism φ : B → A such that

(3.1) dist(a, φ(B)) < ε

for all a ∈ F , then A is called a local C -algebra.
This is different from [18], where φ need not be injective.
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Theorem 3.1. If C is a class of strong NF algebras, then each local C -algebra is
a strong NF algebra.

Proof. Let A be a local C -algebra. Then for every finite set F ⊂ A and ε > 0, there
are a strong NF algebra B and an injective homomorphism φ : B → A such that
dist(a, φ(B)) < ε for all a ∈ F . By [3, Proposition 4.1], for every b1, b2, · · · , bn ∈ B,
there are a finite-dimensional algebra F , f1, f2, · · · , fn ∈ F and a complete order
embedding ϕ : F → B with ‖bj − ϕ(fj)‖ < ε for all j. Now φ ◦ ϕ is a complete
order embedding from F to A, and

‖aj − φ ◦ ϕ(fj)‖ ≤ ‖aj − φ(bj)‖+ ‖φ(bj)− φ ◦ ϕ(fj)‖ < 2ε.

Again by [3, Proposition 4.1], A is a strong NF algebra. �
Theorem 3.2. If C is a class of inner quasidiagonal C∗-algebras, then each local
C -algebra is an inner quasidiagonal C∗-algebra.

Proof. If A is a local C -algebra, then for any finite set F = {a1, a2, · · · , an} ⊂ A
and any ε > 0 there exist an inner quasidiagonal C∗-algebra B and an injective
∗-homomorphism ϕ : B → A such that

dist(a, ϕ(B)) < ε

for all a ∈ F . Fix b1, b2, · · · , bn ∈ B. Then there exist a representation π of B on a
Hilbert space H and a projection p ∈ π(B)′′ ⊂ B(H) such that

‖pπ(bi)− π(bi)p‖ < ε, ‖pπ(bi)p‖ > ‖bi‖ − ε.

Then π ◦ ϕ−1 is a representation of ϕ(B). Without loss of generalization suppose
π ◦ ϕ−1 is nondegenerate. By [17, Theorem 5.5.1], there exist a Hilbert space K,
a subspace K′ of K, a nondegenerate representation ρ of A and a unitary operator
U : H → K′ such that ρ(a) = Uπ ◦ ϕ−1(a)U∗ for all a ∈ A. Let q = UpU∗. Then q
is a projection acting on K′ and can be extended naturally to a projection acting
on K. In the following, we denote the extended projection by q. Then

‖qρ(ai)− ρ(ai)q‖ ≤ ‖qρ(ai)− qρ ◦ ϕ(bi)‖+ ‖qρ ◦ ϕ(bi)− ρ ◦ ϕ(bi)q‖
+‖ρ ◦ ϕ(bi)q − ρ(ai)q‖

≤ ‖ai − ϕ(bi)‖+ ‖qρ ◦ ϕ(bi)− ρ ◦ ϕ(bi)q‖+ ‖ϕ(bi)− ai‖
= ‖ai − ϕ(bi)‖+ ‖(UpU∗)(Uπ ◦ ϕ−1 ◦ π(bi)U∗)

−(Uπ ◦ ϕ−1 ◦ π(bi)U∗)(UpU∗)‖+ ‖ϕ(bi)− ai‖
= ‖ai − ϕ(bi)‖+ ‖Upπ(bi)U

∗ − Uπ(bi)U
∗‖+ ‖ϕ(bi)− ai‖

< 3ε,

and

‖qρ(ai)q‖ = ‖qρ ◦ ϕ(bi) + qρ(ai)q − qρ ◦ ϕ(bi)q‖
≥ ‖qρ ◦ ϕ(bi)q‖ − ‖qρ(ai)q − qρ ◦ ϕ(bi)q‖
≥ ‖qρ ◦ ϕ(bi)q‖ − ‖ai − ϕ(bi)‖
≥ ‖qρ ◦ ϕ(bi)q‖ − ε

> ‖bi‖ − 2ε

> ‖ai‖ − 3ε,

since ‖ai‖ − ‖bi‖ = ‖ai‖ − ‖ϕ(bi)‖ ≤ ‖ai − ϕ(bi)‖ < ε. It is a straightforward
calculation to show that q ∈ ρ(A)′′. Therefore, A is inner quasidiagonal. �
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4. Crossed products of inner quasidiagonal algebras

Theorem 4.1. If A is a separable inner quasidiagonal C∗-algebra and α is a
Rokhlin action on A by a finite group G, then the crossed product A �α G is a
separable inner quasidiagonal C∗-algebra again.

Proof. Denote by n the cardinal number of G. By Corollary 2.4, Mn⊗pAp is inner
quasidiagonal for every projection p in A. For any finite subset F ⊂ A �α G and
any positive number ε > 0, let ε0 = ε

4n and 0 < δ < ε
2n(n+1) . By the Rokhlin

property to α with F and δ, we obtain projections eg ∈ A for g ∈ G. Define
wg,h = ugh−1eh, where ug ∈ A �α G is the canonical unitary implementing the
automorphism αg. As the proof of [19, Theorem 2.2], wg,h form a δ-approximate
system of n × n matrix units in A �α G. Let {vg,h}g,h∈G be a system of matrix
units for Mn. By [19, Lemma 2.1], there exists a unital homomorphism φ0 : Mn →
A�α G such that φ0(vg,g) = wg,g for each g ∈ G. Define a unital homomorphism
φ : Mn ⊗ e1Ae1 → A�α G by

φ(vg,h ⊗ e1ae1) = φ0(vg,1)e1ae1φ0(v1,h).

As in the proof of [19, Theorem 2.2], we have

dist(a, φ(Mn ⊗ e1Ae1)) < ε

for all a ∈ F . Now we show that φ is injective; for other details about φ one can

see [19]. Put
∑n

k=1((
∑

g,h∈G λ
(k)
g,hvg,h)⊗ ak) ∈ Mn ⊗ e1Ae1, and let

φ

⎛
⎝ n∑

k=1

(( ∑
g,h∈G

λ
(k)
g,hvg,h

)
⊗ ak

)⎞
⎠ =

n∑
k=1

∑
g,h∈G

λ
(k)
g,hφ0(vg,1)akφ0(v1,h) = 0.

Then for each s, t ∈ G,

φ0(v1,s)φ

⎛
⎝ n∑

k=1

(( ∑
g,h∈G

λ
(k)
g,hvg,h

)
⊗ ak

)⎞
⎠φ0(vt,1) =

n∑
k=1

λ
(k)
s,t ak = 0

since φ0(v1,s)φ0(vg,1)=δs,gφ0(v1,1) = δs,ge1, φ0(v1,h)φ0(vt,1)=δh,te1 and e1ake1 =
ak for all k = 1, 2, · · · , n. Hence,

n∑
k=1

⎛
⎝( ∑

g,h∈G

λ
(k)
g,hvg,h

)
⊗ ak

⎞
⎠

=
∑

g,h∈G

(
vg,h ⊗

( n∑
k=1

λ
(k)
g,hak

))

= 0.

Therefore, φ is injective. It follows that A�αG is a local C -algebra, where C is the
class of all separable inner quasidiagonal C∗-algebras. By Theorem 3.2, A�α G is
inner quasidiagonal. �

Corollary 4.2. If A is a strong NF algebra and α is a Rokhlin action on A by a
finite group G, then the crossed product A�α G is a strong NF algebra.

.
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Proof. Since A is a strong NF algebra, it is a nuclear inner quasidiagonal C∗-algebra
by [3, Theorem 4.5]. So by Theorem 4.1, A�α G is inner quasidiagonal. It follows
that A�α G is nuclear from the fact that G is amenable. By universality it is not
difficult to see that A �α G is separable. Therefore, again by [3, Theorem 4.5],
A�α G is a strong NF algebra. �

Remark 4.3. If A is a strong NF algebra, then pAp is also a strong NF algebra
([2, Proposition 6.1.7]) and Mn ⊗ pAp is a strong NF algebra ([3, Proposition
5.17]). We can show the above corollary similarly to proving Theorem 4.1, since
every local strong NF algebra is a strong NF algebra by Theorem 3.1.

Hadwin and Shen showed that the crossed product of an MF algebra by any
action of finite group is an MF algebra [7, Theorem 4.1]. By [2, Theorem 5.2.2], a
separable C∗-algebra A is an NF algebra if and only if it is a nuclear MF algebra.
So we have the following proposition.

Proposition 4.4. Let A be an NF algebra and let α be an action on A by a finite
group G. Then A�α G is an NF algebra.
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