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COHOMOLOGICAL DECOMPOSITION

OF COMPACT COMPLEX MANIFOLDS

AND HOLOMORPHIC DEFORMATIONS

ADELA LATORRE AND LUIS UGARTE

(Communicated by Franc Forstneric)

Abstract. The main goal of this note is the study of pureness and fullness
properties of compact complex manifolds under holomorphic deformations.
Firstly, we construct small deformations of pure-and-full complex manifolds
along which one of these properties is lost while the other one is preserved.
Secondly, we show that the property of being pure-and-full is not closed under
holomorphic deformations. In order to do so, we focus on the class of 6-
dimensional solvmanifolds endowed with invariant complex structures. In the
special case of nilmanifolds, we also give a classification of those invariant
complex structures that are both pure and full. In addition, relations of the
cohomological decomposition with other metric and complex properties are
studied.

1. Introduction

Let (M,J) be a compact almost-complex manifold. Denote by Z+
J (M), resp.

Z−
J (M), the space of (real) closed 2-forms that are J-invariant, resp. J-anti-

invariant. Motivated by the Donaldson “tamed to compatible” conjecture [11],
Li and Zhang considered in [19] the subspaces H+

J (M) and H−
J (M) of the second

de Rham cohomology group H2
dR(M ;R) given by

H±
J (M) :=

{
a = [α] ∈ H2

dR(M ;R) | α ∈ Z±
J (M)

}
.

The almost-complex structure J is said to be C∞-pure if H+
J (M)∩H−

J (M) = {0},
and it is called C∞-full if H+

J (M) +H−
J (M) = H2

dR(M ;R). When both properties
are satisfied, i.e. the decomposition

H2
dR(M ;R) = H+

J (M)⊕H−
J (M)

holds, the almost-complex structure J is called C∞-pure-and-full.
It turns out [19] that the J-compatible cone is an open (possibly empty) convex

cone of the J-invariant cohomology H+
J (M), and the J-anti-invariant cohomology

H−
J (M) measures the difference between the tamed cone and the compatible cone

whenever the latter is non-empty and the almost complex structure is C∞-full.
Moreover, Drǎghici, Li and Zhang proved in [12] that every compact 4-dimensional
almost-complex manifold is C∞-pure-and-full.
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In this paper we focus on the integrable case; that is, X = (M,J) is a compact
complex manifold. If the Frölicher spectral sequence of X degenerates at the first
step and there is a weight 2 formal Hodge decomposition, then X is C∞-pure-
and-full (see [5, 12, 19]). Indeed, in such case the subgroups H±

J (M), which we
will simply denote by H±(X) in the complex setting, are nothing but the (real)
Dolbeault cohomology groups, i.e.

H+(X) = H1,1

∂̄
(X)∩H2

dR(M ;R), H−(X) = (H2,0

∂̄
(X)⊕H0,2

∂̄
(X))∩H2

dR(M ;R).

Hence, compact complex surfaces and compact complex manifolds satisfying the ∂∂̄-
Lemma [10] (in particular, compact Kähler manifolds) have the C∞-pure-and-full
property, as well as any sufficiently small holomorphic deformation of a compact
∂∂̄-manifold [7, 27]. In contrast, the Iwasawa manifold is C∞-pure-and-full, but
there are small deformations which are not C∞-pure-and-full. Moreover, along
any deformation of the Iwasawa manifold the C∞-pure property fails if and only
if the C∞-full property does [5]. The first aim of this paper is to construct small
deformations of C∞-pure-and-full compact complex manifolds along which one of
the properties is lost while the other one is preserved.

Our second aim is to analyze the behaviour of the deformation limit X0 of an
analytic family of C∞-pure-and-full compact complex manifolds Xt. This is mainly
motivated by an interest in studying the deformation limits of cohomological and/or
metrical properties of compact complex manifolds (see [23] for more details). In [9]
it is proved that the strongly Gauduchon property is not closed. Furthermore, the
central limit of an analytic family of compact balanced manifolds may not have any
strongly Gauduchon metric. In [15] (see also [4]) one can find an analytic family of
compact balanced ∂∂̄-manifolds Xt such that the central limit X0 neither satisfies
the ∂∂̄-Lemma nor admits balanced metrics. Here we show that the C∞-pure-and-
full property is not deformation closed.

A Hermitian-symplectic structure on a compact complex manifold X is a taming
symplectic form (see [17] in relation to other geometric structures in the almost-
complex setting). In complex dimension 2, if X has a Hermitian-symplectic struc-
ture, then it admits a Kähler metric [19, 25]. Streets and Tian posed in [25] the
problem of finding compact Hermitian-symplectic manifolds not admitting Kähler
metrics. Up to now, the related results in the literature suggest that Hermitian-
symplectic structures do not exist on non-Kähler manifolds. Thus, one might think
that any compact Hermitian-symplectic manifold should satisfy the C∞-pure-and-
full property, although this has not yet been proved. In this context, it seems
natural to ask to what extent the existence of a special non-Kähler Hermitian met-
ric has an influence on the C∞-pure-and-full property. The third aim of this paper is
to show that the latter property is unrelated to the SKT, locally conformal Kähler,
balanced, and strongly Gauduchon properties.

The paper is structured as follows. First, let us remark that the class of compact
complex manifolds that we consider in order to prove the results mentioned above
is that of 6-dimensional solvmanifolds endowed with invariant complex structures
J . Recall that a solvmanifold (resp. nilmanifold) is a compact manifold M = Γ\G
obtained as a quotient of a simply-connected solvable (resp. nilpotent) Lie group
G by a lattice Γ. An invariant complex structure J on M is a complex structure
coming from a left-invariant complex structure on G. In Section 2 we prove that
in the class of 6-nilmanifolds there exist, up to isomorphism, exactly four invariant
complex structures satisfying the C∞-pure-and-full property, apart from the torus.
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Moreover, two of them live on the nilmanifold underlying the Iwasawa manifold
and the other two on “its 3-step analogue”. Except for the Iwasawa manifold, the
other three complex structures seem to provide new examples of C∞-pure-and-full
compact complex manifolds.

In Section 3 we study the behaviour of holomorphic deformations of C∞-pure-
and-full manifolds. Let h±

J (M) denote the dimension of H±
J (M). In [13], Drǎghici,

Li and Zhang prove that for any curve of almost-complex structures Jt on a 4-
dimensional compact manifold M4, the dimension h+

Jt
(M4) is a lower-semi-

continuous function in t, whereas h−
Jt
(M4) is upper-semi-continuous. Angella and

Tomassini show in [6] that these properties are no longer true in dimension ≥ 6,
by means of two explicit families of curves Jt. Since such families Jt are not C∞-
pure for t �= 0, they wonder if “more fulfilling counterexamples” could be found.
In Proposition 3.1 we give a holomorphic deformation Xt of a C∞-pure-and-full
compact complex manifold X0 of complex dimension 3 such that Xt is C∞-pure
for every t, but h+(X0) > h+(Xt) for any t �= 0. Proposition 3.3 provides another
family Xt in complex dimension 3 satisfying h−(X0) < h−(Xt) for any t �= 0. In the
last part of the section we revisit the small deformations of the Iwasawa manifold to
show that the dimension of H+ remains constant along them (see Proposition 3.4).
Moreover, Example 3.5 contains a deformation Xt of the Iwasawa manifold along
which H− changes drastically from satisfying H+(X0)⊕H−(X0) = H2

dR to being
completely contained in the subspace H+, i.e. {0} �= H−(Xt) � H+(Xt) � H2

dR

for any t �= 0.
In Section 4 we prove that the C∞-pure-and-full property is not closed under

holomorphic deformations. Using the study of 6-dimensional solvmanifolds with
holomorphically trivial canonical bundle [15], we find an analytic family of compact
complex manifolds Xt such that Xt is C∞-pure-and-full for every t �= 0, but X0 is
neither C∞-pure nor C∞-full (see Theorem 4.1). Therefore, for compact complex
manifolds, the properties of being C∞-pure-and-full, being C∞-pure, and being C∞-
full are not closed under holomorphic deformations.

Finally, Section 5 is devoted to illustrating that the C∞-pure-and-full property is
unrelated to the SKT, locally conformal Kähler, balanced, and strongly Gauduchon
properties (see Corollary 5.2). With respect to the Frölicher spectral sequence,
Proposition 5.3 shows the existence of a compact complex manifoldX withE1(X) ∼=
E∞(X) whose Hodge numbers satisfy the symmetry hp,q

∂̄
(X) = hq,p

∂̄
(X), which is

neither C∞-pure nor C∞-full. In the case of 6-dimensional nilmanifolds M , we
also give a relation between the invariant complex structures J satisfying the C∞-
pure-and-full property and the maximal values of the complex invariant Δ(M,J)
introduced by Angella and Tomassini in [7] (see Propositions 5.4 and 5.5).

2. Classification of C∞
-pure-and-full complex nilmanifolds

Let M = Γ\G be a nilmanifold of dimension 2n and J an invariant complex
structure on M . Let g be the Lie algebra of G and let g1,0 be the elements in g∗

C
of

bidegree (1,0) with respect to J . By Salamon’s characterization of the integrability
condition of complex structures on nilpotent Lie algebras [24], g1,0 has a basis{
ωk

}n

k=1
such that dω1 = 0 and

dωk ∈ I (ω1, . . . , ωk−1), for k = 2, . . . , n,
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where I (ω1, . . . , ωk−1) is the ideal in the exterior algebra
∧∗(g∗

C
) generated by

{ω1, . . . , ωk−1}. From now on, ωk ∧ ωl and ωk ∧ ωl̄ will be respectively denoted by

ωkl and ωkl̄.
Special attention should be drawn to Abelian structures, which are those satis-

fying the condition [Jx, Jy] = [x, y], for all x, y ∈ g. The reason for the interest in
these complex structures in relation to the cohomological decomposition is clear by
the following result.

Lemma 2.1. Let J be an Abelian complex structure on a 2n-dimensional nilman-
ifold M . Then, X = (M,J) is always C∞-pure.

Proof. We can use a Nomizu type result for the subgroups H+(X) and H−(X) (see
[8, Theorem 5.4] and [16, Theorem 3.4]) to reduce the proof to the level of invariant
forms on M . Let a ∈ H+(X) ∩ H−(X), and let β ∈ Z+

J (g∗) and γ ∈ Z−
J (g∗) be

real closed invariant forms such that [β] = a = [γ]. Then, there exists an element

α ∈
∧1(g∗) satisfying dα = β − γ. Using the bidegree decomposition of α as

α = α1,0 + α1,0, we get

dα = (∂̄α1,0 + ∂ α1,0) + (∂α1,0 + ∂̄ α1,0) = β − γ,

which implies that β = ∂̄α1,0 + ∂ α1,0 and γ = −(∂α1,0 + ∂̄ α1,0). However, when

J is Abelian the Lie algebra differential d satisfies d(
∧1,0

(g∗)) ⊂
∧1,1

(g∗); thus
∂α1,0 = 0 and so γ = 0. We conclude that the form β = dα is exact, i.e. a = [β] = 0,
and therefore H+(X) ∩H−(X) = {0}. �

Remark 2.2. Lemma 2.1 can be extended with the same proof to the bigger class of
solvmanifolds for which the natural map ι : H2(g) ↪→ H2

dR(M ;R) is an isomorphism.
That is to say, any Abelian complex structure on this type of solvmanifolds is C∞-
pure.

Let us now focus on the case of 6-dimensional nilmanifolds endowed with invari-
ant complex structures. In the following result we prove that there exist precisely
four complex structures satisfying the C∞-pure-and-full property. Two of them live
on the nilmanifold underlying the Iwasawa manifold and the other two on “its 3-
step analogue”. In more detail, the structure equations of these two nilmanifolds,
which we will respectively denote by N0 and N1, are given by

Nε : de1 = de2 = de3 = 0, de4 = ε e12, de5 = e13 − e24, de6 = e14 + e23,

where ε ∈ {0, 1}. Notice that N0 corresponds to h5 and N1 to h15 in the notation
of [9].

Theorem 2.3. Let X = (M,J) be a 6-dimensional nilmanifold M , not a torus,
endowed with an invariant complex structure J . Then, X is C∞-pure-and-full if
and only if X = (Nε, Iρ

ε ), where ε, ρ ∈ {0, 1}, and
Iρ
ε : dω1 = 0, dω2 = ε ω11̄, dω3 = ρω12 + (1− ρ)ω12̄.

Proof. First recall that there exist two complex-parallelizable nilmanifolds, defined
by the equations

dω1 = dω2 = 0, dω3 = ρω12,

where ρ ∈ {0, 1}. One is the torus (ρ = 0), and the other one is the Iwasawa
manifold (ρ = 1). The latter precisely corresponds to I1

0 in the statement of the
theorem. It is well-known that these complex structures are C∞-pure-and-full [5,16].
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Next we use the description of the remaining invariant complex structures J
on 6-dimensional nilmanifolds obtained in [9], where they are divided into three
families:

(I) dω1 = dω2 = 0, dω3 = ρω12 +ω11̄ + λω12̄ +Dω22̄ (ρ ∈ {0, 1}, λ ∈ R≥0 and
D ∈ C with ImD ≥ 0);

(II) dω1 = 0, dω2 = ω11̄, dω3 = ρω12+B ω12̄+c ω21̄ (ρ ∈ {0, 1}, B ∈ C, c ∈ R≥0,
with (ρ,B, c) �= (0, 0, 0));

(III) dω1 = 0, dω2 = ω13 + ω13̄, dω3 = ε i ω11̄ ± iω12̄ ∓ iω21̄ (ε ∈ {0, 1}).

Notice that the Abelian structures correspond to ρ = 0 in the families (I) and (II).
In what follows, as a matter of notation, δexpression = 1 if expression = 0, and

0 if expression �= 0. We will study the C∞-pure-and-full property for each one of
these families.

Let J be in the family (I). If ρ = 1, then the following relation in de Rham
cohomology holds:

[i(ω12 − ω1̄2̄)] = −2 [i ω11̄]− λ [i(ω12̄ + ω21̄)]− 2ReD [i ω22̄].

Notice that the cohomology class on the left hand side of this equality belongs to
H+

J and the class on the right hand side to H−
J . Thus, we have that H+

J ∩H−
J �= 0

and J is not C∞-pure. Hence, for complex structures in the family (I), we are led
to consider the case ρ = 0; i.e. the complex structure is Abelian. By Lemma 2.1
we know that any Abelian structure J is C∞-pure, so we just need to see when J
is C∞-full. Observe that the pureness of the structure implies that H+

J +H−
J is a

direct sum, so the fullness of J is equivalent to the sum h+
J +h−

J being equal to the
second Betti number b2.

According to the classification in [9], for every Abelian complex structure in the
family (I) we can take λ to be 0 or 1, and a direct computation shows that

H+
J = 〈 [i(ω12̄ + ω21̄)], δλ[ω

12̄ − ω21̄], (δλ−1 + δλδImD)[iω22̄],

δD[ω13̄ − ω31̄ + λ(ω23̄ − ω32̄)], δD[i(ω13̄ + ω31̄) + iλ(ω23̄ + ω32̄)] 〉,
H−

J = 〈 [ω12 + ω1̄2̄], [i(ω12 − ω1̄2̄)], δD[ω13 + ω1̄3̄], δD[i(ω13 − ω1̄3̄)] 〉.

Taking into account that b2 ≥ 8 for any of the underlying Lie algebras (see [9] and
[24]), it is clear that the complex structures with D �= 0 are not C∞-full. If D = 0
and λ = 0, the underlying algebra is (0, 0, 0, 0, 0, 12), but its second Betti number
equals 11. Thus, this complex structure is not C∞-full. However, if D = 0 and
λ = 1, then J satisfies h+

J + h−
J = 4 + 4 = 8 = b2, and J is C∞-pure-and-full (note

that J is equivalent to the complex structure I0
0 in the statement of the theorem).

Let J be a complex structure in the family (II). If ρ = 1 and B = c = 0, then
the second de Rham cohomology group is given by

H2
dR(M ;R)=〈 [ω12̄−ω21̄], [i(ω12̄+ω21̄)], [i(ω13̄+ω22̄+ω31̄)], [ω13+ω1̄3̄], [i(ω13−ω1̄3̄)] 〉.

This complex structure, which is precisely I1
1 , is clearly C∞-pure-and-full.
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Let us now suppose that ρ = 1 and (B, c) �= (0, 0). Two cases can be distin-
guished:

- If ImB �= 0, then the following relation in de Rham cohomology holds:

[i(ω12 − ω1̄2̄)] = ImB [ω12̄ − ω21̄]− (ReB + c) [i(ω12̄ + ω21̄)],

which implies that the structure is not C∞-pure;
- If ImB = 0 and c �= −B, then we have the same relation as above,

[i(ω12 − ω1̄2̄)] = −(B + c) [i(ω12̄ + ω21̄)], so it is not C∞-pure. If ImB = 0 and

c = −B �= 0, then the relation [ω12 + ω1̄2̄] = −2B [ω12̄ − ω21̄] is satisfied, so again
it is not C∞-pure.

Hence, for complex structures in the family (II), it remains to study the case
ρ = 0; i.e. the complex structure J is Abelian. By Lemma 2.1 we know that J is
C∞-pure, so it suffices to see when the complex structure is C∞-full. We proceed
as in the case of family (I), now taking into account that we can suppose B = 0 or
1 due to the choice of ρ = 0 (see [9] for more details). By direct calculation we get

H+
J =〈δB [ω13̄ − ω31̄], δB [i(ω13̄+ω31̄)], δB−1[i(ω

13̄ + ω22̄ + ω31̄)], δB−1δc−1 [ω
12̄ − ω21̄] 〉,

H−
J =〈 [ω12 + ω1̄2̄], [i(ω12 − ω1̄2̄)], δc[ω

13 + ω1̄3̄], δc[i(ω
13 − ω1̄3̄)] 〉.

Since the considered complex structures satisfy h+
J ≤ 2 and the underlying algebras

have b2 ≥ 5 (see [9] and [24]), it is clear that c �= 0 implies non-C∞-fullness.
If c = 0, then we must have B = 1, and thus h+

J + h−
J = 1 + 4 = 5 = b2.

Consequently, this complex structure, which is precisely I0
1 , satisfies the C∞-pure-

and-full property.
For complex structures J in the family (III), it is easy to see that

H+
J = 〈 δε[iω11̄] 〉, H−

J = 〈 [ω12 + ω1̄2̄], [i (ω12 − ω1̄2̄)] 〉.

The absence of relations between the de Rham cohomology classes allows to
conclude that these structures are always C∞-pure. As the underlying Lie algebras
have second Betti number b2 ≥ 4 (see [9] and [24]), it is clear that they are non-
C∞-full.

Finally, the Lie algebras underlying the complex structures Iρ
ε are obtained as

follows. Take the real basis {e1, . . . , e6} given by

ω1 = e1 + i e2, ω2 = −2(2ρ− 1)e3 − 2i e4, ω3 = −2(2ρ− 1)
(
e5 + i e6

)
.

A direct calculation shows that

de1=de2=de3=0, de4=ε e1∧ e2, de5=e1∧ e3+e4∧ e2, de6=e1∧ e4+e2∧ e3,

so the underlying Lie algebra only depends on ε. In fact, if ε = 0, then the nilman-
ifold is the real manifold underlying the Iwasawa manifold (whose Lie algebra is
h5 = (0, 0, 0, 0, 13 + 42, 14 + 23)), whereas if ε = 1, then the underlying Lie algebra
is h15 = (0, 0, 0, 12, 13 + 42, 14 + 23). �

As we observed above, the compact complex manifold (N0, I1
0 ) is the well-known

Iwasawa manifold. Notice that the complex structures in (N0, I0
0 ) and (N1, I0

1 ) are
Abelian. In the next section we construct some holomorphic deformations of the
compact complex manifolds (Nε, Iρ

ε ) with interesting properties with respect to the
C∞-pure-and-full property.
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3. Holomorphic deformations of C∞
-pure-and-full

complex nilmanifolds

It is well-known that the property of being C∞-pure-and-full is not open under
holomorphic deformations, the small deformations of the Iwasawa manifold being
an example [5]. It is worth observing that in this specific case the C∞-pure and the
C∞-full properties fail simultaneously, remaining unclear how closely related their
behaviours under holomorphic deformation are. In this section we provide examples
showing that it is possible to lose C∞-fullness while preserving C∞-pureness, but also
the converse. These facts allow us to conclude that the previous properties are non-
open in an independent way. In Subsection 3.1 we revisit the small deformations
of the Iwasawa manifold to show that h+ remains constant and to determine a
deformationXt along whichH− changes drastically fromH+(X0)⊕H−(X0) = H2

dR

to being completely contained in the subspace H+, i.e. H−(Xt) ⊂ H+(Xt) for any
t �= 0.

As we reminded before, Drǎghici, Li and Zhang prove in [13] that for any curve of
almost-complex structures Jt on a 4-dimensional compact manifold M4, h+

Jt
(M4) is

a lower-semi-continuous function in t, whereas h−
Jt
(M4) is an upper-semi-continuous

function in t, that is,

h+
Jt0

(M4) ≤ h+
Jt
(M4), h−

Jt0
(M4) ≥ h−

Jt
(M4),

for every t sufficiently close to t0. Angella and Tomassini prove in [6] that these
properties are no longer true in dimension ≥ 6 by means of two explicit families of
curves Jt. However, they show that their families Jt are not C∞-pure for t �= 0 and
pose the question of finding “more fulfilling counterexamples”.

In [6, Proposition 4.3] a curve of almost-complex structures Jt on S3 × T3 is
constructed in such a way that J0 is a C∞-full complex structure, Jt is an almost-
complex structure which is not C∞-pure for all t, and h+

J0
(S3 × T3) = 3 > 1 =

h+
Jt
(S3 × T3) for t �= 0. In the following result we provide a curve of complex

structures Jt on N0, the nilmanifold underlying the Iwasawa manifold, which is
constructed as an appropriate holomorphic deformation of the C∞-pure-and-full
Abelian structure I0

0 found in Theorem 2.3. This curve Jt is C∞-pure for all t and
still satisfies h+

J0
(N0) > h+

Jt
(N0) for t �= 0.

Proposition 3.1. There exists a holomorphic family of compact complex manifolds
{Xt = (M,Jt)}t∈B of complex dimension 3, where B = {t ∈ C | |t| < 1}, such that:

(i) Xt is C∞-pure for every t ∈ B;
(ii) X0 is C∞-full, but Xt is not C∞-full for t ∈ B−{0};
(iii) h+(X0) > h+(Xt) for any t ∈ B−{0}.

Proof. The proof is based on an appropriate deformation of the C∞-pure-and-full
complex nilmanifold (N0, I0

0 ) found in Theorem 2.3. Nevertheless, we will next
consider the more general situation (Nε, I0

ε ), where ε = 0 or 1; that is, the complex
structure equations are

I0
ε : dω1 = 0, dω2 = ε ω11̄, dω3 = ω12̄.

It is clear that the (0,1)-form ω3̄ defines a Dolbeault cohomology class on (Nε, I0
ε ).

Hence, we can choose the class [ω3̄] ∈ H0,1

∂̄
(Nε, I0

ε ) to perform an appropriate holo-

morphic deformation of (Nε, I0
ε ). For each t ∈ C such that |t| < 1, define the
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complex structure J t
ε on Nε given by the following basis {ηkt }3k=1 of (1, 0)-forms:

η1t := ω1, η2t := ω2, η3t := ω3 + t ω3̄.

The complex structure equations for (Nε, J
t
ε ) are

(1) dη1t = 0, dη2t = ε η11̄t , dη3t = η12̄t − t η21̄t .

Observe that the initial structure I0
ε is recovered for t = 0. Since the complex

structures J t
ε are Abelian, they are C∞-pure by Lemma 2.1.

A direct computation using (1) shows that for (Nε, J
t
ε) one has

H+
Jt
ε
(Nε) =

⎧⎪⎨
⎪⎩

〈 [ iη11̄t ], [ iη22̄t ], δt [ η
23̄
t − η32̄t ], δt [ i (η

23̄
t + η32̄t ) ] 〉, if ε = 0,

〈 [ i (η13̄t + η22̄t + η31̄t ) ] 〉, if ε = 1,

H−
Jt
ε
(Nε) = 〈 [ η12t + η1̄2̄t ], [ i (η12t − η1̄2̄t ) ], δt [ η

13
t + η1̄3̄t ], δt [ i (η

13
t − η1̄3̄t ) ] 〉,

together with the following relation for de Rham cohomology classes:

[ η12̄t − η21̄t ] = [ i (η12̄t + η21̄t ) ] = 0,

and the additional condition [ iη11̄t ] = 0 only for the case ε = 1.
The previous description allows us to conclude that, for any t �= 0, the complex

structure J t
ε is C∞-pure but not C∞-full.

Moreover, when ε = 0, one has h+
I0
0
(N0) = 4 > 2 = h+

Jt
0
(N0) for any t ∈ B−{0}.

Notice that h−
I0
0
(N0) = 4 > 2 = h−

Jt
0
(N0) for t �= 0. �

Remark 3.2. It follows from the previous proof that there is a holomorphic de-
formation Xt of the C∞-pure-and-full complex nilmanifold (N1, I0

1 ) satisfying the
properties (i) and (ii) in Proposition 3.1. Nonetheless, h+(Xt) remains constant
along this deformation.

In [6, Proposition 4.1] one can find a curve of complex structures Jt on a 10-
dimensional nilmanifold such that J0 is C∞-pure-and-full, Jt is not C∞-pure for
t �= 0 and h−

J0
= 10 < 12 = h−

Jt
for t �= 0. In the following result we construct a

deformation in dimension 6 with a similar behaviour but also satisfying the C∞-full
property at every fiber of it. The proof is based on an appropriate holomorphic
deformation of the C∞-pure-and-full complex nilmanifold (N1, I1

1 ) found in Theo-
rem 2.3.

Proposition 3.3. There exists a holomorphic family of compact complex manifolds
{Xt = (M,Jt)}t∈B of complex dimension 3, where B = {t ∈ C | |t| < 1}, such that:

(i) Xt is C∞-full for every t ∈ B;
(ii) X0 is C∞-pure, but Xt is not C∞-pure for t ∈ B−{0};
(iii) h−(X0) < h−(Xt) for any t ∈ B−{0}.

Proof. Let us take J0 as the C∞-pure-and-full complex structure I1
1 on the nilman-

ifold N1 found in Theorem 2.3. Now, as the form ω2̄ defines a non-zero Dolbeault
cohomology class in H0,1

∂̄
(N1, I1

1 ), it will be used to perform the following holo-

morphic deformation of (N1, I1
1 ). For each t ∈ C such that |t| < 1, we define the

complex structure Jt on N1 by the following basis {ηkt }3k=1 of (1, 0)-forms:

η1t := ω1, η2t := ω2 + t ω2̄, η3t := ω3.
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The complex structure equations for (N1, Jt) are

dη1t = 0, dη2t = (1− t) η11̄t , dη3t =
1

1− |t|2 η12t − t

1− |t|2 η12̄t .

With respect to the new (1, 0)-basis for Jt, given by

τ1t = η1t , τ2t =
1

1− t
η2t , τ3t =

1− |t|2
1− t

η3t ,

we can rewrite the previous structure equations in a simpler way as

(2) dτ1t = 0, dτ2t = τ11̄t , dτ3t = τ12t +B τ12̄t ,

where B = − t(1−t̄)
1−t . Notice that the initial complex structure I1

1 is recovered for

t = 0. A direct calculation using (2) leads to

H+
Jt
(N1) = 〈 [ τ12̄

t − τ21̄
t ], [ i (τ12̄

t + τ21̄
t ) ], [ i

(
(B − 1) τ13̄

t + (|B|2 − 1) τ22̄
t + (B̄ − 1) τ31̄

t

)
] 〉,

H−
Jt
(N1) = 〈 [ τ13

t + τ 1̄3̄
t ], [ i (τ13

t − τ 1̄3̄
t ) ], (1− δB) [ τ

12
t + τ 1̄2̄

t ], (1− δB) [ i (τ
12
t − τ 1̄2̄

t ) ] 〉.

Furthermore, the following cohomological relations hold:

[ τ12t + τ 1̄2̄t ] = −ReB [ (τ12̄t − τ21̄t ) ]− ImB [ i (τ12̄t + τ21̄t ) ],

[ i (τ12t − τ 1̄2̄t ) ] = ImB [ (τ12̄t − τ21̄t ) ]−ReB [ i (τ12̄t + τ21̄t ) ].

Observe that when t = 0 (i.e. B = 0), one has that [ τ12t +τ 1̄2̄t ] = [ i (τ12t −τ 1̄2̄t ) ] = 0.
Otherwise, one can conclude that Jt with t �= 0 (i.e. B �= 0) is not C∞-pure,
although it is C∞-full because the second Betti number of the nilmanifold N1 equals
5.

Finally, counting dimensions we arrive at h−
J0
(N1) = 2 < 4 = h−

Jt
(N1) for any

t �= 0. Notice that h+
Jt
(N1) = 3 remains constant. �

3.1. Small deformations of the Iwasawa manifold revisited. In this section
we focus on the small deformations of the Iwasawa manifold (N0, I1

0 ), following
the approach in [5] (see also [1, 2]). Let us recall that Nakamura studied in [21]
the small deformations of the Iwasawa manifold, dividing them into three different
classes according to their Hodge diamond. Each class was characterized as follows:

Class (i): t11 = t12 = t21 = t22 = 0,

Class (ii): D(t) = 0 and (t11, t12, t21, t22) �= (0, 0, 0, 0),

Class (iii): D(t) �= 0,

where t11, t12, t21, t22 are parameters in the deformation space

B = {t = (t11, t12, t21, t22, t31, t32) ∈ C6 | |t| < ε}
for a sufficiently small ε > 0, and D(t) = t11t22 − t12t21.

In [5], Angella and Tomassini proved that only class (i) is C∞-pure-and-full, and,
as a consequence, they conclude that h+ = h− = 4 for both the Iwasawa manifold
and any small deformation in the class (i). The remaining classes (ii) and (iii) are
proved to be neither C∞-pure nor C∞-full, although the dimensions h+ and h− are
not determined. The following result shows that h+ remains constant and equal to
4 for any small deformation of the Iwasawa manifold.

Proposition 3.4. For any sufficiently small deformation Xt of the Iwasawa man-
ifold one has h+(Xt) = 4.
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Proof. The result is known for Xt in the class (i). For the classes (ii) and (iii), one
can proceed as in the proof of [5, Theorem 3.1] and write the complex structure
equations of Xt as

(3)

{
dϕ1

t = dϕ2
t = 0,

dϕ3
t = σ12 ϕ

12
t + σ11̄ ϕ

11̄
t + σ12̄ ϕ

12̄
t + σ21̄ ϕ

21̄
t + σ22̄ ϕ

22̄
t ,

where the coefficients σ12, σ11̄, σ12̄, σ21̄, σ22̄ ∈ C depend only on t and are given by

(4)

σ12 = − γ − ᾱ |t22|2 + 1
γ̄ (σ11̄ σ̄22̄) ,

σ11̄ = ᾱ γ̄ (t21 + t̄21D(t)) ,

σ12̄ = ᾱ (t22 + (t12 t̄11 + t22 t̄12) σ11̄) ,

σ21̄ = −α γ (t11 − t̄22D(t)) ,

σ22̄ = −α γ (t12 + t̄12D(t)) ,

with α and γ satisfying

α =
1

1− |t22|2 − t21 t̄12
,

γ =
1

1− |t11|2 − t12t̄21 − α (|t11|2t21t̄12 + |t22|2t12t̄21 + 2Re(t11t22t̄12t̄21))
.

Observe that some of the coefficients have been rewritten in a different way with
respect to [5], which will be more suitable for our purpose.

In order to compute the dimension of H+(Xt), we first determine the space of

invariant closed (1, 1)-forms onXt. It is clear that the (1, 1)-forms ϕ11̄
t , ϕ12̄

t , ϕ21̄
t and

ϕ22̄
t are closed. To see whether there exist any other closed (1, 1)-forms, consider

Φ = aϕ13̄
t + b ϕ23̄

t + c ϕ31̄
t + eϕ32̄

t + f ϕ33̄
t ,

where a, b, c, e, f ∈ C. The condition dΦ = 0 leads to f = 0 and to the system of
equations: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a σ̄12̄ − b σ̄11̄ + c σ12 = 0,

a σ̄22̄ − b σ̄21̄ + e σ12 = 0,

a σ̄12 + c σ12̄ − e σ11̄ = 0,

b σ̄12 + c σ22̄ − e σ21̄ = 0.

Due to the fact that σ12 is non-zero for any sufficiently small t, one has

c =
b σ̄11̄ − a σ̄12̄

σ12
and e =

b σ̄21̄ − a σ̄22̄

σ12
,

but also(
|σ12|2 − |σ12̄|2 + σ11̄σ̄22̄ σ12̄σ̄11̄ − σ11̄σ̄21̄

σ21̄σ̄22̄ − σ22̄σ̄12̄ |σ12|2 − |σ21̄|2 + σ22̄σ̄11̄

)(
a

b

)
=

(
0

0

)
.

Since the determinant of the previous matrix never vanishes for any sufficiently
small t, we conclude that a = b = 0 and thus Φ = 0. Therefore, the space of
invariant closed (1, 1)-forms on Xt is generated by ϕik̄

t , for i, k = 1, 2. Furthermore,
any such form is never d-exact because the coefficient σ12 does not vanish for
sufficiently small t. Then, we have

H+(Xt) = 〈 [i ϕ11̄
t ], [i ϕ22̄

t ], [ϕ12̄
t − ϕ21̄

t ], [i (ϕ12̄
t + ϕ21̄

t )] 〉,
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for any sufficiently small deformation Xt in the classes (ii) and (iii). This concludes
the proof. �

The following example shows how drastically the subspace H− may change along
a deformation.

Example 3.5. There exists a small deformation Xt of the Iwasawa manifold sat-
isfying h−(Xt) = 1 and H−(Xt) ⊂ H+(Xt) for every t �= 0. It can be directly
seen from (3) and (4) that h−(Xt) ≥ 1 for any small deformation Xt of the Iwa-
sawa manifold. We next show a particular deformation with h−(Xt) = 1 such that
H−(Xt) ⊂ H+(Xt). Let us consider the small deformation given by t12 = t21 = 0
and t11 = t22 = t, with |t| < ε. Observe that it belongs to class (iii). The structure
equations are given by (3), and to find their coefficients, it suffices to replace our
specific values of t11, t12, t21 and t22 in (4):

σ12 = − 1 + |t|2
1− |t|2 , σ11̄ = 0, σ12̄ =

t

1− |t|2 , σ21̄ = − t

1− |t|2 , and σ22̄ = 0;

that is, the complex structure equations of Xt are

dϕ1
t = dϕ2

t = 0, dϕ3
t = − 1 + |t|2

1− |t|2 ϕ12
t +

t

1− |t|2 ϕ12̄
t − t

1− |t|2 ϕ21̄
t .

For t �= 0, a direct computation shows that only ϕ12 + ϕ1̄2̄ and i(ϕ12 − ϕ1̄2̄) define
a cohomology class in H−(Xt). However, the equality

(Im t) (ϕ12
t + ϕ1̄2̄

t ) + (Re t) i(ϕ12
t − ϕ1̄2̄

t ) = −1− |t|2
1 + |t|2 d(it̄ϕ3

t − itϕ3̄
t)

implies that h−(Xt) = 1. Moreover, the space H−(Xt) is contained in H+(Xt) for
t �= 0 because the following relations are satisfied:

[ϕ12
t + ϕ1̄2̄

t ] =
2Re t

1 + |t|2 [ϕ12̄
t − ϕ21̄

t ] ∈ H+(Xt),

[i(ϕ12
t − ϕ1̄2̄

t )] = − 2 Im t

1 + |t|2 [ϕ12̄
t − ϕ21̄

t ] ∈ H+(Xt).

4. The C∞
-pure-and-full property is not closed

under holomorphic deformations

Following [23, Definition 1.12], let B be an open disc around the origin in C. A
property is said to be closed under holomorphic deformations if, for every holomor-
phic family of compact complex manifolds (Xt)t∈B, whenever Xt has the property
for all t ∈ B−{0}, then the property also holds in the central limit X0. Our goal
in this section is to prove that the C∞-pure-and-full property is not closed under
holomorphic deformations.

We will use the results about 6-dimensional solvmanifolds with holomorphically
trivial canonical bundle obtained in [15]. Concretely, let G be the 6-dimensional
simply-connected solvable Lie group whose Lie algebra g is defined by the following
structure equations:{

de1 = e16 − e25, de3 = −e36 + e45, de5 = 0,

de2 = e15 + e26, de4 = −e35 − e46, de6 = 0.
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Let us consider the left-invariant almost complex structure J on the Lie group G
given by

Je1 = e2 − e5, Je2 = −e1 − e6, Je3 = e4, Je4 = −e3, Je5 = −e6, Je6 = e5.

The forms

ω1 =
1

2

(
e1 − i(e2 − e5)

)
, ω2 = e3 − i e4, ω3 = −1

2
(e5 + i e6)

have bidegree (1,0) with respect to J , and they satisfy

(5) dω1 = 2i ω13 + ω33̄, dω2 = −2i ω23, dω3 = 0.

Hence, J is integrable and it defines a left-invariant complex structure on G.
The Lie algebra g is precisely the real Lie algebra underlying the Nakamura

manifold, and the Lie group G admits lattices Γ [4,21]. Hence, J defines a complex
structure on any compact quotient solvmanifold Γ\G.

Based on a result in [15], in the following theorem we show that there is a lattice
and a holomorphic deformation of the complex structure J showing that being
C∞-pure-and-full is not a closed property.

Theorem 4.1. There exists a holomorphic family of compact complex manifolds
(Xt)t∈B, where B = {t ∈ C | |t| < 1}, such that Xt is C∞-pure-and-full for every
t ∈ B−{0}, but X0 is neither C∞-pure nor C∞-full.

Proof. Let Γ\G be any compact solvmanifold endowed with the complex structure
J defined above. By the equations (5), the conjugate of the (1,0)-form ω3 defines

a Dolbeault cohomology class, i.e. [ω3̄] ∈ H0,1

∂̄
(Γ\G, J). Hence, for any t ∈ B =

{t ∈ C | |t| < 1}, we define the complex structure Jt on Γ\G given by the following
basis {ηkt }3k=1 of (1, 0)-forms:

η1t := ω1, η2t := ω2, η3t := ω3 + t ω3̄.

The complex structure equations for (Γ\G, Jt) are

(6)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dη1t = 2i
1−|t|2 η

13
t − 2it

1−|t|2 η
13̄
t + 1

1−|t|2 η
33̄
t ,

dη2t = − 2i
1−|t|2 η

23
t + 2it

1−|t|2 η
23̄
t ,

dη3t = 0.

In [15, Theorem 5.2] it is shown that every complex structure Jt with t �= 0 is
equivalent to a complex structure obtained in [4] as a certain deformation of the
Nakamura manifold. In [4, Proposition 4.1] it is proved that there is a lattice Γ in
G such that the corresponding solvmanifold M = Γ\G endowed with the complex
structure Jt satisfies the ∂∂̄-Lemma for any t �= 0. Let us consider the holomorphic
family of compact complex manifolds Xt = (M,Jt), t ∈ B. For every t ∈ B−{0}, it
is clear that the manifold Xt is C∞-pure-and-full, as any compact complex manifold
satisfying the ∂∂̄-Lemma is.

Next we see that the central limit X0 = (M,J0) of the holomorphic family
(Xt)t∈B is neither C∞-pure nor C∞-full. Since ηk0 = ωk, the complex structure

equations (6) for t = 0 are precisely (5). The (real) form i ω33̄ is a closed J0-invariant

2-form, and the form ω13 + ω1̄3̄ is a real closed 2-form which is J0-anti-invariant.
Therefore, they define cohomology classes

(7) [i ω33̄] ∈ H+
J0
(M), [ω13 + ω1̄3̄] ∈ H−

J0
(M).
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Moreover, these classes are non-zero in H2
dR(M ;R). To see this, we can apply

the well-known symmetrization process, which consists of the map ∼ : Ωk(M) −→∧k(g∗) sending any form α ∈ Ωk(M) to an element α̃ ∈
∧k(g∗) obtained by

integration on the solvmanifold M = Γ\G with respect to a volume element induced
by a bi-invariant one on the Lie group G . We will next use that symmetrization
commutes with d and, since the complex structure J0 is invariant, it also preserves
the bigraduation induced by J0 on the complex forms. Thus, since the invariant
forms i ω33̄ and ω13 + ω1̄3̄ do not belong to the space d(

∧1(g∗)), we conclude that
their cohomology classes in (7) are non-zero.

However, from (5) we see that

i ω33̄ − (ω13 + ω1̄3̄) =
1

2
d(i ω1 − i ω1̄).

Hence,

0 �= [i ω33̄] = [ω13 + ω1̄3̄] ∈ H+
J0
(M) ∩H−

J0
(M),

and X0 is not C∞-pure.
Now we prove that X0 is not C∞-full. From the equations (5) we have that the

real 2-form 2i ω12+ω23̄−ω32̄−2i ω1̄2̄ is closed and it defines a de Rham cohomology
class

[2i ω12 + ω23̄ − ω32̄ − 2i ω1̄2̄] ∈ H2
dR(M ;R).

Suppose that the equality H2
dR(M ;R) = H+

J0
(M) + H−

J0
(M) holds. Then, there

exist a ∈ H+
J0
(M) and b ∈ H−

J0
(M) such that [2i ω12 +ω23̄ −ω32̄ − 2i ω1̄2̄] = a+b.

Equivalently, there are α ∈ Z+
J0
(M), β ∈ Z−

J0
(M), and γ ∈ Ω1(M) such that

(8) 2i ω12 + ω23̄ − ω32̄ − 2i ω1̄2̄ = α+ β + dγ,

where Z+
J0
, resp. Z−

J0
, is the space of real closed 2-forms that are J0-invariant, resp.

J0-anti-invariant.
Applying the symmetrization process to (8), we get

2i ω12 + ω23̄ − ω32̄ − 2i ω1̄2̄ = α̃+ β̃ + dγ̃,

for some α̃ ∈ Z+
J0
(g∗), β̃ ∈ Z−

J0
(g∗), and γ̃ ∈

∧1
(g∗). However, this is not possible

because a direct calculation from (5) yields

Z+
J0
(g∗)+Z−

J0
(g∗)+d

(∧
1(g∗)

)
= 〈 i ω33̄, ω13+ω1̄3̄, i(ω13−ω1̄3̄), ω23+ω2̄3̄, i(ω23−ω2̄3̄) 〉.

In conclusion, [2i ω12 + ω23̄ − ω32̄ − 2i ω1̄2̄] �∈ H+
J0
(M) + H−

J0
(M), and thus X0 is

not C∞-full. �

As a consequence of Theorem 4.1 we have:

Corollary 4.2. For compact complex manifolds, the following properties:

(i) “being C∞-pure”,
(ii) “being C∞-full”,
(iii) “being C∞-pure-and-full”,

are not closed under holomorphic deformations.
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5. Relation of the C∞
-pure-and-full property

with other complex invariants and metric properties

In this section we use the classification of complex nilmanifolds satisfying the
C∞-pure-and-full property obtained in Section 2 to illustrate that this property is
unrelated to other metric properties. We will finish showing a possible relation to
other complex invariants of the manifold.

Recall that Enrietti, Fino, and Vezzoni proved in [14] that an invariant complex
structure J on a nilmanifold M is tamed by a symplectic form if and only if (M,J)
is a complex torus. Any Hermitian-symplectic structure is in particular SKT, i.e.
the fundamental form F satisfies ∂∂̄F = 0; and if an SKT metric exists on (M,J),
then the nilmanifold is at most 2-step.

Another well-known and interesting class of Hermitian metrics is the one consti-
tuted by the locally conformal Kähler metrics, defined by the condition dF = θ∧F ,
where θ is the (closed) Lee form. If θ is in addition a nowhere vanishing parallel
form, then F is called a Vaisman metric.

Two important classes of metrics defined by a condition on the (2n − 2)-form
Fn−1, being n the complex dimension of the manifold, are given by the balanced
metrics [20] and the strongly Gauduchon metrics [22]. Recall that a Hermitian
metric is called balanced if the fundamental form F satisfies that Fn−1 is closed,
and it is said to be strongly Gauduchon if ∂Fn−1 is ∂̄-exact. Obviously, any balanced
metric is strongly Gauduchon. Our first question in this section is whether the C∞-
pure-and-full property implies the existence of some special Hermitian metric on
the manifold.

Proposition 5.1. The compact complex nilmanifolds (N1, Iρ
1 ), ρ ∈ {0, 1}, satisfy

the C∞-pure-and-full property, but they do not admit any SKT, locally conformal
Kähler, or strongly Gauduchon metrics.

Proof. By Theorem 2.3 we know that the complex structures Iρ
1 are C∞-pure-and-

full for ρ = 0, 1. The non-existence of SKT, locally conformal Kähler or strongly
Gauduchon metrics can be derived from classification results in [9, 14, 26]. Never-
theless, for the sake of completeness we provide here a more direct and unified proof.
First notice that by symmetrization one can reduce the problem to simply studying
invariant Hermitian metrics. Consider the complex equations in Theorem 2.3 for
ε = 1, and let F be the fundamental 2-form of a generic invariant Hermitian metric,
i.e.

2F = i (r2ω11̄ + s2ω22̄ + t2ω33̄) + uω12̄ − ū ω21̄ + v ω23̄ − v̄ ω32̄ + z ω13̄ − z̄ ω31̄.

A direct calculation gives

(9) 2 ∂F = −(is2+ρz̄−(1−ρ)z)ω121̄−ρv̄ ω122̄+iρt2 ω123̄+v̄ ω131̄−i(1−ρ)t2 ω231̄,

which is never zero by the positive definiteness of the metric. Any (real) closed

1-form θ is given by θ = aω1 + ā ω1̄ + b(ω2 + ω2̄), where a ∈ C and b ∈ R.
Since the coefficients of the 3-form 2θ ∧ F in ω133̄ and ω233̄ are equal to iat2 and
ibt2, respectively, it follows from (9) and the positive definiteness of the metric
that the condition ∂F = θ1,0 ∧ F is satisfied if and only if a = b = 0. However,
this contradicts ∂F �= 0, so the manifold (N1, Iρ

1 ) has no locally conformal Kähler
metrics for ρ = 0, 1.
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The nonexistence of SKT metrics follows directly from

2 ∂∂̄F = −it2(ρ2 + (1− ρ)2)ω121̄2̄ �= 0.

Finally, it is straightforward to see that

4∂F ∧ F = (1− ρ)(it2u+ v̄z)ω1231̄2̄ − (s2t2 − |v|2)ω1231̄3̄

and ∂̄(
∧3,1) = 〈ρω1231̄2̄〉. Therefore, ∂F 2 cannot be ∂̄-exact, and we conclude that

the manifold (N1, Iρ
1 ) is not strongly Gauduchon for ρ = 0, 1. �

Corollary 5.2. For compact complex manifolds, the C∞-pure-and-full property is
unrelated to the existence of SKT, locally conformal Kähler, Vaisman, balanced or
strongly Gauduchon metrics.

Proof. In view of Theorem 2.3 and Proposition 5.1, it suffices to show the existence
of SKT, Vaisman (hence locally conformal Kähler) and balanced (hence strongly
Gauduchon) nilmanifolds that do not satisfy the C∞-pure-and-full property, that
is, that are not isomorphic to (Nε, Iρ

ε ), ε, ρ ∈ {0, 1}. Again, the existence of such
nilmanifolds can be derived from the classification results in [9, 14, 26], but for the
sake of completeness, we here provide an explicit example of each type.

First, let us consider the nilmanifold N0 endowed with the invariant complex
structure defined by

dω1 = dω2 = 0, dω3 = ω12 + ω11̄ +
1

2
ω22̄,

i.e. defined by the complex equations (I) for ρ = 1, λ = 0 and D = 1
2 . It is clear

that the Hermitian metric F = i
2 (ω

11̄ + ω22̄ + ω33̄) satisfies the SKT condition, so
we get a compact complex manifold that is SKT but not C∞-pure-and-full.

Now, let us consider the nilmanifold M whose underlying Lie algebra is h3 in
the notation of [9], endowed with the invariant complex structure defined by the
equations (I) for ρ = λ = 0 and D = 1, that is,

dω1 = dω2 = 0, dω3 = ω11̄ + ω22̄.

The Hermitian metric F = i
2 (ω

11̄ +ω22̄ +ω33̄) is a locally conformal Kähler metric

whose Lee form θ = ω3 + ω3̄ is parallel. Hence, one has an example of a compact
Vaisman manifold which does not satisfy the C∞-pure-and-full property.

Finally, let us consider the nilmanifold N0 endowed with the invariant complex
structure defined by

dω1 = dω2 = 0, dω3 = ω12 + ω11̄ − 1

8
ω22̄.

i.e. defined by the complex equations (I) for ρ = 1, λ = 0 and D = − 1
8 . The

Hermitian metric F = 4i ω11̄ + i
2 (ω

22̄ + ω33̄) satisfies the balanced condition, so
we get a compact balanced manifold that does not satisfy the C∞-pure-and-full
property. �

Another interesting aspect is the existence of some relation between the be-
haviour of the Frölicher spectral sequence {Er}r≥1 and the C∞-pure-and-fullness of
compact complex manifolds. It is well-known that if the Frölicher spectral sequence
of X degenerates at the first step and there is a weight 2 formal Hodge decomposi-
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tion, then X is C∞-pure-and-full (see [5,12,19]). Note that by [9, Theorem 4.1] we
have that E1(Nε, Iρ

ε ) �∼= E2(Nε, Iρ
ε )

∼= E∞(Nε, Iρ
ε ) for ε, ρ ∈ {0, 1}. Furthermore:

Proposition 5.3. For compact complex manifolds, the C∞-pure-and-full property
and the degeneration at E1 of the Frölicher spectral sequence are unrelated. More-
over, there exists a compact complex manifold X with E1(X) ∼= E∞(X) whose
Hodge numbers satisfy the symmetry hp,q

∂̄
(X) = hq,p

∂̄
(X) for every p, q ∈ N, which

is neither C∞-pure nor C∞-full.

Proof. Let us consider the complex nilmanifold X defined by the complex structure
equations in the family (I) for ρ = λ = 1 and D = 0, i.e.

dω1 = dω2 = 0, dω3 = ω12 + ω11̄ + ω12̄.

By [9, Proposition 4.3], X has Frölicher spectral sequence degenerating at E1, and
its Hodge numbers satisfy hp,q

∂̄
(X) = hq,p

∂̄
(X) for every p, q ∈ N. However, X is

not C∞-pure because [i(ω12 − ω1̄2̄)] = −2 [i ω11̄] − [i(ω12̄ + ω21̄)] is a non-zero de
Rham cohomology class that belongs to H+(X)∩H−(X). On the other hand, one

can check that the cohomology class [ω23 + ω23̄ − ω32̄ + ω2̄3̄] is a non-zero class in
H2

dR(X;R) which does not belong to H+(X) +H−(X). �
It seems to be unknown whether there is some general relation between the C∞-

pure-and-full property and the degeneration of the Frölicher sequence at some step
greater than 1. As we noticed above, the Frölicher sequence of the C∞-pure-and-full
complex nilmanifolds (Nε, Iρ

ε ), ε, ρ ∈ {0, 1}, satisfies E1 �∼= E2
∼= E∞. Note that this

can indeed be seen as a restriction, because there also exist complex nilmanifolds
whose Frölicher sequence has E2 non-isomorphic to E∞ (see [9]). The following
natural question arises:

Question 1. Does the C∞-pure-and-full property of compact complex manifolds
imply the degeneration of the Frölicher spectral sequence at the second step?

New complex invariants defined in terms of the Bott-Chern cohomology have
been introduced by Angella and Tomassini in [7], which allows us to provide a
characterization to the ∂∂̄-Lemma condition. If n is the complex dimension of X =
(M,J), let Δk(M,J) =

∑
p+q=k

(
hp,q
BC(M,J) + hn−p,n−q

BC (M,J)
)
− 2bk(M), where

hp,q
BC(M,J) denotes the dimension of the Bott-Chern cohomology group Hp,q

BC(M,J)
and bk(M) the k-th Betti number of M . The complex invariants Δk(M,J) are
non-negative, and Δk(M,J) = 0 for all 0 ≤ k ≤ 2n if and only if (M,J) satisfies

the ∂∂̄-Lemma [7]. If we denote Δ(M,J) =
∑2n

k=1 Δ
k(M,J), one has that com-

pact complex manifolds (M,J) satisfying the ∂∂̄-Lemma are characterized as those
compact complex manifolds for which Δ(M,J) = 0.

Since every compact 4-dimensional almost-complex manifold is C∞-pure-and-full
[12], we will now focus on the higher dimensional cases, i.e. real dimension greater
than or equal to 6. As the ∂∂̄-Lemma (equivalently, the vanishing of the complex
invariant Δ) implies C∞-pure-and-fullness, one might expect to obtain low values of
Δ for those compact complex manifolds satisfying the C∞-pure-and-full property.
Surprisingly, the propositions below suggest a possible relation between the C∞-
pure-and-full property and the complex structures for which Δ attains a maximal
value (at least for nilmanifolds).

Let M be a nilmanifold of real dimension 6 admitting invariant complex struc-
tures J , and suppose that the Lie algebra underlying M is not isomorphic to h7,
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in the notation of [9]. Let X be the set of all these pairs (M,J). The reason to
exclude h7 is that the invariant Δ is not known for any maximal lattice in the Lie
group of h7 (for more details see [3, 18] and the references therein).

Proposition 5.4. Let M be a 6-dimensional nilmanifold endowed with an invariant
complex structure J such that the underlying Lie algebra of M is not isomorphic
to h7. Let X be the set of all these pairs (M,J). If (M̃, J̃) ∈ X is a pair such that

Δ(M̃, J̃) ≥ Δ(M,J) for any (M,J) ∈ X , then (M̃, J̃) is C∞-pure-and-full.

Proof. From [3, Table 2] and [18, Appendix 6] the invariant Δ(M,J) can be com-
puted for any pair (M,J). It turns out that the maximal value of Δ(M,J) when
(M,J) runs the space of all 6-nilmanifolds M endowed with invariant complex

structures J is equal to 34. Furthermore, (M̃, J̃) satisfies that Δ(M̃, J̃) = 34 if and

only if M̃ is precisely the nilmanifold N1 and J̃ is isomorphic either to the com-
plex structure I0

1 or to the complex structure I1
1 given in Theorem 2.3. Therefore,

(M̃, J̃) is C∞-pure-and-full. �

Recall that the minimal value of Δ(M,J) when (M,J) runs the space of all
nilmanifolds M endowed with invariant complex structures J is equal to 0, and it
is attained at the complex tori, which are the only ∂∂̄-nilmanifolds.

Proposition 5.5. Let M be a nilmanifold, not a torus, of real dimension 6 admit-
ting an invariant complex structure J̃ such that (M, J̃) is C∞-pure-and-full. Then,

Δ(M,J) attains a maximal value at (M, J̃) when J runs the space of all the invari-
ant complex structures on the nilmanifold M .

Proof. By Theorem 2.3 it suffices to look at the spaces of all invariant complex
structures on the nilmanifolds N0 and N1. For M = N1 it is clear that Δ at-
tains a maximal value at the complex structures I0

1 and I1
1 , as a consequence of

Proposition 5.4.
Let J be any invariant complex structure on M = N0. From [3, Table 2] and

[18, Appendix 6] we have that Δ(N0, J) attains its maximal value when J runs the
space of all the invariant complex structures on N0 (which is equal to 24) if and
only if J is isomorphic to I0

0 or I1
0 . �

These results seem to suggest the existence of some possible relationship between
the C∞-pure-and-full property and those pairs (M,J) where the complex invariant
Δ(M,J) attains maximal values.

Question 2. Do Propositions 5.4 and 5.5 hold in higher dimensions? Do they hold
for a more general class of compact complex manifolds?

Acknowledgments

This work has been partially supported by the projects MINECO (Spain),
MTM2011-28326-C02-01 and MTM2014-58616-P, and Gobierno de Aragón/Fondo
Social Europeo, grupo consolidado E15-Geometŕıa. The first author is also sup-
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