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A SYMMETRY RESULT FOR AN ELLIPTIC PROBLEM

ARISING FROM THE 2-D THIN FILM EQUATION

KA-LUEN CHEUNG AND KAI-SENG CHOU

(Communicated by Joachim Krieger)

Abstract. It is shown that every positive, stableH2
0 -solution to Δu+f(u) = c

in R
2 is radially symmetric. This problem arises from the study of the steady

states for the two dimensional thin film equation.

1. Statement of result

Let Ω be a bounded domain in R
2 and f ∈ C([0,∞)). In this note we are

concerned with the symmetry of positive functions which satisfy the equation

(1) Δu+ f(u) = c ,

for some constant c in Ω.
Here the elliptic equation admits a variational structure. Under suitable condi-

tions on f , it is the critical point of the energy

E(u) = 1

2

∫
Ω

|∇u|2 −
∫
Ω

F (u) ,

where F is the primitive of f with F (0) = 0 in the set

A =

{
u ∈ H1

0 (Ω) :

∫
Ω

u = A, u ≥ 0

}
,

where A > 0 is fixed. Indeed, any positive, continuous critical point u of the energy
in A satisfies ∫

Ω

(∇u · ∇ϕ− f(u)ϕ) = 0, ∀ϕ ∈ H1
0 (Ω),

∫
Ω

ϕ = 0 ,

so there is some constant c such that Δu + f(u) = c. A critical point u in A is
called linearly stable if∫

|∇ϕ|2 −
∫

f ′(u)ϕ2 ≥ 0, ∀ϕ ∈ H1
0 (Ω),

∫
Ω

ϕ = 0 ,

holds. A solution of (1) is called a linearly stable solution if it is a linearly stable
critical point of the associated energy.

In this paper we will prove

Theorem 1. Let Ω be a bounded domain in R
2 and f in C1([0,∞))∩C2((0,∞)).

Every positive, linearly stable solution of (1) in H2
0 (Ω) is radially symmetric and

decreasing.
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Theorem 1 bears some resemblance to the symmetry result in [24]. In this
celebrated work C2-regularity of the domain and the solution being in C2(Ω) are
assumed. Recently, in [1], a radially symmetry result was obtained without the
regularity of the boundary based on continuous Steiner symmetrization, where it is
required that the modulus of the gradient of the solution is close to being radially
symmetric near the boundary in a certain way. Here we work on a bounded domain
in R

2 without any regularity assumption, and, to compensate, the energy stability
condition is used in an essential way. As linearly stable solutions are very often
the preferred ones in application, the study of a radially symmetry condition for
these solutions may be a direction for further pursuit. It is interesting to investigate
whether Theorem 1 still holds without this condition. We should point out that
the method of moving planes, as developed in [16] (see more in [14]), is an effective
approach to radial symmetry for solutions of elliptic equations. However, as some
convexity property of the domain is usually needed for the arguments, it cannot be
applied directly to the present situation. In [17], some interesting elliptic problems
in R

2 with overdetermined boundary conditions are studied by complex function
theory where it is shown that the domain must be an ellipse.

Our symmetry result was motivated by the study of the steady states of the thin
film equation. A positive solution of (1) which belongs to H2

0 (Ω) may be called
a droplet with zero contact angle. Thus our result asserts that all 2-D energy
stable droplets with zero contact angle are radially symmetric. We will discuss
its background and the difference between linear stability and energy stability in
Section 3 after the proof of this theorem.

2. Proof of the theorem

Lemma 2. Let Ω be a bounded domain and u ∈ H1
0 (Ω) ∩ C2(Ω). Let D be a

connected domain of {x ∈ Ω : u(x) �= 0). The function

U(x) =

⎧⎨
⎩

u(x), x ∈ D,

0 , x ∈ Ω \D,

belongs to H1
0 (Ω).

Proof. Let D be a connected component of the non-zero set of u on which u is
positive and Dε = {x ∈ D : u(x) > ε}. The proof is the same when u is negative
on D. By Sard’s theorem, we can find {εk}, εk → 0, such that each Dεk is a domain
with C1-boundary. We define

Uk(x) =

⎧⎨
⎩

u(x)− εk , x ∈ Dεk ,

0 , x ∈ Ω \Dεk .

Then Uk ∈ H1
0 (Ω). (In fact, it is compactly supported in D.) We have∫

Ω

|∇Uk|2 =

∫
Dεk

|∇(u− εk)|2

≤
∫
Ω

|∇u|2 ,

for all k. So {Uk} is uniformly bounded in H1
0 (Ω). By passing to a subsequence

if necessary, we may assume {Uk} converges weakly to some function w ∈ H1
0 (Ω).
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Using Rellich’s theorem, we may further assume that {Uk} converges to w in L2(Ω).
Since Uk converges pointwisely to U , w is equal to U , so U ∈ H1

0 (Ω) as asserted. �

Next, let V be a non-zero function in C(Ω)∩C1(Ω). We consider the minimiza-
tion problem

(2) μ0 = inf

⎧⎪⎪⎨
⎪⎪⎩

∫
Ω

|∇ϕ|2∫
Ω

V ϕ2
: ϕ ∈ H1

0 (Ω), ϕ �= 0,

∫
Ω

ϕ = 0

⎫⎪⎪⎬
⎪⎪⎭

.

Any critical point η of this problem satisfies∫
Ω

(∇η · ∇ϕ− μ0V ηϕ) = 0, ∀ϕ ∈ H1
0 (Ω),

∫
Ω

ϕ = 0 ,

so there is some constant c such that

Δη + μ0V η = c ,

in Ω. By elliptic regularity, η belongs to C2,α(Ω) for all α ∈ (0, 1).

Lemma 3. Consider (2) where Ω is a bounded domain and V ∈ C(Ω) ∩ C1(Ω).
The non-zero set of any minimizer of this problem with c = 0 must have exactly
two connected components.

Proof. Let η be such a minimizer. Since it has zero mean, it must change sign in
Ω. Let us assume that there are three connected components in {η �= 0}, namely,
D1, D2 and D3 and try to draw a contradiction. For i = 1, 2, define

ηi(x) =

⎧⎨
⎩
η(x), x ∈ Di,

0, x ∈ Ω \Di.

By Lemma 2, ηi ∈ H1
0 (Ω). Now consider ψ ≡ η1 + γη2 ∈ H1

0 (Ω) where γ is chosen
so that ψ has zero mean. We multiply Δηi + μ0ηi = 0 in Di with ηi, i = 2, and
then integrate to get ∫

Ω

|∇ψ|2 = μ0

∫
Ω

V ψ2 .

The vanishing of this expression implies that ψ is a constant. As it is of zero mean,
it means that ψ is the zero function, which is impossible. Therefore, this expression
cannot be equal to 0. We can write it as

μ0 =

∫
Ω

|∇ψ|2∫
Ω

V ψ2
,

so ψ is again a minimizer. Consequently it satisfies Δψ + μ0V ψ = c1 for some
constant c1. (In fact, c1 = 0, but we do not need this fact.) However, as it vanishes
identically in D3, by Carleman’s unique continuation theorem ([8]) it must vanish
everywhere in Ω, and the contradiction holds. We conclude that η has exactly two
components. �
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Proof of Theorem 1. Let u be a positive, energy solution of (1) in H2
0 (Ω). By

Sobolev embedding and elliptic regularity, u ∈ Cα
0 (Ω) ∩ C3,α(Ω) for all α ∈ (0, 1).

Let (x0, y0) ∈ Ω be a maximum of u in Ω and consider the function w = (x −
x0)uy(x, y) − (y − y0)ux(x, y). Since u ∈ H2

0 (Ω), w belongs to H1
0 (Ω). We claim

that it has zero mean. For, let {un} ∈ C∞
c (Ω), un ≥ 0, which tends to u in the

H2-norm. By Rellich’s compactness theorem, we may also assume the convergence
is uniform in every compact subset of Ω. Let Ωn = {x ∈ Ω : un(x) > 0}. For each
fixed n, let εj → 0 be such that Ωj

n = {x ∈ Ωn : un(x) > εj} has C1-boundary.
By Green’s formula∫

Ωj
n

((x− x0)uny − (y − y0)unx)dxdy

= −
∫
∂Ωj

n

(x− x0)(un − εj)dx+ (y − y0)(un − εj)dy

= 0 .

By letting εj → 0, we have∫
Ωn

((x− x0)uny − (y − y0)unx) dxdy = 0 .

Using the fact that {un} tends to u uniformly on every compact set in Ω, we see
that limn→∞ |Ω \ Ωn| = 0. Therefore,∣∣∣∣∣

∫
Ω\Ωn

((x− x0)uny − (y − y0)unx) dxdy

∣∣∣∣∣ ≤ |Ω \ Ωn|1/2 (‖u‖H1(Ω) + 1)

→ 0 , as n → ∞ .

It follows that ∫
Ω

wdxdy

= lim
n→∞

∫
Ω

((x− x0)uny − (y − y0)unx) dxdy

= lim
n→∞

∫
Ω\Ωn

((x− x0)uny − (y − y0)unx) dxdy

+ lim
n→∞

∫
Ωn

((x− x0)uny − (y − y0)unx) dxdy

= 0.

On the other hand, by a direct computation, w + f ′(u)w = 0 in Ω. Multiplying
this equation with w and then integrating over Ω yields

(3)

∫
Ω

|∇w|2 =

∫
Ω

f ′(u)w2.

Assume that w is non-zero. We have w = ∇w = 0 at (x0, y0), that is, (x0, y0) is
a degenerate critical point of w. By a general result on the nodal set of the solution
of an elliptic equation (see, for instance, [4]), there exists a homogeneous harmonic
polynomial pN of degree N,N ≥ 2, such that

w(x, y) = pN (x, y) +O((x2 + y2)(2+ε)/2), ε ∈ (0, 1) ,
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where O depends on N . Every pN is a linear combination of the real and imaginary
parts of zN . It can be expressed in polar coordinates as a non-zero multiple of
rN cos(Nθ + θ0). After a rotation of axes we may assume θ0 = 0. The nodal set
of pN divides the plane into 2N many connected components. For simplicity, in
the following we take N = 2. The proof of the other cases is completely analogous.
When N is equal to two, we have p(x, y) = ar2 cos 2θ = a(x2−y2) for some non-zero
a. Let us take a = 1. We fix a small r0 > 0 such that

∣∣w(x, y)− (x2 − y2)
∣∣ ≤ 1

2
(x2 + y2), x2 + y2 ≤ r20 .

Then

w(x, 0) ≥ 1

2
x2, x ∈ (0, r0] ∪ [−r0, 0) .

Similarly, we have

w(0, y) ≤ −1

2
y2, y ∈ (0, r0] ∪ [−r0, 0) .

In particular, w is positive at the points (0, r0), (−r0, 0) and negative at (0, r0),
(0,−r0). If these four points belong to different components, the non-zero set
of w has at least four components and we are done. Let us assume that two of
these points, (r0, 0) and (−r0, 0), say, belong to the same component C. By path-
connectedness, (r0, 0) to (−r0, 0) can be connected by a simple curve γ1 inside the
open set C. We can make it into a simple closed curve γ by adjoining the line
segment connecting the points (r0, 0) and (−r0, 0) to it. The curve γ now divides
the plane into two components, and it is clear that the two points (0, r0) and (0,−r0)
are lying on each one of these components. As a result, (0, r0) and (0,−r0) cannot
belong to the same component of the non-zero set of w. We conclude that there
are at least three components for the non-zero set of w.

Taking V = f ′(u) in Lemma 3, as we have just shown that there are at least
three connected components in the non-zero set of w, w cannot be a minimizer of
(1). In view of (2) and (3), one must have μ0 < 1. As a result, there exists some
ϕ1 ∈ C∞

c (Ω) with zero mean such that∫
|∇ϕ1|2 −

∫
f ′(u)ϕ2

1 < 0.

We have shown that u is not stable if w is non-zero. It follows that w must vanish
identically, i.e., Ω is a disk with center (x0, y0) and u is radially symmetric on
this disk. It is also radially decreasing by the general result in [16]. The proof of
Theorem 1 is completed.

3. Droplets of the thin film equation

Let f ∈ C(R). The fourth order parabolic equation

(4) ut + div [m(u)∇ (Δu+ f(u))] = 0

has been studied extensively in recent years. When m(u) is a positive constant, this
equation is the Cahn-Hilliard equation which describes the spinodal decomposition
of binary alloys ([13]). Let Ω0 be a bounded domain. Under suitable conditions
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on f and some Neumann-type boundary conditions, a global solution of the Cahn-
Hilliard equation defines a flow in the subset of the Sobolev space H1(Ω0) given
by

S =

{
u ∈ H1(Ω0) :

∫
Ω0

u(x, t)dx =

∫
Ω0

u(x, 0)dx

}
,

which decreases the energy defined in Section 1. Its steady states are solutions to
(1) in Ω0.

In physical models such as the lubrication approximation to thin films ([23], [22]),
or Hele-Show flows, people are interested in non-negative solutions. Unlike the
Cahn-Hilliard equation, now the diffusion coefficient m(z) degenerates. Typically
it is a positive function on (0,∞) which is equal to 0 at z = 0. A common choice in
the thin film equation is m(z) = z3. As a result, even starting with a positive initial
data, the solution may touch down at 0 in finite time. Nevertheless, non-negative,
weak global solutions have been constructed in many cases for the one dimensional
thin film equation ([3], [2], [5], [6]). Although these solutions still constitute flows
in S, due to the possibility of touch-down, the steady state is defined as a non-
negative function in H1(Ω0) which satisfies (1) in each connected component of
{u > 0} where the constant c may vary on the component. Steady states not
only describe the ultimate pattern of (4) but also are important in the study of
the dynamical behavior of the flow. As seen from linearization, the constant states
will lose their stability in the so-called long wave situation. The classification and
stability of the steady states for the 1-D thin film equation have been studied in
[18]–[21], [9], [11]. The notion of energy stability has turned out to be useful in
these studies.

Let us recall the definition of energy stability. A critical point u in A is called
energy stable if for every ϕ ∈ C1

c (Ω) with zero mean, there is some ε0 > 0 such that

E(u) ≤ E(u+ εϕ) , ∀ε ∈ [0, ε0] .

Note that when u is positive and continuous, u+εϕ belongs to A for all sufficiently
small ε. It is evident that a local minimizer of the energy in A (regarded as a subset
of H1

0 (Ω)) is energy stable. However, as ε0 depends on ϕ, an energy stable critical
point may not be a local minimizer. On the other hand, by Taylor’s expansion one
sees that every positive, continuous, energy stable critical point is linearly stable
as described in Section 1.

A steady state is called a droplet if its non-zero set is a subdomain of Ω0, that is,
its non-zero set has exactly one component. In the one dimensional case a droplet
is a positive solution to uxx + f(u) = c on some (a, b) . It is easy to see that ux

exists at the endpoints a and b. When ux(a) = ux(b) = 0, u is called a droplet with
zero contact angle. In [9] it is shown that in many situations droplets with zero
contact angle are energy stable but other droplets are not energy stable.

The two dimensional thin film equation has also been studied recently. Non-
negative global weak solutions were constructed in [12], [7]. However, there are
very few results concerning its steady states. As an analog of the one dimensional
droplet, we define a droplet in this case to be a non-negative function u ∈ H2(Ω0)
such that Ω = {x ∈ Ω0 : u(x) > 0} is a subdomain compactly contained in Ω0

on which (1) is satisfied. Note that u is continuous by Sobolev embedding. The
following result shows that the extra regularity assumption requiring u not only in
H1(Ω0) but also in H2(Ω0) is not too artificial.
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Proposition. Let u(. , t) be a classical, positive solution of (4) under the boundary
conditions

∂u

∂ν
=

∂

∂ν
(m(u)∇(Δu+ f(u))) = 0 on ∂Ω0 ,

which is uniformly bounded in H1(Ω0). There exists {tj}, tj → ∞, such that
{u(. , tj)} converges weakly to some steady state in H2(Ω0).

A proof of this proposition in the one dimensional case, based on an entropy
estimate ([3]), could be found in [9]. It works in the two dimensional case after
some minor changes.

When f ∈ C2((0,∞)), the droplet u defined above belongs to C3(Ω). By ob-
serving the fact that min{u − δ, 0} ∈ H1

0 (Ω) (δ is a regular value of u) and then
letting δ → 0, one sees that every droplet belongs to H1

0 (Ω). Our definition of a
droplet with zero contact angle is natural as it requires not only u but also ∇u
vanish at the boundary of Ω in a certain sense. Put in this context, Theorem 1
asserts that for any non-radially symmetric droplet with zero contact angle, there
must be some admissible perturbations decreasing its energy. Therefore, only a ra-
dially symmetric droplet with zero contact angle could be energy stable. Examples
of energy stable droplets with zero contact angle can be found in [10]. In fact, in
the model studied in this work, these droplets are global minimizers of the energy.

Acknowledgements

The first author was partially supported by the HKIEd Internal Research Grants
RG60/2010-11 and MIT/SRG02/15-16. The second author was partially supported
by an Earmarked Grant for Research, Hong Kong: CUHK 14301014. We are
grateful to the referee for suggestions and the careful reading of the manuscript.

References

[1] F. Brock, Symmetry for a general class of overdetermined elliptic problems, arviv.org
/pdf/1512.05126.pdf.

[2] Elena Beretta, Michiel Bertsch, and Roberta Dal Passo, Nonnegative solutions of a fourth-
order nonlinear degenerate parabolic equation, Arch. Rational Mech. Anal. 129 (1995), no. 2,
175–200, DOI 10.1007/BF00379920. MR1328475

[3] Francisco Bernis and Avner Friedman, Higher order nonlinear degenerate parabolic equations,
J. Differential Equations 83 (1990), no. 1, 179–206, DOI 10.1016/0022-0396(90)90074-Y.
MR1031383

[4] Lipman Bers, Local behavior of solutions of general linear elliptic equations, Comm. Pure
Appl. Math. 8 (1955), 473–496. MR0075416

[5] A. L. Bertozzi and M. Pugh, The lubrication approximation for thin viscous films: regularity
and long-time behavior of weak solutions, Comm. Pure Appl. Math. 49 (1996), no. 2, 85–123,
DOI 10.1002/(SICI)1097-0312(199602)49:2〈85::AID-CPA1〉3.3.CO;2-V. MR1371925

[6] A. L. Bertozzi and M. C. Pugh, Long-wave instabilities and saturation in thin film equa-
tions, Comm. Pure Appl. Math. 51 (1998), no. 6, 625–661, DOI 10.1002/(SICI)1097-
0312(199806)51:6〈625::AID-CPA3〉3.3.CO;2-2. MR1611136

[7] Michiel Bertsch, Roberta Dal Passo, Harald Garcke, and Günther Grün, The thin viscous flow
equation in higher space dimensions, Adv. Differential Equations 3 (1998), no. 3, 417–440.
MR1751951
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