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ON SOLVABLE COMPACT CLIFFORD-KLEIN FORMS

MACIEJ BOCHEŃSKI AND ALEKSY TRALLE

(Communicated by Michael Wolf)

Abstract. In this article we prove that under certain assumptions, a reduc-
tive homogeneous space G/H does not admit a solvable compact Clifford-Klein
form. This generalizes the well known non-existence theorem of Benoist for
nilpotent Clifford-Klein forms. This generalization works for a particular class
of homogeneous spaces determined by “very regular” embeddings of H into G.

1. Introduction

This article is motivated by a circle of problems related to Clifford-Klein forms
of homogeneous spaces [1, 6, 7, 9–11, 14, 15, 17, 18, 22, 33, 35]. Assume that we are
given a homogeneous space G/H of a (reductive) real Lie group G and a closed
subgroup H ⊂ G. We say that G/H admits a compact Clifford-Klein form if there
exists a discrete subgroup Γ ⊂ G which acts properly and co-compactly on G/H
by left translations (that is, the double coset Γ \ G/H is compact). Throughout
this paper, we will also use the terminology of [17] saying that Γ is a co-compact
lattice in G/H, by analogy with lattices in Lie groups.

If G is reductive andH is compact, then the space G/H always admits a compact
Clifford-Klein form. One can simply choose a co-compact lattice Γ ⊂ G. On the
other hand, if H is a non-compact subgroup, the space G/H does not necessarily
admit compact Clifford-Klein forms.

One of the important and challenging problems in the whole area is Kobayashi’s
conjecture, which we now describe (see Conjecture 3.3.10 in [9]). Assume that
G/H is a homogeneous space of reductive type (see Definition 2.2). We say that
G/H admits a standard Clifford-Klein form if there exists a reductive Lie subgroup
L ⊂ G such that L acts properly on G/H and L \ G/H is compact. Kobayashi’s
conjecture states that for semisimple real Lie groups G and homogeneous spaces
G/H of reductive type, the existence of a compact Clifford-Klein form on G/H
implies the existence of a standard one. Note that the conjecture does not say that
all compact Clifford-Klein forms are standard. There are examples of non-standard
ones (see [7], [11]), obtained by a deformation of the latter. In fact all known
examples of standard Clifford-Klein forms can be obtained in the following way.
Assume that there exists a reductive Lie subgroup L ⊂ G such that G = L ·H and
L ∩H is compact. Under these assumptions we see that

• L acts transitively on G/H and therefore there is a diffeomorphism G/H �
L/(L ∩H).
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• Since L ∩ H is compact, any co-compact lattice Γ ⊂ L acts properly and
co-compactly on L/(L ∩H), and hence on G/H.

Notice that the Kobayashi conjecture indicates that compact Clifford-Klein forms
of non-compact semisimple homogeneous spaces G/H of reductive type are rare
and of a special nature. Our motivation is to eliminate the possibility of obtaining
Clifford-Klein forms from double quotients of connected subgroups that are solvable
and therefore to obtain further evidence for the conjecture. In this context, an
important starting point is a theorem of Benoist [1], which shows that nilpotent
groups cannot yield Clifford-Klein forms. In greater detail, the following holds.

Theorem 1.1 (Benoist). Assume that G/H is a non-compact homogeneous space
of a semisimple real Lie group. If a nilpotent subgroup N ⊂ G acts properly on
G/H, then N \G/H cannot be compact.

Our main result is the following.

Theorem 1.2. Let G/H be a homogeneous space such that G is a connected
semisimple linear Lie group of non-compact type and H is the semisimple part of the
Levi factor of some parabolic subgroup of G. If Γ\G/H is a compact Clifford-Klein
form, then Γ cannot be (virtually) solvable.

Throughout this work we denote by SL(n,R)/SL(m,R) the homogeneous space
determined by the standard embedding of SL(m,R) into SL(n,R) of the form
A → diag(A,En−m), where En−m is the identity matrix.

Corollary 1.3. The homogeneous space SL(n,R)/SL(m,R), n > m > 1, does not
admit virtually solvable compact Clifford-Klein forms.

Remark 1.4. Many more examples can be obtained, since in [24, Chapter 6], there
is a complete description of pairs of Lie algebras (g, h), where g is simple and h is
the Levi factor of some parabolic Lie subalgebra. Particular examples can also be
found in [2].

Notice that SL(n,R)/SL(m,R) is an important “test example” in the theory
of compact Clifford-Klein forms. The first results concerning co-compact lattices
of these spaces were due to Kobayashi [8, 12, 13]. Benoist proved in [1] that the
homogeneous space SL(2n + 1,R)/SL(2n,R), n > 1, does not admit compact
Clifford-Klein forms at all. The general case SL(n,R)/SL(m,R) is still open and
of significant interest (see [1], [17], [18], [20] for partial results).

2. Preliminaries

Throughout this article we use the basics of Lie theory without further explana-
tions closely following [24]. Also we denote the Lie algebras of Lie groups G,H, . . .
by the corresponding Gothic letters g, h, . . . , etc. As usual, the symbol gc denotes
the complexification of a real Lie algebra g; the centralizer of a Lie subalgebra a in
g is denoted by zg(a). We also use relations between real Lie groups and algebraic
groups following [19, 23, 29, 31, 34].

Let G be a real connected linear semisimple Lie group with the Lie algebra g

and H ⊂ G a closed connected subgroup with the Lie algebra h. The Lie algebra g

has a Cartan decomposition (and the corresponding Cartan involution)

g = k+ p
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where k is a maximal compact Lie subalgebra. Choose a maximal abelian subspace
a ⊂ p. Note that all such subalgebras are conjugate in g. There is a maximal
abelian subalgebra t ⊂ g (called the split Cartan subalgebra) of the form

t = tk + a,

where tk denotes a maximal abelian subalgebra of zk(a). Then tc is a Cartan sub-
algebra of the complexification gc and therefore determines the root system Σ of
gc. The (non-zero) restrictions of α ∈ Σ on a form a system of restricted roots Δ
(which is an “abstract” root system itself). In this article we will use only restricted
roots. Therefore, throughout this paper we will call them “real roots”. Recall that
the real root decomposition is given by the formula

g = tk + a+
∑

α∈Δ

gα,

where gα are the weight subspaces of the adjoint representation of a (gα need not
be one-dimensional). Note that we will use the basics of the theory of root systems
in the real case.

The Weyl group W of g is the finite group of orthogonal transformations of
a (with respect to the Killing form of g) generated by reflections in hyperplanes
Cα := {X ∈ a | α(X) = 0} for α ∈ Δ. The following is well known.

Proposition 2.1 ([24, Proposition 4.2, Chapter 4]). The group W coincides with
the group of transformations induced by automorphisms Ad(k) (k ∈ NK(a)) and
also with the group of transformations induced by automorphisms Ad(g) (g∈NG(a)).
Therefore

W ∼= NK(a)/ZK(a) ∼= NG(a)/ZK(a).

The Weyl chamber determined by a set of all positive roots with respect to some
fixed a is denoted by a+.

Definition 2.2. Let G be a connected real semisimple linear Lie group and H be
a closed subgroup with finitely many connected components. The homogeneous
space G/H is of reductive type if there exists a Cartan involution θ of g such that
θ(h) = h.

Notice that if G/H is of reductive type, then H is a reductive Lie group. Also,
we use a relation between Lie groups and linear algebraic R-groups (see [19]). If
G ⊂ GL(n,C) is an algebraic R-group, then G = GR = G ∩ GL(n,R) is a Lie
group with a finite number of connected components.

Let X be a Hausdorff topological space and Γ a topological group acting on X.
We say that an action Γ on X is proper if for any compact subset S ⊂ X the set

{γ ∈ Γ | γ(S) ∩ S �= ∅}

is compact. In particular, in this article we consider the proper actions of Γ ⊂ G
on X = G/H by left translations. It easily follows from the definition that if a
closed connected Lie subgroup L ⊂ G acts properly on G/H, then any orbit of L
is closed.

We will also need the following results on proper actions. For a connected Lie
group J define d(J) := dim J−dim KJ , where KJ is a maximal compact subgroup
of J.
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Theorem 2.3 ([15, Theorem 4.7] and [22, Theorem 3.4]). Let A ⊂ G and B ⊂ G
be closed connected subgroups of G. If A acts properly on G/B, then

A \G/B is compact if and only if d(G) = d(A) + d(B).

Let g = k+p be a Cartan decomposition and let Δ+ be a subset of positive roots
of the real root system Δ with respect to a fixed a ⊂ p. Set

n =
∑

α∈Δ+

gα.

One can easily see that n is a real nilpotent subalgebra of g. Also, a+n is a solvable
subalgebra of g. One obtains the Iwasawa decomposition

g = k+ a+ n,

where k is a maximal compact subalgebra of g. It follows from Definition 2.2 that if
G/H is of reductive type, then h admits a Cartan decomposition compatible with
that of g:

h = kh + ph, kh = k ∩ h, ph = h ∩ p.

In the same way, h admits a compatible Iwasawa decomposition

h = kh + ah + nh, nh = n ∩ h, ah = a ∩ h.

Now let G be a connected semisimple Lie group whose Lie algebra is g. There
exist a connected compact Lie subgroupK ⊂ G and simply connected Lie subgroups
A and N whose Lie algebras are a and n such that

G = K ·A ·N
is a topological decomposition into a direct product of subgroups. This decompo-
sition is the (global) Iwasawa decomposition of G. In the same manner, we obtain
the compatible global Iwasawa decomposition of H: H = Kh · Ah ·Nh (the mean-
ing of the symbols is clear). We need also one more decomposition, the Cartan
decomposition, G = K · A ·K.

Consider G as a semisimple group of R-points of an algebraic R-group G and
A as a subgroup of R-points of a maximal algebraic torus A. Then one can use
the root system Δ = Δ(A,G) of G with respect to A and define the global Weyl
chamber

A+ = {a ∈ A |χ(a) > 0, for anyχ ∈ Δ+}.
For more details we refer to [1]. Note that we use the same symbol to denote the
root systems for G and g. This easily yields the decomposition

G = K ·A+ ·K
(which is also called the Cartan decomposition). Thus, for any element g ∈ G there
is an element ag ∈ A+ such that g ∈ K ·ag ·K. This element is unique; hence there
is a well defined map μ : G → A+ given by the formula

μ(g) = ag,

called the Cartan projection. The function μ is continuous and proper (that is, the
preimage of a compact set is compact). Also, using the diffeomorphism log : A+ →
a+ one obtains a proper map μ : G → a+, where a+ ⊂ a is a closed Weyl chamber
in a. Note that we will denote both maps by the same letter, because we will use
it only as a map with a+ as a target.
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We will need the following characterization of a properness of an action of a
subgroup on a homogeneous space.

Theorem 2.4 ([1, Corollary 5.2] and [10, Theorem 1.1]). Let A,B ⊂ G be closed
connected subgroups of G and μ the Cartan projection in G. The subgroup A acts
properly on G/B if and only if

μ(A) ∩ (μ(B) + C)

is bounded for every compact subset C ⊂ a.

In this paper we are following an approach of Toshiyuki Kobayashi [15]. The
latter is based on the following observation.

Proposition 2.5 ([15, Lemma 2.3]). Let a real Lie group G act on a locally compact
Hausdorff space X and Γ be a uniform lattice in G. Then:

(1) The G-action on X is proper if and only if the Γ-action on X is proper.
(2) G \X is compact if and only if Γ \X is compact.

We will use the following lemma and theorem in the proof of the main result.

Lemma 2.6 ([14, Lemma 1.3]). Let G1, G2 be locally compact groups and L1, H1 ⊂
G1, L2, H2 ⊂ G2 be closed subgroups. Assume that f : G1 → G2 is a continuous
homomorphism such that f(L1) ⊂ L2, f(H1) ⊂ H2, f(L1) is closed in G2 and
L1 ∩Kerf is compact. Then if the action of L2 on G2/H2 is proper, the action of
L1 on G1/H1 is proper.

Theorem 2.7 ([33, Theorem 6.2]). Let M and N be connected subgroups of a
connected simply connected solvable Lie group S. If M\S/N is compact and every
orbit of M is closed, then S = MN .

Also, in the proof of the main result we will use the fact that non-compact
homogeneous spaces G/H of reductive type and of a maximal real rank cannot
admit proper actions of infinite discrete subgroups and hence cannot admit compact
Clifford-Klein forms. This fact is called the Calabi-Markus phenomenon.

Theorem 2.8 ([15, Corollary 4.4]). Let G/H be a homogeneous space of reductive
type. If rankR G = rankR H, then only finite groups can act properly on G/H. In
particular, such G/H cannot have compact Clifford-Klein forms.

In the proof of Theorem 1.2 we will need the Jacobson-Morozov theorem (see
[4, Theorem 9.2.1]). We say that a triple (H,X, Y ) of vectors in g is an sl2-triple if

[H,X] = 2X, [H,Y ] = −2Y, [X,Y ] = H.

Theorem 2.9 (Jacobson-Morozov). Let g be a real semisimple Lie algebra and X
a non-zero nilpotent element. Then there exists an sl2-triple (H,X, Y ) in g.

Since we consider real Lie algebras, we use the following definition of a parabolic
subgroup Q ⊂ G: it is parabolic if its Lie subalgebra q is parabolic. We say that
q ⊂ g is parabolic if the complexification qc is a parabolic Lie subalgebra in the
complexification gc of g. Note that although we define q in terms of Lie algebras
over C, it admits a complete description in terms of the real root system of g. We
will present the details in Section 3. Also, we refer to [24, Chapter 6, Section 1.5]
and [26].
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3. Proof of Theorem 1.2

3.1. Zariski closures and syndetic hulls. An important notion which we use in
the proof of Theorem 1.2 is the notion of a syndetic hull [30].

Definition 3.1. A syndetic hull of a subgroup Γ of a Lie group G is a subgroup B
of G such that B is connected, B contains Γ and Γ \B is compact.

One of the important tools used in the proof of Theorem 1.2 is the following.

Lemma 3.2. Assume that G/H is a homogeneous space of reductive type. If a
discrete solvable subgroup Γ ⊂ G acts properly and co-compactly on G/H, then
there exists a finite index subgroup Γ′ which admits a syndetic hull B. The subgroup
B is a connected solvable Lie subgroup admitting a uniform lattice Γ′. The syndetic
hull B acts properly and co-compactly on G/H.

Proof. The proof of Lemma 3.2 follows from the theorem.

Theorem 3.3 ([5, Section 1.6]). Let V be a finite-dimensional real vector space
and Λ a virtually solvable subgroup of GL(V ). Then there exists at least one closed
virtually solvable subgroup S ⊂ GL(V ) containing Λ such that:

(1) S has finitely many components and each component meets Λ;
(2) (syndeticity) there exists a compact set K ⊂ S such that S = K · Λ;
(3) S and Λ have the same Zariski closure in GL(V ).

We continue the proof of Lemma 3.2 as follows. Assume that we are given a
homogeneous space of a reductive type G/H and that G is connected and linear,
thus G ⊂ GL(V ). Assume that Γ is a solvable discrete subgroup of G acting
properly and co-compactly on G/H. Consider the Zariski closure L = Γ̄. Apply
Theorem 3.3 to Γ (instead of Λ). We obtain that there exists a subgroup B ⊂
GL(V ) such that B ⊃ Γ and Γ̄ = B̄ = L (that is, we have B instead of S in
Theorem 3.3). Since L is the Zariski closure of Γ, it is also solvable. Therefore,
since B̄ = L, we obtain a (virtually) solvable subgroup B such that Γ\B is compact.
Consider the connected component B0. Note that B has only a finite number of
connected components; hence B0 is a connected Lie subgroup in G. Clearly, B0

must be solvable. Since the Lie subgroup B contains a uniform lattice Γ, so does B0

(containing, say, Γ′). Note that the last claim of the lemma follows from Proposition
2.5. �

3.2. Factorizations of Lie groups and Lie algebras. Following Onishchik [28]
we introduce the notion of the factorizations of Lie groups and Lie algebras.

Definition 3.4. We say that a triple (G,H,L) of Lie groups is a factorization if
H and L are Lie subgroups of G and G = H · L. In the same way, a triple of
Lie algebras (g, h, l) is called a factorization if h and l are Lie subalgebras of g and
g = h+ l.

We will need the following straightforward result.

Proposition 3.5 ([28, Corollary on p. 88]). If a triple of Lie groups is a factor-
ization, so is the triple of their Lie algebras.
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3.3. Inclusion B ⊂ TUCN (T ). Use the notation from the previous subsection.
In this subsection we don’t use the fact that B is a syndetic hull of Γ. Instead of
that, we consider the following. Assume that we are given a reductive homogeneous
space G/H and a closed connected solvable subgroup B ⊂ AN acting properly and
co-compactly on G/H. Let T = A ∩ (BN), U = B ∩ N and denote by CN (T )
the centralizer of T in N . Consider the connected components of the Zariski clo-
sures of B, U , T and denote it respectively by Ū , T̄ . Denote the Lie algebras of
B, B̄, Ū , U, T̄ , T, CN (T̄ ), CN (T ) by

b, b̄, ū, u, t̄, t, c, ct,

respectively. Following [21], we say that B is compatible with A if B ⊂ TUCN (T ).

Lemma 3.6 ([21, Lemma 2.3]). If B is a closed connected subgroup of AN , then
it is conjugate, via an element of N , to a subgroup which is compatible with A.

Thus, in our considerations we will always assume that

B ⊂ TUCN (T ).

Lemma 3.6 implies also the following.

Lemma 3.7. The following holds:

u+ c = ū, t ⊂ t̄, [t, u] ⊂ u, t̄ ⊂ a, ū ⊂ n.

Proof. The proof of this lemma is contained in the proof of Lemma 3.6 ([21, Lemma
2.3]). Therefore, we reproduce it for the convenience of the reader. Write B̄ = T̄�Ū .
Note that Ū is a subgroup of N and T̄ is conjugate, via an element of N , to a
subgroup of A. Here we use the well known fact ([3, Theorem 10.6 (4)]) that a real
connected solvable algebraic group B̄ is a semidirect product

B̄ = T̄ � Ū

of a torus and a unipotent subgroup Ū . We may assume that T̄ ⊂ A (taking a
conjugate, if necessary). It is proved in [32] that [B̄, B̄] ⊂ B ∩ N , which implies
AdG T̄ (ū) ⊂ u. Also, T̄ ⊂ A. Clearly, the subalgebra ū is AdG(T̄ )-invariant and the
adjoint action of T̄ on ū is completely reducible. It follows that there is a subspace
c ⊂ ū such that

AdG(T̄ )(c) = 0 and u+ c = ū.

Therefore, UCN (T̄ ) = Ū , so B̄ = T̄UCN (T̄ ). Let π : AN → A be the projection
with the kernel N and let T = π(B). We get

T = π(B) ⊂ π(B̄) = T̄ ⇒ CN (T ) ⊃ CN (T̄ ).

For any b ∈ B, there exist t ∈ T̄ , u ∈ U and c ∈ CN (T̄ ) such that b = tuc. But
uc ∈ N , hence t = π(b) ∈ T , and because CN (T ) ⊃ CN (T̄ ) we obtain c ∈ CN (T ).
Therefore, b ∈ TUCN (T ). Finally, [̄t, ū] ⊂ ū. Now, one can easily see from the
above considerations that also [t, u] ⊂ u, and the inclusions t̄ ⊂ a and ū ⊂ n also
have been derived (on the Lie group level): the first one is clear, the second follows
from Ū = UCN (T̄ ). The proof of both Lemma 3.6 and Lemma 3.7 is complete. �
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3.4. Non-unimodularity of B. To prove that B cannot be unimodular we need
two lemmas.

Lemma 3.8. Under the assumptions of Subsection 3.3, the group B acts properly
and co-compactly on AN/AhNh.

Proof. Consider the inclusion f : AN ↪→ G and put L1 = AhNh, L2 = AN,H1 =
AhNh, H2 = H. Apply Lemma 2.6. This shows that B acts properly on AN/AhNh.
Also, B acts co-compactly on AN/AhNh. The latter easily follows from Theorem
2.3. Indeed, d(B)+ d(H) = d(G), since B acts co-compactly on G/H. But d(H) =
d(AhNh) and d(AN) = d(G). Hence d(B) + d(AhNh) = d(AN) and Theorem 2.3
applies. �

Lemma 3.9. Under the assumptions of Subsection 3.3, u ∩ nh = {0}.

Proof. The lemma follows, since U ⊂ B and B acts properly on G/H. In greater
detail, if nh ∩ u is not trivial, it contains RX for some non-zero X ∈ n. It follows
from the Jacobson-Morozov Theorem (Theorem 2.9) that there exists an sl2-triple

that contains X. Since the Cartan projection of Ñ equals the Cartan projection
of Ã for any semisimple, connected Lie group S with the Iwasawa decomposition
S = K̃ÃÑ (see Theorem 5.1 in [16]), we see that μ(H) ∩ μ(B) is not bounded, a
contradiction (Theorem 2.4). �

Theorem 3.10. Let B ⊂ AN be a compatible subgroup acting properly and co-
compactly on a homogeneous space G/H of reductive type such that H is the
semisimple part of the Levi factor of some parabolic subgroup of G. Assume that
rankRG > rankR H. Then B cannot be unimodular.

Remark 3.11. The theorem remains true under the assumption rankR G = rankR H.
Indeed, by Theorem 2.8 only finite groups can act properly on G/H; hence B cannot
act co-compactly.

Proof. It follows from Lemma 3.8 that every orbit of the action of B is closed.
Applying Theorem 2.7 we obtain the decomposition

AN = B(AhNh) = B̄AhNh. (1)

Applying Proposition 3.5 and the equality b̄ = t̄+ ū we get

a+ n = (̄t+ ū) + (ah + nh).

Since t̄ ⊂ a and ū ⊂ n (by Lemma 3.7), one obtains

n = nh + ū. (2)

By definition, U ⊂ B. Therefore, it is easy to see that one can write

B ⊂ U [B ∩ TCN (T )].

Clearly, the latter inclusion implies that

b ⊂ u+ t+ ct. (3)

Therefore (1) and (3) imply that

(a+ n) = b+ (ah + nh) = (t+ u+ ct) + (ah + nh),

and since ct ⊂ n we have

t+ ah = a. (4)
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Consider the decomposition

(a+ n) = a+
∑

α∈Δ+

gα.

Since h is a semisimple part in some parabolic subalgebra of g it follows that h

admits a compatible Iwasawa decomposition h = kh + ah + nh and

(ah + nh) = ah +
∑

α∈Δ+
h

gα

for a subset of positive roots Δ+
h of the root system Δh of h. By [24] (see Section

1.5, Chapter 6) the following hold:

• Δh ⊂ Δ,
• there exists xh ∈ a so that

Δh = {α ∈ Δ | α(xh) = 0},
• nh is given by

∑
α∈Δ+

h
gα.

Define Δ+
x ⊂ Δ by Δ+

x := {α ∈ Δ | α(xh) > 0} and put

nx :=
∑

α∈Δ+
x

gα.

Therefore (since Δ+
x ∪Δ+

h = Δ+) we have a direct decomposition

n = nh + nx. (5)

Since nh is given by some subset of root spaces of g, it follows that

[t, nh] ⊂ nh.

Thus for any Y ∈ t the decomposition (5) is adY -invariant. Now we will get
one more adY -invariant decomposition. By (2) and the decomposition ū = u + c

combined with the obvious inclusion c ⊂ ct we obtain

n = nh + u+ ct. (6)

The decomposition (6) is adY -invariant, although not direct. We understand adY -
invariance in the sense that subspaces nh and u+ct are adY -invariant, which follows
from [t, u] ⊂ u (Lemma 3.7), the assumptions on h and [t, ct] = 0.

Let m = (nh + u) ∩ ct. It is straightforward to see that this subspace is adY -
invariant. Writing an adY -invariant direct decomposition ct = m+m′ one obtains,
using Lemma 3.9, one more adY -invariant direct decomposition

n = nh + u+m
′. (7)

Finally (5) and (7) together yield, for any Y ∈ t, two direct decompositions of n
into invariant subspaces of the endomorphism adY : n → n, namely:

n = nh + nx and n = nh + u+m
′. (8)

We will use (8) as follows. Notice that for any Y ∈ t one has adY (b) ⊂ b. Indeed,

adY (t+ u+ ct) ⊂ u ⊂ b.

From this and (8), as well as the fact that the trace does not depend on the basis,
we obtain

Tr((adY )|b) = Tr((adY )|u) = Tr((adY )|nx
). (9)
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Recall that we assume that b must be unimodular. But it is impossible since the
following holds.

Lemma 3.12. There exists Z = Y +X ∈ b such that:

• Y ∈ t, X ∈ ct ⊂ n,
• Tr((adY )|nx

) �= 0.

Since adX is nilpotent, the lemma yields

Tr((adZ)|b) = Tr((adY )|b) = Tr((adY )|nx
) �= 0.

Therefore, for such Z ∈ b, Tr(adZ |b) �= 0. This shows that b cannot be unimodular
and we arrive at a contradiction. It remains to prove Lemma 3.12.

Proof of Lemma 3.12. The proof consists of four steps.

Step 1. Recall that we denote by W the Weyl group of g. For Y ∈ a, w ∈ W
and α ∈ Δ we have α(Y ) = (wα)(wY ). Indeed, since W acts on a by orthogonal
transformations (with respect to the Killing form K of g) we obtain

α(Y ) = K(Hα, Y ) = K(wHα, wY ) = K(Hwα, wY ) = wα(wY ),

where Hα ∈ a denotes the root vector of α.

Step 2. Let Wh be the Weyl group of h. Notice that Wh is a subgroup of the Weyl
group W (since Δh ⊂ Δ) and for any w ∈ Wh, we have

w(Δ+
x ) = Δ+

x .

To see this, notice first that for any α ∈ Δh,

α(xh) = 0 ⇔ sα(xh) = xh,

where sα ∈ Wh denotes the reflection induced by α. Now it follows from Step 1
that

0 < α(xh) = wα(wxh) = wα(xh).

Therefore α ∈ Δ+
x if and only if wα ∈ Δ+

x .

Step 3. Take ξ :=
∑

α∈Δ+
x
aαα, where aα = dim(gα). Take w ∈ W . By Proposition

2.1, W is isomorphic to NK(a)/ZK(a), and thus there exists k ∈ K such that
w = Ad(k)|a, since
X ∈ gα ⇔ ∀H∈a [H,X] = α(H)X ⇔ ∀H∈a Ad(k)([H,X]) = Ad(k)(α(H)X)

⇔ ∀H∈a [wH,Ad(k)(X)] = α(H) Ad(k)(X) ⇔ (∗∗).
It follows from Step 1 that

(∗∗) ⇔ ∀H∈a [wH,Ad(k)(X)] = wα(wH) Ad(k)(X)

⇔ ∀H∈a [H,Ad(k)(X)] = wα(H) Ad(k)(X) ⇔ Ad(k)(X) ∈ gwα.

Therefore

dim(gα) = dim(Ad(k)(gα)) = dim(gwα).

This implies that for w ∈ Wh we have wξ = ξ, since w(Δ+
x ) = Δ+

x . Therefore ξ∗

(that is, the vector dual to ξ with respect to the Killing form of g) is perpendicular
to ah, because ah is spanned by {α∗ | α ∈ Δh}.
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Step 4. Note that a = t+ah and ah �= a (this is the assumption rankR G > rankR H;
compare the Calabi-Markus phenomenon, that is, Theorem 2.8). It follows from
Step 3 that there exists Y ∈ t that is not perpendicular to ξ. Moreover

Tr(adY |nx
) = ξ∗(Y )

is obviously non-zero. �

Finally, it remains to prove that having Y ∈ t with the property Tr(adY |nx
) �= 0

there exists Z = Y + X ∈ b with nilpotent X. Note that AN is a semidirect
product of A and N ; therefore, the projection π : AN → A onto the first factor is
a homomorphism. Note that π(B) = T (see the proof of Lemma 3.7). It follows
that dπ : a + n → a is a projection as well. Hence, Y = dπ(Y +X), where X ∈ n,
as required. The proof of Theorem 3.10 is complete. �

3.5. The property B ⊂ AN and completion of proof. Note that in the pre-
vious subsections we assumed that B was an arbitrary subgroup of AN acting
properly on G/H. Now, we assume that B is a syndetic hull of a solvable discrete
subgroup Γ of G acting properly on G/H. First, we will show that under this
assumption B may be considered as a subgroup of AN . To do this, we need some
preparations. Let G be a real semisimple and connected Lie group with an Iwasawa
decomposition G = KAN . Recall that an element g ∈ G is called

• hyperbolic if g is conjugate to an element in A,
• unipotent if g is conjugate to an element in N ,
• elliptic if g is conjugate to an element in K.

In what follows we will use the following facts from [6] (see Subsections 10.2-10.9
in this paper).

Lemma 3.13 ([6]). Each g ∈ G has a unique decomposition

g = auc

where a is hyperbolic, u is unipotent and c is elliptic. Moreover:

• a, u and c commute,
• a, u, c ∈ 〈g〉, where 〈g〉 denotes the Zariski closure of 〈g〉.

The decomposition g = auc is called the real Jordan decomposition. In our
context, a real algebraic group T is a torus if T is abelian and Zariski connected
and every element of T is semisimple. A torus T is R-split if every element of T is
diagonalizable.

Lemma 3.14 ([33]). Let T be a torus. If Tsplit is the maximal R-split subtorus of
T and Tcpt is the maximal compact subtorus of T , then

T = Tsplit · Tcpt

and Tsplit ∩ Tcpt is finite.

We will also need the following well known fact (see [34]).

Proposition 3.15. Let Γ be a (co-compact) lattice in a locally compact topological
group L and L1 be a normal subgroup. Let π : L → L/L1 be the natural projection
onto the quotient group. Then Γ ∩ L1 is a (co-compact) lattice in L1 if and only if
π(Γ) ⊂ L/L1 is a (co-compact lattice) in L/L1.
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Now we complete the proof of Theorem 1.2. Thus, from this point, we assume
that Γ is a solvable discrete subgroup of G with a syndetic hull B whose existence
is guaranteed by Lemma 3.2. Note again that L := Γ̄ = B̄ is real algebraic and
hence it is a semidirect product

L = T̄ � Ū

of a torus and a unipotent subgroup Ū . By Lemma 3.14, T̄ = Tsplit · Tcpt. Clearly,
L1 = Tsplit � U is normal in L and L/L1 is compact. Also, by Theorem 3.3 B is
closed. It follows that B ∩L1 is normal in B and B/B ∩L1 is a closed subgroup in
the (Lie) group L/L1. Therefore B/B ∩ L1 is compact. Referring to Proposition
3.15 we conclude that Γ∩(B∩L1) is a lattice. Also, since B∩L1 = B′ is co-compact
in B, B′ acts properly and co-compactly on G/H and therefore so does Γ′ = B′∩Γ.
It follows that without loss of generality we may assume the following:

L = Tsplit � Ū .

In the latter case we have l = ua for each element l ∈ L and u, a ∈ L (by Lemma
3.13, since L is Zariski closed). Then, Tsplit is contained in some maximal split torus

T̂ of G, that is, in some subgroup conjugate to A. Replacing L by a conjugate, we
may assume that Tsplit ⊂ A. In other words we know that L∩A is a maximal split
torus in L. Using this we can prove that

L = Tsplit(L ∩N) (∗)
(that is, Ū = L ∩ N) by simply repeating the proof of Lemma 10.4 by Iozzi and
Witte Morris in [6]. For the convenience of the reader we repeat their argument.
Given l ∈ L we have l = au and a belongs to a split torus. It is known (from
the general theory of solvable algebraic groups) that all maximal split tori of L are
conjugate via an element of L∩N , so there is some x ∈ L∩N such that x−1ax ∈ A.
Then 〈Tsplit, x

−1ax〉, being a subgroup of A, is a split torus. Thus, the maximality
of Tsplit implies that x−1ax ∈ Tsplit. Then, for t = x−1ax one obtains

l = au = xtx−1u = t(t−1xt)x−1u ∈ Tsplit(L ∩N).

We conclude that L = Tsplit(L ∩ N), as required. It follows that B ⊂ L ⊂ AN .
Now we complete the proof applying Theorem 3.10.
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