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COMPRESSING THE LOCAL SPECTRUM AT FIXED VECTORS
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(Communicated by Thomas Schlumprecht)

Abstract. Let X and Y be complex Banach spaces and denote by L(X) and
L(Y ) the algebras of all bounded linear operators on X, respectively Y . Let
also x0 ∈ X and y0 ∈ Y be nonzero vectors. We prove that if ϕ : L(X) → L(Y )
is a linear surjective map such that for each T ∈ L(X) we have that the local
spectrum of ϕ(T ) at y0 is a subset of the local spectrum of T at x0, then
ϕ is automatically continuous. We also give a new proof for the automatic
continuity of linear surjective maps decreasing the local spectral radius at some
fixed nonzero vector. As a corollary, we obtain that the characterizations of
J. Bračič and V. Müller for linear surjective maps on L(X) preserving the local
spectrum/local spectral radius at some fixed vector can be obtained with no
continuity assumptions on them.

1. Introduction and background from local spectral theory

Let X be a complex Banach space and denote by L (X) the Banach algebra of
all bounded linear operators on X. We denote by X ′ the dual of X, by IX the
identity operator on X and respectively by IX′ the identity on X ′. For T ∈ L (X),
by T ∗ ∈ L (X ′) we shall denote its adjoint operator. Also, for x ∈ X and f ∈ X ′

we denote by x⊗ f ∈ L (X) the rank one operator sending y ∈ X into f (y) x ∈ X.
Fix now a nonzero vector x0 ∈ X. For T ∈ L (X), we shall denote by σ (T ) ,

σp (T ) and r (T ) respectively the classical spectrum, the point spectrum and the
spectral radius of T . Also, we shall denote by σT (x0) the local spectrum of T at
x0 and by rT (x0) its local spectral radius at the same vector.

Let us recall that σT (x0) = C\ρT (x0), where ρT (x0) is the local resolvent
set of T at x0, that is, the union of all open subsets U ⊆ C for which there
exists u : U → X analytic such that (T − μIX)u (μ) = x0 for all μ ∈ U . We
have that σT (x0) ⊆ σ (T ), but unlike the classical spectrum, the local spectrum
might be empty! If T has the so-called single-valued extension property (SVEP, for
short), then σT (x0) is nonempty. (An operator T ∈ L (X) is said to have SVEP
if given any open subset U ⊆ C, the only analytic function u : U → X satisfying
(T − μIX) u (μ) = 0 for every μ ∈ U is the trivial one, namely u identically zero.)
Any T ∈ L (X) for which σp (T ) has no interior points has SVEP, but there are
examples of operators which do not have this property (see, e.g., [1, pg. 71]).

Let us also recall that rT (x0) = lim supn→∞ ‖Tn(x0)‖1/n. Then the X-valued
series u (μ) := −

∑∞
n=1 μ

−nTn−1 (x0) converges locally uniformly for |μ| > rT (x0),
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so it defines an analytic function on this set. Clearly, we have (T − μIX)u (μ) = x0

for all |μ| > rT (x0), and therefore |μ| > rT (x0) implies μ ∈ ρT (x0). Thus, the
elements λ ∈ σT (x0) (if any) all satisfy the inequality |λ| ≤ rT (x0) . Therefore

ΓT (x0) := max{|λ| : λ ∈ σT (x0)} ≤ rT (x0) .

(If σT (x0) = ∅, by convention we have ΓT (x0) = −∞.) Unlike the corresponding
property for the classical spectrum, in the general case we do not have equality: the
two quantities ΓT (x0) and rT (x0) are equal for example when T has SVEP (see,
e.g., [10, Prop. 3.3.13]).

We shall finish the preliminaries on local spectral theory with the following simple
but very useful observation. We have

x0 /∈ (T − λIX) (X) ⇒ λ ∈ σT (x0) ,

and therefore

(1.1) x0 /∈ (T − λIX) (X) ⇒ |λ| ≤ ΓT (x0) .

For more background information on general local spectral theory, we refer the
reader to the excellent monographs [1] and [10].

2. The main result

The main result of this paper concerns an automatic continuity property for
a linear local spectra preserver problem. The study of such preserver problems
attracted the attention of many authors over the last years. The first ones to
consider them were A. Bourhim and T. Ransford in [5]: they characterized additive
maps on L (X) which preserve the local spectrum of each T ∈ L (X) at each vector
x ∈ X. In [9], M. González and M. Mbekhta characterized linear maps on the
space of matrices Mn that preserve the local spectrum at a nonzero fixed vector
x0 ∈ Cn, while A. Bourhim and V. Miller characterized in [4] linear maps on Mn

that preserve the local spectral radius at x0. Both results were extended in [6]
by J. Bračič and V. Müller to infinite dimensional Banach spaces, by imposing a
continuity assumption on the preserving map.

Theorem 2.1 ([6, Theorems 3.3 and 3.4]). Let ϕ : L (X) → L (X) be a continuous
surjective linear map.

i) If

(2.1) σϕ(T ) (x0) = σT (x0) (T ∈ L(X)),

there exists an invertible A ∈ L (X) such that Ax0 = x0 and

ϕ (T ) = ATA−1 (T ∈ L(X)).

ii) If

(2.2) rϕ(T ) (x0) = rT (x0) (T ∈ L(X)),

there exists an invertible A ∈ L (X) and a unimodular complex constant c such that
Ax0 = x0 and

ϕ (T ) = cATA−1 (T ∈ L(X)).

(For further results on linear and nonlinear local spectra preserver problems, see
for instance the last section of the survey article [3] and the references therein.)

The proof of Theorem 2.1 is based on a density result given by [6, Theorem
3.5]: the set of all operators T ∈ L(X) such that the surjectivity spectrum of T
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coincides with σT (x0) is residual in L(X), and in particular dense in L(X). As a
corollary, we obtain that the set of all T ∈ L(X) such that rT (x0) = r (T ) is also
residual [6, Corollary 2.6]. Then using the continuity hypothesis of Theorem 2.1
one can check then that if either (2.1) or (2.2) holds, then r (ϕ (T )) = r (T ) for all
T ∈ L(X). The surjective spectral isometries of L(X) are of a standard form [7],
and this was used in order to finish the proof of Theorem 2.1.

It is well known that every surjective spectral isometry on L(X) is continuous:
this is a particular case of a more general automatic continuity result for surjective
linear maps on semisimple Banach algebras which decrease the spectral radius [2,
Theorem 5.5.2]. As we mentioned, Bračič and Müller used exactly the continuity in
order to prove that a surjection preserving the local spectrum/local spectral radius
is a spectral isometry, so the following question is a very natural one [6, Problem
3.5]: is it possible to omit the assumption of continuity on ϕ in the statement of
Theorem 2.1? It is proved in [8, Theorem 1.2] that any surjective linear map on
L(X) decreasing the local spectral radius at x0 is continuous, and therefore giving
a positive answer to half of [6, Problem 3.5]. When working with the classical
spectrum/spectral radius instead of the local spectrum/local spectral radius, if one
is able to obtain a result which is stated in terms of the spectral radius, then the
result holds for the spectrum, too. If one can show that the converse holds, then the
proof is usually much more complicated. This is due to the fact that the spectral
radius of an operator T ∈ L(X) is given by the peripherical spectrum of T , which
is a nonempty subset of σ (T ), and usually much smaller than σ (T ). In the case of
the local spectral theory, the local spectrum might be empty while the local spectral
radius is strictly positive, and this is the reason why a positive answer to the other
half of [6, Problem 3.5] cannot be obtained directly from [8, Theorem 1.2].

The purpose of this paper is to prove that, as in the case of surjective linear
maps decreasing the local spectral radius at a fixed nonzero vector, surjective linear
maps compressing the local spectrum at a fixed nonzero vector are automatically
continuous. We also give a new and completely different proof of [8, Theorem 1.2].
Both results are a particular case of the following theorem, which is the main result
of this paper. With no extra effort, the result may be stated and proved for maps
acting on different Banach spaces.

Theorem 2.2. Suppose that X and Y are complex Banach spaces and let y0 be a
nonzero vector in Y . Let ϕ : L (X) → L (Y ) be a linear surjective map such that

(2.3) Γϕ(T ) (y0) ≤ r(T ) (T ∈ L(X)).

Then ϕ is continuous.

Of course, if x0 ∈ X and y0 ∈ Y are nonzero vectors and ϕ : L (X) → L (Y ) is a
linear surjective map such that

(2.4) rϕ(T ) (y0) ≤ rT (x0) (T ∈ L(X)),

since (2.4) implies (2.3) we obtain that ϕ is automatically continuous. Thus, we
obtain a slight generalization of [8, Theorem 1.2], with a completely different proof.
The main result in [8] was obtained via subharmonicity arguments, but we were
not able to use the same type of idea in order to obtain Theorem 2.2 since we were
not capable of building useful subharmonic functions defined in terms of the local
spectrum at some fixed nonzero vector.
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If we suppose that (2.5) holds instead of (2.4), then once again (2.3) is true and
Theorem 2.2 gives the following completely new result.

Corollary 2.3. Suppose that x0 ∈ X and y0 ∈ Y are nonzero vectors, and let
ϕ : L (X) → L (Y ) be a linear surjective map such that

(2.5) σϕ(T ) (y0) ⊆ σT (x0) (T ∈ L(X)).

Then ϕ is continuous.

Thus, the statement of Theorem 2.1 holds even if we eliminate the continuity
assumption on the linear map ϕ.

3. Proof of the main result

The main idea is to prove that under the hypothesis of Theorem 2.2 we have
that ϕ is a spectral radius decreasing map, and then to use [2, Theorem 5.5.2]. We
shall need the following auxiliary result.

Lemma 3.1. Let ϕ : L (X) → L (Y ) be a linear surjective map such that

(3.1) sup{|λ| : λ ∈ σp(ϕ(T )
∗)} ≤ r (T ) (T ∈ L(X)).

(If the point spectrum of ϕ(T )∗ is empty, the supremum in (3.1) is by convention
zero.) Then

(3.2) r (ϕ (T )) ≤ r (T ) (T ∈ L(X)).

Proof. Consider an arbitrary T ∈ L(X), and let λ0 ∈ σ (ϕ(T )∗) such that |λ0| =
r(ϕ(T )∗). Then |λ0| = r(ϕ(T )), and let us prove that |λ0| ≤ r (T ).

Consider (λn)n≥1 ⊆ C such that |λn| > |λ0| for n ≥ 1 and λn → λ0. Then

(λnIY ′ − ϕ(T )∗)n ⊆ L (Y ′) is a sequence of invertible operators converging to a
noninvertible one, namely λ0IY ′ −ϕ(T )∗ ∈ L (Y ′). By [2, Theorem 3.2.11] we have

that || (λnIY ′ − ϕ(T )∗)
−1 || → +∞. That is,∥∥((λnIY − ϕ(T ))

∗
)−1

∥∥ → +∞.

Since (((λnIY − ϕ(T ))
∗
)−1)n ⊆ L (Y ′) is unbounded, we use the Uniform Bound-

edness Principle to find f ∈ Y ′ such that (((λnIY − ϕ(T ))
∗
)−1(f))n ⊆ Y ′ is un-

bounded. Using once more the Uniform Boundedness Principle, we find y ∈ Y
such that ((((λnIY − ϕ(T ))∗)−1(f))(y))n ⊆ C is unbounded. By passing to a sub-
sequence, without loss of generality we may therefore suppose that, by denoting

αn = (((λnIY − ϕ(T ))∗)−1(f))(y) ∈ C (n ≥ 1),

we have that (αn)n ⊆ C\{0} and |αn| → +∞.
Since ϕ is surjective, we find R ∈ L (X) such that ϕ (R) = y ⊗ f ∈ L(Y ). Then

ϕ (R)∗ = f⊗KY (y), where KY : Y → Y
′′
is the canonical injection into the bidual.

Denoting fn = ((λnIY − ϕ(T ))∗)−1(f) ∈ Y ′ for each n ≥ 1, we have

(λnIY ′ − (ϕ (T ) + ϕ (R) /αn)
∗)(fn)

= ((λnIY − ϕ(T ))∗ − ϕ (R)∗ /αn))(((λnIY − ϕ(T ))∗)−1(f))

= f − (f ⊗KY (y))(((λnIY − ϕ(T ))∗)−1(f))/αn

= f − f · ((((λnIY − ϕ(T ))∗)−1(f))(y))/αn

= 0.



AUTOMATIC CONTINUITY 2085

Since fn ∈ Y ′ is nonzero, this gives

λn ∈ σp((ϕ (T ) + ϕ (R) /αn)
∗) = σp((ϕ (T +R/αn))

∗).

Using (3.1), we then have

|λn| ≤ r (T +R/αn) (n ≥ 1).

This gives

lim sup
n→∞

|λn| ≤ lim sup
n→∞

r (T +R/αn) ,

that is,

|λ0| ≤ r (T ) ,

since the facts that the spectral radius is upper semicontinuous [2, Theorem 3.4.2]
and |αn| → +∞ give lim supn→∞ r (T +R/αn) ≤ r (T ) . �

We prove now that under the hypothesis of Theorem 2.2, we may apply Lemma
3.1 to the map ϕ.

Theorem 3.2. Let ϕ : L (X) → L (Y ) be a map as in the statement of Theorem
2.2. Then (3.1) holds.

Proof. We shall use some of the ideas from the proof of [6, Lemma 2.2].
Consider an arbitrary λ ∈ σp(ϕ(T )

∗). There exists then f ∈ Y ′ nonzero such
that (ϕ(T )∗)(f) = λf , and therefore

(ϕ (T )− λIY ) (Y ) ⊆ ker f.

If f (y0) �= 0, then y0 /∈ (ϕ (T )− λIY ) (Y ). Using (1.1) we have |λ| ≤ Γϕ(T ) (y0) ,
and (2.3) gives

|λ| ≤ r (T ) .

Suppose now that f (y0) = 0. Thus y0 ∈ ker f , and let Z ⊆ ker f be a closed
subspace such that ker f = Z ⊕ (Cy0). Fix ỹ ∈ Y such that f(ỹ) �= 0, and consider
g ∈ Y ′ such that g = 0 on Z, but g (y0) �= 0 and g(ỹ) �= 0. For |μ| < 1/(‖ỹ‖ ‖g‖),
consider

Aμ := IY − μ(ỹ ⊗ g) ∈ L (Y ) .

Since for all such μ we have ‖μ(ỹ ⊗ g)‖ = |μ| ‖ỹ‖ ‖g‖ < 1, then Aμ ∈ L (Y ) is
invertible, with

A−1
μ =

∞∑
j=0

(μ(ỹ ⊗ g))j .

Define the complex-valued analytic function

h (μ) =
∞∑
j=0

μj+1g(ỹ)j (|μ| < 1/(‖ỹ‖ ‖g‖)).

Then one can easily check that

A−1
μ = IY + h (μ) (ỹ ⊗ g) (|μ| < 1/(‖ỹ‖ ‖g‖)).

Putting Wμ = Aμϕ (T )A−1
μ ∈ L (Y ), then for all |μ| < 1/(‖ỹ‖ ‖g‖) we have

Wμ = (IY − μ(ỹ ⊗ g))ϕ (T ) (IY + h (μ) (ỹ ⊗ g))

= ϕ (T )− μ(ỹ ⊗ g)ϕ (T ) + h(μ)ϕ (T ) (ỹ ⊗ g)

−μh(μ)(ỹ ⊗ g)ϕ (T ) (ỹ ⊗ g).
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Also,

(Wμ − λIY )(Y ) = Aμ(ϕ (T )− λIY )A
−1
μ (Y ) = Aμ(ϕ (T )− λIY )(Y )

= Aμ((ϕ (T )− λIY )(Y )) ⊆ Aμ (ker f)

= Aμ(Z ⊕ (Cy0)).

Suppose, for a contradiction, that for some 0 < |μ| < 1/(‖ỹ‖ ‖g‖) we have that

y0 ∈ (Wμ − λIY )(Y ). Then y0 ∈ Aμ(Z ⊕ (Cy0)). Since g = 0 on Z, then Aμ is the
identity on Z, and therefore y0 = y + αAμ (y0) for some y ∈ Z and α ∈ C. Thus
y0 = y + α(y0 − μg (y0) ỹ), which gives

αμg (y0) ỹ = (α− 1)y0 + y ∈ ker f.

Since μ and g (y0) are nonzero and ỹ /∈ ker f , we then have α = 0. This gives
y0 = y ∈ Z, arriving at the desired contradiction.

Therefore, y0 /∈ (Wμ − λIY )(Y ) for 0 < |μ| < 1/(‖ỹ‖ ‖g‖), and in particular
y0 /∈ (Wμ − λIY )(Y ) for all such μ. Then (1.1) gives

|λ| ≤ ΓWμ
(y0) (0 < |μ| < 1/(‖ỹ‖ ‖g‖)).

Now since ϕ is surjective, we find A,B,C ∈ L (X) such that ϕ (A) = (ỹ ⊗ g)ϕ (T ),
ϕ (B) = ϕ (T ) (ỹ ⊗ g) and ϕ (C) = (ỹ ⊗ g)ϕ (T ) (ỹ ⊗ g). For 0 < |μ| < 1/(‖ỹ‖ ‖g‖),
since (2.3) holds for T − μA+ h(μ)B − μh(μ)C ∈ L (X) we have

ΓWμ
(y0) = Γϕ(T−μA+h(μ)B−μh(μ)C) (y0)

≤ r (T − μA+ h(μ)B − μh(μ)C) .

Therefore

|λ| ≤ r (T − μA+ h(μ)B − μh(μ)C) (0 < |μ| < 1/(‖ỹ‖ ‖g‖)).
Since h (0) = 0, taking the limsup with μ → 0 in the last inequality and using the
fact that the spectral radius is upper semicontinuous we obtain that |λ| ≤ r (T ). �

Using now Theorem 3.2 and Lemma 3.1, by [2, Theorem 5.5.2] we obtain that the
statement of Theorem 2.2 holds. Then Corollary 2.3 follows directly from Theorem
2.2.
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