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DIFFERENTIATION OF BESOV SPACES

AND THE NIKODYM MAXIMAL OPERATOR

JASON MURCKO

(Communicated by Alexander Iosevich)

Abstract. We study several questions related to differentiation of integrals
for Besov spaces relative to the basis R of arbitrarily oriented rectangular
parallelepipeds in R

d, d ≥ 2. We improve on positive and negative differentia-
tion results of Aimar, Forzani, and Naibo and on capacitary and dimensional
bounds for exceptional sets of Naibo. Our main tool in obtaining these im-
provements involves showing that bounds for the Nikodym maximal operator
can be used to deduce boundedness properties of the local maximal operator

associated to R.

1. Introduction

A differentiation basis B in R
d consists of, for each x ∈ R

d, a family Bx of
bounded, Lebesgue measurable sets containing x, also satisfying:

(1) each set F ∈ Bx has positive Lebesgue measure, and
(2) each Bx contains sets of arbitrarily small positive diameter.

(We shall usually abbreviate “differentiation basis” simply to “basis”.) We say that
a basis B differentiates the integrals of an appropriate function f if, for Lebesgue–
almost every x,

lim
diam(F )→0

F∈Bx

1

|F |

∫
F

f(y) dy = f(x).

And if V is a class or space of functions, we say that B differentiates V if B differ-
entiates the integrals of every f ∈ V .

In the present work we shall only concern ourselves with translation-invariant
bases: those which satisfy Bx = {x+ F : F ∈ B0} for all x. Moreover, we shall be
working entirely with bases in R

d with d ≥ 2.
Let us now recall two key differentiation results relating to concrete bases of

interest. First, Nagel, Stein, and Wainger [7] showed that bases in R
2 consisting

of rectangles having “lacunary” directions differentiate Lp for p > 1. On the other
hand, based on the construction of the Nikodym set [9], Zygmund observed that
the basis of arbitrarily oriented rectangles in R

2 does not even differentiate the class
of characteristic functions of measurable sets. This final result also extends to R

d

when we use the basis of arbitrarily oriented rectangular parallelepipeds, which we
henceforth denote by R.
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For such bases, where there is no Lp theory available, one can still ask about
regularity conditions on functions that are necessary or sufficient to recover a dif-
ferentiation result. Stokolos [11,12] seems to have been the first to pursue this line
of inquiry, finding that the basis of convex sets in R

d differentiates the inhomoge-
neous Besov spaces Bp

(d−1)/p,1 for p > d − 1. Note that this result implies that R
differentiates these same spaces. Building on Stokolos’s work, Aimar, Forzani, and
Naibo [2] showed that R differentiates the spaces Bp

(d−1)/p,1 for 1 ≤ p < ∞ and

that R does not differentiate Bp
α,1 for 1 ≤ p < d and 0 < α < d/p − 1. Note that

the gap in these final results between the primary smoothness exponent for which
there is a positive result (α = (d − 1)/p) and those for which there is a negative
result (α < d/p−1) leaves substantially open the question of the minimal regularity
needed to ensure a differentiation result for R.

A related question may be phrased generally in the following way. Suppose a
basis B is known to differentiate a space of functions V , for example a Lebesgue or
Sobolev or Besov space. If V ′ ⊆ V is a subspace consisting of functions possessing
an additional degree of regularity beyond that in V as a whole, what can be said
about the B–exceptional set

(1.1) EB(f) =
⋂

g:g=fa.e.

{
x ∈ R

d : ΓBg(x) = lim sup
diam(F )→0

F∈Bx

1

|F |

∫
F

|g(y)− g(x)| dy > 0

}

of functions f ∈ V ′? One typically knows that these exceptional sets have Lebesgue
measure 0 as a consequence of the method for proving the underlying differentiation
result, but it is natural to suspect that one can also control more refined measures
of their size. For example, Bagby and Ziemer [3] found that with respect to the
basis of centered balls in R

d—for which Lebesgue’s theorem holds—the exceptional
set of a function in the inhomogeneous Sobolev space Lp

α, 1 < p < ∞ and 0 <
α ≤ d/p, has Hausdorff dimension not exceeding d− αp. Similarly but parallelling
the differentiation results for R mentioned above, Naibo [8] found that functions
in Bp

α,q, with p > 1, (d − 1)/p < α ≤ d/p and 1 ≤ q ≤ ∞, have R–exceptional
sets that are small in the sense of a certain Bessel capacity, implying that their
Hausdorff dimension does not exceed 2d− 1− αp = d− [α− (d− 1)/p]p.

Our main findings improve on the positive and negative differentiation results
in [2] and the exceptional set results in [8], all in connection with the basis R. Most
of these improvements come from new estimates for the associated local maximal
operator, given by

(1.2) MRf(x) = sup
diam(R)≤1

R∈R0

1

|R|

∫
x+R

|f(y)| dy.

Here R0 is the family of arbitrarily oriented rectangular parallelepipeds containing
the origin.

Perhaps the key insight is that we can use estimates for the Nikodym maximal
operator to derive estimates for MR. Recall that for a small parameter δ > 0, this
operator is defined by

(1.3) Nδf(x) = sup
T∈T δ

1

|T |

∫
x+T

|f(y)| dy,
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where T δ denotes the family of cylindrical tubes of length 1 and radius δ which are
centered at the origin. The main conjecture for Nδ is that for p and q satisfying
1 ≤ p ≤ d and p ≤ q ≤ (d− 1)p′, there are Lp → Lq estimates for Nδ as follows:

(1) If p < d, then ‖Nδf‖q ≤ Cδ−α‖f‖p for α ≥ d/p − 1, with the constant C
independent of δ.

(2) If p = d, then ‖Nδf‖d ≤ Cδ−α‖f‖d for α > 0, with the constant C again
independent of δ.

The conjecture has been verified in dimension 2 (see, in part, [6]), but for d ≥ 3
only partial results are known. For our purposes, the relevant facts are that the
estimate holds for p in the range 1 ≤ p ≤ (d+ 1)/2, with the full ranges of q and α
indicated in the conjecture, and that it also holds for (d+1)/2 < p < (d+2)/2, with
the full range of q but with α > d/p−1, i.e. not including the endpoint α = d/p−1.
(For the case p < (d+ 1)/2 see [4]; the endpoint p = (d+ 1)/2 can be obtained by
combining the X-ray transform estimates in [5] with arguments in [13], and for the
remaining p, see [15].)

We now state our main results. Aside from the negative differentiation result in
Theorem 1.3, we state them in a conditional form, dependent on estimates for Nδ.

Theorem 1.1. Let R be the basis of arbitrarily oriented rectangular parallelepipeds
in R

d. An estimate ‖Nδf‖q �p,q,α δ−α‖f‖p1 for the Nikodym maximal operator on
R

d with 1 ≤ p ≤ ∞, q ≥ p, and α > d(1/p−1/q) implies that the maximal operator
MR is bounded from the Besov space Bp

α,1 to Lq.

Theorem 1.2. An estimate ‖Nδf‖p �p,α δ−α‖f‖p for the Nikodym maximal oper-
ator on R

d with 1 ≤ p < ∞ and α > 0 implies that the basis R in R
d differentiates

the Besov space Bp
α,1.

Theorem 1.3. Let 1 ≤ p < d, and let q > d. Then the basis R does not differen-
tiate Bp

d/p−1,q. More specifically, there exists f ∈ Bp
d/p−1,q so that

lim sup
diam(R)→0

R∈R0

1

|R|

∫
x+R

f(y) dy = ∞

for almost every x ∈ R
d.

Suppose that for a given p in the range 1 ≤ p < d, the optimal Lp → Lp

Nikodym estimate with respect to α holds; that is, there is an estimate ‖Nδf‖p �
δ−(d/p−1)‖f‖p. Then Theorems 1.2 and 1.3 close most of the gap from [2] men-
tioned above in terms of determining the minimal regularity needed to ensure a
differentiation result for R. More specifically, the only Besov spaces for which we
do not then have a positive or negative result are Bp

d/p−1,q with 1 < q ≤ d.

Theorem 1.4. For a fixed p in the range 1 < p ≤ d, assume that the Nikodym
estimate ‖Nδf‖d �ε δ−(d/p−1+ε)‖f‖p is known to hold for all ε > 0. Then if
g ∈ Bp

α,q, with d/p− 1 < α ≤ d/p and 1 ≤ q ≤ ∞, the Hausdorff dimension of the
R–exceptional set ER(g) is at most d(d/p− α).

1We use the notation A � B to represent the inequality A ≤ CB; we shall generally specify
what parameters (for example, the Lebesgue exponent p, the smoothness exponent α, the fre-
quency scale parameter j) the implicit constant C does or does not depend on, although we shall
uniformly ignore any dependence on the dimension d. Most of the time, we shall indicate the
dependence of the implicit constant on various parameters by using a subscript, as in A �p B.

We shall also write A ≈ B if A � B and B � A.
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The layout of this paper is as follows. In Section 2 we prove Theorems 1.1 and 1.2,
with the former requiring most of the work. The idea is to reduce Theorem 1.1 to
a result for frequency-localized functions, while also controlling MRf by averages
over certain line segments. For frequency-localized functions, the averages over line
segments can then be “smeared” to averages over tubes, which allows us to employ
Nikodym estimates to our advantage. In Section 3 we prove Theorem 1.3. As is
typically the case with differentiation counterexamples, showing that the maximal
operator MR satisfies an unboundedness condition between appropriate spaces is
key. Finally, in Section 4 we prove Theorem 1.4, using Bp

α,1 → Lq bounds for

MR—instead of the Bp
α,1 → Lp bounds employed in Theorem 1.2—to show that a

certain Bessel capacity of the R–exceptional set is 0.

2. Positive differentiation results

We begin this section by reviewing the fundamentals of (inhomogeneous) Besov
spaces. First, let η be a C∞, nondecreasing function on R such that η(t) = 0 for
t ≤ 1 and η(t) = 1 for t ≥ 2. Next define η̃j on R

d for j ≥ 0 by η̃0(ξ) = 1 − η(|ξ|)
and η̃j(ξ) = η(2−j+1|ξ|)− η(2−j |ξ|) for j ≥ 1, so that

∑
j≥0 η̃j ≡ 1. Let Δj be the

multiplier operator associated with η̃j , i.e. Δ̂jf = η̃j f̂ for tempered distributions
f . Finally, the Besov space Bp

α,q on R
d, with 0 < p, q ≤ ∞ and α ∈ R, consists of

those tempered distributions f satisfying(∑
j≥0

(
2jα‖Δjf‖p

)q)1/q

< ∞,

with the obvious modification if q = ∞.
When 1 ≤ p, q ≤ ∞, Bp

α,q is a Banach space with norm given by the quantity on
the left above. Note that different choices of the function η give rise to equivalent
norms and so do not affect the definition. We also mention several continuous em-
beddings which will be important to us at various times. The first two embeddings
arise in a straightforward fashion from the form of the norm expression:

(1) Bp
α2,q2 ⊆ Bp

α1,q1 if α1 < α2, for any p, q1, q2 > 0;
(2) Bp

α,q1 ⊆ Bp
α,q2 if q1 < q2, for any p > 0 and α ∈ R.

A third embedding, analogous to the Sobolev embedding theorem, is

(3) Bp1
α1,q ⊆ Bp2

α2,q if p1 < p2 and α1 − d/p1 = α2 − d/p2, for any q > 0.

Last, a basic embedding relationship with Lebesgue spaces is

(4) Bp
α,q ⊆ Lp if either α > 0 or α = 0 and q = 1, for any p ≥ 1.

Moving more directly into our treatment of Theorems 1.1 and 1.2, we shall
actually prove slightly stronger statements where the basis R is replaced by a larger
basis. We define the translation-invariant basis S by specifying that S0 consists of
all (bounded, Lebesgue measurable, nonnull) sets that are star-shaped with respect
to the origin. That is, a set F belongs to S0 if, whenever x ∈ F , the line segment
joining x to 0 lies within F .

Without fully rewriting the modifications of Theorems 1.1 and 1.2 that we now
aim to prove (which require only the replacement of R by S in the theorem state-
ments), let us agree to refer to the modified results as Theorems 1.1′ and 1.2′. The
original theorems follow from these alternate versions since R is a subbasis of S.
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Let us also dispense with Theorem 1.2′ straightaway by seeing how it is implied
by Theorem 1.1′. The argument is quite similar to the general schema for showing
that a maximal function estimate implies a differentiation result.

Proof that Theorem 1.1′ ⇒ Theorem 1.2 ′. Fix f ∈ Bp
α,1 and ε > 0. It suffices to

show that the set Rε(f) = {x : ΓSf(x) > ε} has measure 0.
If g is a Schwartz function, then for x ∈ Rε(f) we have

ε < lim sup
diam(F )→0

F∈S0

1

|F |

∫
x+F

(
|f(y)− g(y)|+ |g(y)− g(x)|+ |g(x)− f(x)|

)
dy

≤ MS(f − g)(x) + |f(x)− g(x)|.

Hence Rε(f) ⊆ {x : MS(f − g)(x) > ε/2 } ∪ {x : |f(x)− g(x)| > ε/2 }, and so

|Rε(f)| �p ε−p‖MS(f − g)‖pp + ε−p‖f − g‖pp.

The hypotheses of Theorem 1.2′, when combined with Theorem 1.1′, imply that
MS is bounded from Bp

α,1 to Lp. Using also the continuous embedding Bp
α,1 ⊆ Lp,

we obtain |Rε(f)| �p,α ε−p‖f−g‖p
Bp

α,1
. By choosing g arbitrarily close to f in Bp

α,1,

which is possible since p < ∞ (see [14, p. 48]), we now see that |Rε(f)| = 0. �

2.1. Frequency localization. We now reduce Theorem 1.1′ to a maximal oper-
ator estimate for frequency-localized functions. Building up to the proof of the
frequency-localized estimate will then occupy the remainder of Section 2.

Proposition 2.1.

(i) An estimate ‖Nδf‖q �p,q,α δ−α‖f‖p for the Nikodym maximal operator on
R

d, where 1 ≤ p ≤ q and α > d(1/p− 1/q), implies an estimate

‖MSf‖q � 2jα‖f‖p,

valid for functions f whose Fourier transform is supported in the annulus
Aj = { 2j−1 ≤ |ξ| ≤ 2j+1 }, with j ≥ 1. The implicit constant may depend
on p, q, and α, but is independent of j.

(ii) For functions f whose Fourier transform is supported in the ball { |ξ| ≤ 2 },
there is an estimate

‖MSf‖q � ‖f‖p
when 1 ≤ p ≤ q. The implicit constant is independent of p and q.

Proof that Proposition 2.1 ⇒ Theorem 1.1′. Assume that there is a Nikodym es-
timate as in the hypothesis of Theorem 1.1′, i.e. ‖Nδf‖q �p,q,α δ−α‖f‖p. Let
f ∈ Bp

α,1, and expand f as
∑

j≥0 Δjf , where the Δj are the same Littlewood-Paley
projections introduced in our definition of Besov spaces above. Since the Δjf are
frequency-localized in accordance with Proposition 2.1, we obtain

‖MSf‖q ≤
∑
j≥0

‖MS(Δjf)‖q �p,q,α

∑
j≥0

2jα‖Δjf‖p = ‖f‖Bp
α,1

.

�
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2.2. Averages over lines. Here we prove the following elementary result:

Lemma 2.2. Let f be any continuous function on R
d. Then

(2.1) MSf(x) � sup
θ∈Sd−1

sup
0<L≤1

1

L

∫ L

0

|f(x+ tθ)| dt.

Proof. Consider a set F ∈ S0 with diam(F ) ≤ 1. Set r(θ) = sup { t > 0 | tθ ∈ F }
for θ ∈ Sd−1, so that up to a null set F = { tθ | θ ∈ Sd−1 and 0 ≤ t ≤ r(θ) }. Note
that r(θ) ≤ 1 for all θ.

Now we write the integral of f over x+F in polar coordinates and use Hölder’s
inequality:

1

|F |

∫
x+F

|f(y)| dy =
1

|F |

∫
Sd−1

∫ r(θ)

0

|f(x+ tθ)| td−1 dt dσ(θ)

≤
(

sup
θ∈Sd−1

1

r(θ)

∫ r(θ)

0

|f(x+ tθ)| dt
)
· 1

|F |

∫
Sd−1

r(θ)d dσ(θ)

≤
(

sup
θ∈Sd−1

sup
0<L≤1

1

L

∫ L

0

|f(x+ tθ)| dt
)
· d.

Since the final expression is independent of F ∈ S0, we obtain (2.1). Note we have

used that |F | =
∫
Sd−1

∫ r(θ)

0
td−1 dt dσ(θ) = d−1

∫
Sd−1 r(θ)

d dσ(θ). �

2.3. Averages over tubes. We now assume that f is a function whose Fourier
transform is supported either in the annulus Aj = { 2j−1 ≤ |ξ| ≤ 2j+1 }, with j ≥ 1,
or in the ball { |ξ| ≤ 2 }, which for convenience we denote by A0. Our goal is to
show how an average of f over a line segment can be controlled by averages instead
over cylindrical tubes of radius ≥ 2−j . To state our main result, let

(2.2) ψj(x) = 2jd(1 + 2j |x|)−(d+1),

so that ‖ψj‖1 is finite and independent of j. (We note that the exponent d + 1
could equally well be replaced, in all of what follows, by any N > d.)

Lemma 2.3. Let f be a function with supp(f̂) ⊆ Aj, j ≥ 0, and let 0 < L ≤ 1.

(i) If L ≤ 2−j, then

1

2L

∫ L

−L

|f(x1, 0, . . . , 0)| dx1 � ψj ∗ |f |(0).

(ii) If L > 2−j, with 2k−1 < L ≤ 2k, then

1

2L

∫ L

−L

|f(x1, 0, . . . , 0)| dx1 � ψj ∗ |f |(0) +
k+1∑
�=−j

2−(j+�)

|Tk,�|

∫
Tk,�

|f(x)| dx;

here Tk,� is the cylindrical tube, centered at the origin and with axis in the
x1 direction, having radius 2� and length 2k+2.

In each case, the implicit constant is independent of j, L, and k.

The following auxiliary result is the key ingredient we need for Lemma 2.3.
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Lemma 2.4. For 0 < L ≤ 1, let μL be the measure on R
d given by∫

f dμL =
1

2L

∫ L

−L

f(x1, 0, . . . , 0) dx1

for continuous f .

(i) If L ≤ 2−j, then there is a pointwise estimate

μL ∗ ψj � ψj .

(ii) If L > 2−j with 2k−1 < L ≤ 2k, then there is a pointwise estimate

μL ∗ ψj � ψj +

k+1∑
�=−j

2−(j+�)

|Tk,�|
χTk,�

;

here Tk,� again denotes the cylindrical tube, centered at the origin and with
axis in the x1 direction, having radius 2� and length 2k+2.

In each case, the implicit constant is independent of j, L, and k.

Proof. We first write out, for reference, that

μL ∗ ψj(x) =

∫
ψj(x− y) dμL(y) =

1

2L

∫ L

−L

2jd(1 + 2j |x− se1|)−(d+1) ds,

where e1 = (1, 0, . . . , 0).
Now suppose that |x| ≥ 2L. (This includes, for (ii), all points not in any of the

tubes Tk,�.) Then |x− se1| ≥ |x|/2 for |s| ≤ L, and so

μL ∗ ψj(x) ≤
1

2L

∫ L

−L

2jd(1 + 2j−1|x|)−(d+1) ds � ψj(x).

To complete (i), we additionally observe that μL ∗ ψj(x) ≤ 2jd ≈ ψj(x) for
|x| ≤ 2L.

For the remainder of (ii), suppose that x = (x1, x
′) belongs to one of the tubes

Tk,�. It is not difficult to check that

μL ∗ ψj(x) ≤ μL ∗ ψj(0, x
′) ≈ 1

2L

∫ L

−L

2jd(1 + 2j |x′|+ 2j |s|)−(d+1) ds.

We now consider two cases.
If x ∈ Tk,−j so that |x′| ≤ 2−j , we estimate

μL ∗ ψj(x) �
1

2L

∫ ∞

−∞
2jd(1 + 2j |s|)−(d+1) ds ≈ 2j(d−1)2−k ≈ 1

|Tk,−j |
.

And if x ∈ Tk,� \ Tk,�−1 so that 2�−1 ≤ |x′| ≤ 2�, then

μL ∗ ψj(x) �
1

2L

∫ ∞

−∞
2jd(2j |x′|+ 2j |s|)−(d+1) ds ≈ 2−j

|x′|d · 2k ≈ 2−(j+�)

|Tk,�|
.

�

Proof of Lemma 2.3. Fix a Schwartz function ϕ whose Fourier transform is identi-
cally 1 on the annulus { 1/2 ≤ |ξ| ≤ 2 }. Set ϕj(x) = 2jdϕ(2jx) if j ≥ 1, and let ϕ0

be a fixed Schwartz function whose Fourier transform is identically 1 on the ball
{ |ξ| ≤ 2 }. Then ϕ̂j is identically 1 on Aj for all j ≥ 0. We also have that |ϕj | � ψj

pointwise, with an implicit constant independent of j.
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Now suppose f̂ is supported in Aj , so that f = f ∗ ϕj . Then

1

2L

∫ L

−L

|f(x1, 0, . . . , 0)| dx1 = μL ∗ |f ∗ ϕj |(0) � (μL ∗ ψj) ∗ |f |(0).

Substituting the estimates for μL∗ψj from each part of Lemma 2.4 now immediately
establishes the results. �

2.4. Proof of Proposition 2.1. As in the previous section, we assume here that f̂
is supported in some Aj , j ≥ 0, and we take ψj(x) = 2jd(1 + 2j |x|)−(d+1). We also
introduce the following notation: for integers k and � with � ≤ k, let Tk,� denote
the family of cylindrical tubes centered at the origin having length 2k and radius
2�. Let Nk,� denote the associated Nikodym-type maximal operator, i.e.

(2.3) Nk,�f(x) = sup
T∈Tk,�

1

|T |

∫
x+T

|f(y)| dy.

By combining Lemmas 2.2 and 2.3, we obtain the following estimate of MSf
using the Nk,�.

Proposition 2.5. Suppose that supp(f̂) ⊆ Aj. Then there is a pointwise estimate

(2.4) MSf � ψj ∗ |f |+
2∑

k=−j+3

k−1∑
�=−j

2−(j+�)Nk,�f,

where the implicit constant is independent of j. (If j = 0, we treat the double sum
as being empty.)

Proof. Because of the translation-invariance of the operators, we need only establish
the estimate (2.4) at the origin.

By Lemma 2.2,

(2.5) MSf(0) � sup
θ∈Sd−1

sup
0<L≤1

1

L

∫ L

0

|f(tθ)| dt � sup
θ∈Sd−1

sup
0<L≤1

1

2L

∫ L

−L

|f(tθ)| dt.

We next show that the inner supremum in (2.5) can be estimated as follows:

(2.6) sup
0<L≤1

1

2L

∫ L

−L

|f(tθ)| dt � ψj ∗ |f |(0) +
0∑

k′=−j+1

k′+1∑
�=−j

2−(j+�)

|Tk′,�(θ)|

∫
Tk′,�(θ)

|f | dx.

Here Tk′,�(θ) denotes the cylindrical tube, centered at the origin and having axis

in the direction of θ, with length 2k
′+2 and radius 2�. To establish the validity

of (2.6), we show that the supremum in L over each of the intervals 0 < L ≤ 2−j ,
2−j < L ≤ 2−j+1, . . . , 1/2 < L ≤ 1 is controlled by (a portion of) the right-hand
side of (2.6).

By considering the function f ◦ Rθ, where Rθ is any rotation, i.e. matrix in
SO(d), taking e1 = (1, 0, . . . , 0) to θ, we may reduce (2.6) to the case θ = e1. (This
also makes use of the invariance of ψj under rotations.)

For the first supremum, we apply part (i) of Lemma 2.3:

sup
0<L≤2−j

1

2L

∫ L

−L

|f(te1)| dt � sup
0<L≤2−j

ψj ∗ |f |(0) = ψj ∗ |f |(0),

and this final quantity is precisely the first term on the right-hand side of (2.6). (If
j = 0, this estimate is all that is needed.)
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The other suprema are dealt with analogously, but using instead part (ii) of
Lemma 2.3: if −j + 1 ≤ k′ ≤ 0, then

sup
2k′−1<L≤2k′

1

2L

∫ L

−L

|f(te1)| dt � ψj ∗ |f |(0) +
k′+1∑
�=−j

2−(j+�)

|Tk′,�|

∫
Tk′,�

|f(x)| dx,

and the final quantity here corresponds to a portion of the double sum in (2.6).
(We have also used the abbreviation Tk′,� ≡ Tk′,�(e1).)

Having established (2.6), the full estimate (2.4) at the origin follows by taking the
supremum in θ of (2.6), moving the supremum past the double sum, and combining
with (2.5). (We also relabel k′ as k − 2.) �

We conclude this section by proving Proposition 2.1 using the estimate in Propo-
sition 2.5.

Proof of Proposition 2.1. We address the simpler part (ii) first. Since ψ0(x) =

(1 + |x|)−(d+1), we have ‖ψ0‖r � 1 independent of r. As f̂ is supported in A0, we
obtain from Proposition 2.5 and Young’s inequality

‖MSf‖q �
∥∥ψ0 ∗ |f |

∥∥
q
≤ ‖ψ0‖r‖f‖p � ‖f‖p,

where r is now defined by 1/q + 1 = 1/p+ 1/r.
Turning to part (i), first observe that if r satisfies the equation just noted, then

by a rescaling we have ‖ψj‖r � 2jd(1−1/r) = 2jd(1/p−1/q) < 2jα.
By another rescaling argument, the Lp → Lq operator norm of Nk,� is equal to

2kd(1/q−1/p) times the Lp → Lq operator norm of Nδ with δ = 2�−k. So by way of
Proposition 2.5, an estimate ‖Nδf‖q �p,q,α δ−α‖f‖p implies, for f having Fourier
transform supported in Aj with j ≥ 1,

‖MSf‖q � ‖ψj ∗ |f |‖q +
2∑

k=−j+3

k−1∑
�=−j

2−(j+�)‖Nk,�f‖q

�p,q,α ‖ψj‖r‖f‖p +
2∑

k=−j+3

k−1∑
�=−j

2−(j+�) · 2kd(1/q−1/p) · 2−α(�−k)‖f‖p

�p,q,α 2jα‖f‖p.

We have used α > d(1/p− 1/q) here to estimate
∑

k 2
(α+d/q−d/p)k �p,q,α 1. �

3. Negative differentiation results

We divide our work in this section into two pieces. First, we show gener-
ally how to obtain differentiation counterexamples for a Besov space given a cer-
tain unboundedness property for the local maximal operator associated with a
translation-invariant basis. Our argument is essentially an adaptation of Stein’s
maximal principle, as in [10, Section 10.2], to the context of Besov spaces rather
than Lebesgue spaces. Second, we specifically analyze the maximal operator MR
and establish the necessary unboundedness property for the Besov spaces at play
in Theorem 1.3. Throughout, we shall use ‖f‖∗L1,∞ to denote the Lorentz space

quasinorm supλ>0 λ
∣∣{x : |f(x)| > λ }

∣∣.
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Proposition 3.1. Let B be a translation-invariant differentiation basis in R
d. Fix

a positive sequence {ε�} that decreases to 0, and let B� be the translation-invariant
basis defined by B�

0 = {F ∈ B0 : diam(F ) ≤ ε� }. Let 1 ≤ p, q ≤ ∞, let α > 0, and
let X be the cone in Bp

α,q consisting of nonnegative functions supported in the unit

cube Q0 = [−1/2, 1/2]d. If each maximal operator MB� is unbounded from X to
L1,∞, that is,

sup
f∈X\0

‖MB�f‖∗L1,∞/‖f‖Bp
α,q

= ∞,

then there is a function f ∈ Bp
α,q such that, for almost every x ∈ R

d,

lim sup
diam(F )→0

F∈B0

1

|F |

∫
x+F

f(y) dy = ∞.

Proof. We may assume without loss of generality that each ε� ≤ 1/2, so that if
f is supported in Q0, then each MB�f is supported in the cube Q∗ = [−1, 1]d.
Therefore, the assumed unboundedness means that for each � we can find a λ� > 0
and a nonnegative function f� ∈ Bp

α,q , supported in Q0 and having norm 1, such

that λ�

∣∣{x ∈ Q∗ : MB�f�(x) > λ� }
∣∣ ≥ 22�.

Now set g� = 2�f�/λ�, so that
∣∣{x ∈ Q∗ : MB�g�(x) > 2� }

∣∣ ≥ 2�‖g�‖Bp
α,q

.

It follows that we can create a sequence {hk} = {g�k} (with �k nondecreasing),
consisting of the entire sequence {g�} but with terms repeated as necessary, for
which

(3.1)
∑
k

∣∣{x ∈ Q∗ : MB�khk(x) > 2�k }
∣∣ = ∞ and

∑
k

‖hk‖Bp
α,q

< ∞.

Let Ek denote the set {x ∈ Q∗ : MB�khk(x) > 2�k }. Since
∑

k |Ek| = ∞ while
each Ek is contained in the compact set Q∗, we can find points xk ∈ R

d so that
almost every x ∈ Q0 is contained in infinitely many of the translated sets xk + Ek

(see [10, p. 442]).
We now consider the function h =

∑
k hk(· − xk), which lies in Bp

α,q, in light
of (3.1). If x is a point lying in infinitely many of the xk + Ek, then

(3.2) lim sup
diam(F )→0

F∈B0

1

|F |

∫
x+F

h(y) dy = ∞,

so that this condition holds almost everywhere in Q0. To see this, fix an m and let
k be such that (i) x ∈ xk + Ek and (ii) �k ≥ m. Then

sup
F∈Bm

0

1

|F |

∫
x+F

h dy ≥ sup
F∈B�k

0

1

|F |

∫
x+F

hk(y − xk) dy = MB�khk(x− xk) > 2�k .

Since we can find k arbitrarily large meeting the requirements (i) and (ii), and since
�k → ∞ as k → ∞, the supremum on the left is infinite. This implies (3.2) because
m was arbitrary.

So we now have a function h which locally meets the requirements of the proposi-
tion. The final step is to let {nj}∞j=1 be an enumeration of the lattice points Zd, and

to let f =
∑

j 2
−jh(· − nj). This function then fully satisfies the proposition. �

In light of Proposition 3.1, to establish Theorem 1.3 it suffices to show the
following result for the basis R.
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Proposition 3.2. Let R be the basis of arbitrarily oriented rectangular paral-
lellepipeds in R

d. Let � ≥ 1, and let R� be the translation-invariant basis defined
by R�

0 = {R ∈ R0 : diam(R) ≤ 2−�+1
√
d }. Let 1 ≤ p < d < q, and let X be

the cone in Bp
d/p−1,q consisting of nonnegative functions supported in the unit cube

Q0 = [−1/2, 1/2]d. Then the maximal operator MR� is unbounded from X to L1,∞.

Proof. Let Φ be a fixed nonnegative C∞ function supported in the unit ball, and
for k ≥ 0 set Φk = 2kΦ(2k·). Let ε < 2−�−1 be a small positive parameter, and take
y1, y2, . . . , yN to be a maximal ε-separated subset of the cube [−1/4, 1/4]d, so that
N ≈ ε−d. To demonstrate the unboundedness of MR� , we shall use the function(s)

fε =

N∑
m=1

Φ�+m(· − ym).

We first establish an upper bound for the Bp
d/p−1,q norm of fε. To this end,

we modify slightly the notation for Littlewood-Paley projections introduced in Sec-
tion 2. We now use Δj for the multiplier operator associated with η(2−j+1|ξ|) −
η(2−j |ξ|) for all j (not just j ≥ 1), and we use Δ̃0 in place of Δ0 for the multiplier
operator associated with 1− η(|ξ|). Since Φ is a Schwartz function, it follows fairly
straightforwardly that ‖ΔjΦ‖p � min(1, 2−jd).

Now ‖Φk‖p = 2−k(d/p−1)‖Φ‖p, so ‖Δ̃0fε‖p � ‖fε‖p �p 2−�(d/p−1); and ΔjΦk =

2k(Δj−kΦ)(2
k·), so ‖ΔjΦk‖p � 2−k(d/p−1)min(1, 2−(j−k)d). By inserting these

estimates at the end of

‖fε‖Bp
d/p−1,q

=

(
‖Δ̃0fε‖qp +

∑
j≥0

(
2j(d/p−1)‖Δjfε‖p

)q)1/q

≤
(
‖Δ̃0fε‖qp +

∑
j≥0

(
2j(d/p−1)

N∑
m=1

‖ΔjΦ�+m‖p
)q)1/q

,

we obtain the estimate ‖fε‖Bp
d/p−1,q

�p,q N1/q ≈ ε−d/q, with the primary contribu-

tion coming from the terms with �+ 1 ≤ j ≤ �+N .
Now we proceed to estimating the L1,∞ quasinorm of MR�fε from below. We

begin here by noting that there is a constant C0 such that for m ≥ 1,

(3.3) MR�Φ�+m(x) ≥
{
2�+mC0, if |x| ≤ 2−(�+m);

C0/|x|, if 2−(�+m) ≤ |x| ≤ 2−�.

This can be seen by considering the average of Φ�+m over x + Tx, where Tx is
a minimal rectangular parallelepiped centered at the origin satisfying x + Tx ⊇
B(0, 2−�−m) ⊇ suppΦ�+m.

From (3.3) it follows that {x : MR�Φ�+m(x) > λ } ⊇ B(0,min(C0/λ, 2
−�)) if

λ < 2�+mC0, and so

{x : MR�fε(x) > λ } ⊇
⋃

1≤m≤N

2�+mC0>λ

B(ym,min(C0/λ, 2
−�)).
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Taking λ = 2C0/ε, we have min(C0/λ, 2
−�) = C0/λ = ε/2 in light of the condition

ε < 2−�−1, and this ensures that the balls in the above inclusion are disjoint. Thus

‖MR�fε‖∗L1,∞ � ε−1 ·#
(
{m : 1 ≤ m ≤ N , 2�+m > 2/ε }

)
· εd ≈ ε−1,

as N ≈ ε−d and the condition 2�+m > 2/ε excludes a bounded fraction of the balls.
We have now shown that ‖MR�fε‖∗L1,∞ � ε−1 and ‖fε‖Bp

d/p−1,q
�p,q ε−d/q. It

follows that MR� is unbounded from X ⊆ Bp
d/p−1,q to L1,∞ when q > d. �

We end this section with an observation regarding the possible optimality of
Theorem 1.3 with respect to the Besov space exponent q. For a given p in the
range 1 ≤ p < d, let qR(p) be the infimum of those q for which a differentiation
counterexample of the type indicated in Theorem 1.3 exists in Bp

d/p−1,q. (So we have

shown that qR(p) ≤ d.) Then qR(p) must be a nonincreasing function of p, owing
to the continuous Sobolev-type embeddings Bp1

d/p1−1,q ⊆ Bp2

d/p2−1,q for p1 < p2. (We

can make a similar argument involving Proposition 3.2, and indeed about positive
differentiation results as well.) This property of qR(p) is at least consistent with
Theorem 1.3 being sharp, possibly modulo the endpoint q = d.

4. Capacity and dimension of exceptional sets

We start our discussion in this section by recalling the necessary background
involving Bessel potentials and capacities. For t ∈ R, the Bessel potential Gt is the

operator defined (say on tempered distributions) by Ĝtf = (1+ |ξ|2)−t/2f̂ . If t > 0,
then Gt corresponds to a positive, integrable convolution kernel Gt ([1, p. 10]).
The Bessel potentials also evidently satisfy the group property Gt1Gt2 = Gt1+t2 ; in
particular, for t1, t2 > 0 we have Gt1 ∗Gt2 = Gt1+t2 . The Bessel potentials interact
nicely with Besov spaces as well: Gt takes B

p
s,q isomorphically onto Bp

s+t,q for any
0 < p, q ≤ ∞ and s, t ∈ R ([14, pp. 58–9]).

We now come to Bessel capacities, a two-parameter family of outer measures that
are more refined than Lebesgue measure, in the sense that there are sets of Lebesgue
measure 0 which have positive Bessel capacities. For β > 0 and 1 ≤ q < ∞, define
the (β, q) Bessel capacity of any set E ⊆ R

d by

(4.1) Cβ,q(E) = inf {‖f‖qq : f ∈ Lq, f ≥ 0, and Gβ ∗ f ≥ χE}.

Or, if there are no such functions f , we set Cβ,q(E) = ∞.
We now record three properties of Bessel capacities which we shall need later on.

(1) If h is a nonnegative function and λ > 0, then

(4.2) Cβ,q

(
{x : Gβ ∗ h(x) ≥ λ}

)
≤ λ−q‖h‖qq.

This arises from the observation that Gβ ∗ (h/λ) ≥ χ{x:Gβ∗h(x)≥λ}.
(2) If we are given β1, β2 > 0 and 1 < q1, q2 < ∞ satisfying either (i) β1q1 <

β2q2 ≤ d or (ii) β1q1 = β2q2 ≤ d and q2 < q1, then ([1, p. 148])

(4.3) Cβ2,q2(E) = 0 ⇒ Cβ1,q1(E) = 0.

(3) If Cβ,q(E) = 0 with q > 1 and βq ≤ d, then the Hausdorff dimension of E
is at most d− βq ([1, pp. 137–8]).

With these preliminaries out of the way, we state this section’s central result.
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Proposition 4.1. Let B be a translation-invariant basis in R
d. Assume the local

maximal operator MB is bounded from Bp
α0,1

to Lq, where 1 < p < ∞, 0 ≤ α0 <

d/p, and p ≤ q ≤ dp/(d−α0p). If f ∈ Bp
α,1 with α0 < α ≤ d/p and (q−p)α ≤ qα0,

then the (α− α0, q) Bessel capacity of the B–exceptional set EB(f) is 0.

Before delving into the proof, let us see how Proposition 4.1 implies Theorem 1.4.

Proof that Proposition 4.1 ⇒ Theorem 1.4. Let p, q, and α be as in Theorem 1.4,
i.e. 1 < p ≤ d, 1 ≤ q ≤ ∞, and d/p − 1 < α ≤ d/p. Using the hypothesized
Nikodym estimate ‖Nδf‖d �ε δ

−(d/p−1+ε)‖f‖p in Theorem 1.1, we see that MR is
bounded from Bp

d/p−1+ε,1 to Ld for any ε > 0.

Now take g ∈ Bp
α,q. Note that for all β < α, we have g ∈ Bp

β,1. Apply Propo-
sition 4.1, with its p having the same meaning as the present p, its q being d, its
α0 being d/p− 1 + ε, and its α being β. (For ε small and β close to α, the various
inequalities included in the hypotheses of Proposition 4.1 are straightforward to
verify.) We thereby conclude that ER(g) has (β − d/p+ 1− ε, d) capacity 0.

From the relationship between Bessel capacities and Hausdorff dimension indi-
cated in property (3) above, it now follows that ER(g) has Hausdorff dimension at
most d− (β − d/p+ 1− ε)d = d(d/p− β + ε). By letting ε → 0 and β → α, we see
that in fact the Hausdorff dimension of ER(g) cannot exceed d(d/p− α). �

We now pause to remark on the definition of the exceptional set. The defini-
tion (1.1) given in Section 1 is a bit unwieldy owing to the intersection, but makes
clear that EB(f1) = EB(f2) if f1 = f2 a.e. To work with these sets, it will be
convenient to define a related entity: the naive B–exceptional set of a function f is

(4.4) E∗
B(f) = {x ∈ R

d : ΓBf(x) > 0 }.
For this formulation, we need not have E∗

B(f1) = E∗
B(f2) if f1 = f2 a.e. We also

want to make an allowance in this definition for a.e.-defined functions: if f is such
a function, then E∗

B(f) consists of the points in (4.4) together with those points
where f is undefined. The utility of the naive exceptional set comes from its slightly
simpler form relative to the exceptional set and the fact that if f1 = f2 a.e., then

(4.5) EB(f1) ⊆ E∗
B(f2).

This inclusion provides a bridge for establishing results about EB(f1).
In the spirit of this discussion, our next step is to prove an auxiliary lemma that

gives us a way of picking a “good” f2 relative to a given f1.

Lemma 4.2. Let f ∈ Bp
α,1 with 1 ≤ p < ∞ and α > 0. Then for γ > 0, the integral∫

Gγ(x − y)f(y) dy is convergent for all x except those in a set having (α + γ, p)
capacity 0.

Proof. Since Gα maps Bp
0,1 onto Bp

α,1, we can find g ∈ Bp
0,1 satisfying Gα ∗ g = f .

Note that g is also an Lp function. Define E to be the set of all x where

(4.6)

∫∫
Gγ(x− y)Gα(y − z)|g(z)| dz dy = ∞.

If x /∈ E, then
∫
Gγ(x− y)f(y) dy is clearly finite. Thus it suffices to show that

E has (α+ γ, p) capacity 0. Now by reversing the order of integration in (4.6) and
appealing to the identity Gα ∗Gγ = Gα+γ , we may write E = {x : Gα+γ ∗ |g|(x) =
∞}. Then evidently E ⊆ {x : Gα+γ ∗|g|(x) ≥ λ} for any λ > 0, and so (4.2) implies
Cα+γ,p(E) ≤ λ−p‖g‖pp. Letting λ → ∞, we see that in fact Cα+γ,p(E) = 0. �
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We now conclude by establishing Proposition 4.1.

Proof of Proposition 4.1. Let f ∈ Bp
α,1, and let g ∈ Bp

α0,1
satisfy f = Gα′ ∗g, where

α′ denotes α−α0. More precisely, the convolution Gα′ ∗g is an a.e.-defined function
which is equal to f a.e. By (4.5), it thus suffices to show that the naive exceptional
set E∗

B(Gα′ ∗ g) has (α′, q) capacity equal to 0.
Let us also subdivide E∗

B(Gα′ ∗ g) into two sets: S1, consisting of those points
where Gα′ ∗ g is undefined, i.e. where the convolution integral is divergent, and
S2 = {x /∈ S1 : ΓB(Gα′ ∗ g)(x) > 0}. We now show that Cα′,q(S1) = Cα′,q(S2) = 0.

From Lemma 4.2 we know that S1 has (α, p) capacity 0. We now use the rela-
tionships between different capacities given in (4.3). It is an immediate consequence
of the hypotheses of Proposition 4.1 that (α− α0)q ≤ αp ≤ d, and this is precisely
as needed to deduce that Cα′,q(S1) = 0.

Turning to S2, for t > 0 define S2,t = {x ∈ S2 : ΓB(Gα′ ∗ g)(x) > t}. By a
standard subadditivity argument, we need only show that Cα′,q(S2,t) = 0 for any
t > 0; we henceforth think of t as being fixed.

Let ψ be a Schwartz function on R
d. Using the triangulation

|Gα′ ∗ g(y)−Gα′ ∗ g(x)| ≤ |Gα′ ∗ (g − ψ)(y)|+ |Gα′ ∗ ψ(y)−Gα′ ∗ ψ(x)|
+ |Gα′ ∗ (g − ψ)(x)|

as well as ΓB
(
Gα′ ∗ ψ

)
≡ 0 owing to Gα′ ∗ ψ being continuous, we obtain

ΓB(Gα′ ∗ g)(x) ≤ MB
(
Gα′ ∗ (g − ψ)

)
(x) + |Gα′ ∗ (g − ψ)(x)|

≤ Gα′ ∗MB(g − ψ)(x) +Gα′ ∗ |g − ψ|(x)

for x /∈ S1. That MB
(
Gα′ ∗ (g − ψ)

)
≤ Gα′ ∗ MB(g − ψ) can be seen by using

Fubini’s theorem and the nonnegativity of Gα′ .
In turn, S2,t ⊆ {x : Gα′ ∗MB(g − ψ)(x) > t/2} ∪ {x : Gα′ ∗ |g − ψ|(x) > t/2},

and therefore (4.2) yields

Cα′,q(S2,t) ≤ (t/2)−q
(
‖MB(g − ψ)‖qq + ‖g − ψ‖qq

)
.

We now invoke the assumed boundedness of MB and also that Bp
α0,1

embeds con-
tinuously into Lq. This latter fact can be deduced from the inequality p ≤ q ≤
dp/(d − α0p), for by the embedding properties for Besov spaces described in Sec-
tion 2 we have that Bp

α0,1
embeds into both Lp and Ldp/(d−α0p). It follows that

Cα′,q(S2,t) �p,q,α0
t−q‖g − ψ‖q

Bp
α0,1

.

By picking ψ arbitrarily close to g in Bp
α0,1

, we see that in fact Cα′,q(S2,t) = 0. �
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