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Abstract. It is known that a sense preserving homeomorphism h of the unit
circle induces a BMO map Ph by pull-back if and only if it is strongly qua-
sisymmetric. In this note, we will discuss the compactness of the projection
operator P−

h sending a BMOA function φ to the anti-holomorphic part of Phφ.

1. Introduction

We begin with an important result of Jones (see [10]): A sense preserving home-
omorphism h of the unit circle S1 induces a BMO map Ph by pull-back, that is,
Ph(u) = u◦h is a bounded operator on BMO, if and only if h is strongly quasisym-
metric. In this note, we will discuss the compactness of the projection operator P−

h

sending a BMOA function φ to the anti-holomorphic part of Phφ. To make this
precise, we need to review some basic definitions on BMO functions (see [7], [9],
[12], [13], [18]).

We denote by BMO the space of all integrable functions on S1 of bounded mean
oscillation. Namely, u ∈ L1(S1) belongs to BMO if

(1.1) ‖u‖BMO = sup
I

1

|I|

∫
I

|u− uI |dθ < ∞,

where I is any arc on S1, and

uI =
1

|I|

∫
I

udθ

is the average of u over I. We say u ∈ BMO is of vanishing mean oscillation and
belongs to the class VMO if

(1.2) lim
|I|→0

1

|I|

∫
I

|u− uI |dθ = 0.

Recall that a sense preserving self-homeomorphism h of S1 is said to be strongly
quasisymmetric if there exist two positive constants C1(h), C2(h), called the
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strongly quasisymmetric constants of h, such that

(1.3)
|h(E)|
|h(I)| ≤ C1(h)

(
|E|
|I|

)C2(h)

whenever I ⊂ S1 is an interval and E ⊂ I a measurable subset. In other words,
h is strongly quasisymmetric if and only if h is absolutely continuous so that |h′|
belongs to the class of weights A∞ introduced by Muckenhoupt (see [3], [9]), in
particular, log h′ belongs to BMO. Though having appeared in earlier papers, the
notion of strong quasisymmetry was first introduced by Semmes [15]. We say a
sense preserving self-homeomorphism h of the unit circle S1 is strongly symmetric
if it is absolutely continuous such that log h′ belongs to VMO (see [16]). We denote
by SQS(S1) and SS(S1) the set of all strongly quasisymmetric homeomorphisms
and strongly symmetric homeomorphisms on the unit circle, respectively. Both
SQS(S1) and SS(S1) are groups, and SS(S1) is a subgroup of SQS(S1). As stated
at the beginning, Jones [10] proved that Ph is a bounded operator on BMO precisely
when h is strongly quasisymmetric. We will continue to study the operator Ph when
h is strongly symmetric.

We denote by H2 the Hardy space in the usual sense. Namely, φ ∈ H2 if φ is
holomorphic in the unit disk Δ with

(1.4) ‖φ‖2H2 = sup
0<r<1

1

2π

∫ 2π

0

|φ(reiθ)|2dθ < ∞.

We denote by BMOA the subspace of H2 which consists of those φ such that

(1.5) ‖φ‖∗ = sup
γ

‖φ ◦ γ − φ(γ(0))‖H2 < ∞,

where the supremum is taken from all γ ∈ Möb(Δ), the group of all Möbius
transformations keeping the unit disk Δ fixed. Then for each φ ∈ BMOA, its
boundary value map on the unit circle, still denoted by φ, belongs to BMO, and
‖φ‖BMO � ‖φ‖∗. Here and in what follows, the notation A � B means that there
is a positive constant C independent of A and B such that A/C ≤ B ≤ CA, while
the notation A � B (A � B) means that there is a positive constant C independent
of A and B such that A ≤ CB (A ≥ CB). Conversely, for each u ∈ BMO, there
exists uniquely a pair of φ, ψ in BMOA with ψ(0) = 0 such that u = φ+ ψ on S1.
This decomposition of BMO functions induces two project operators P+ and P−

by P+(u)(z) = φ(z) and P−(u)(z) = ψ(z̄).
Now let h be a strongly quasisymmetric homeomorphism on S1 so that Ph is a

bounded operator on BMO. Then Ph is a bounded operator from BMOA into BMO.
Composing Ph with P+ and P− respectively, we obtain two operators P+

h = P+◦Ph

and P−
h = P− ◦Ph, both being bounded operators from BMOA into itself. We will

prove

Theorem 1.1. Let h be a strongly symmetric homeomorphism on the unit circle.
Then P−

h is a compact operator from BMOA into itself.

2. Preliminaries

In this section, we shall review some basic results on quasiconformal extensions
of strongly (quasi)symmetric homeomorphisms. Before this, we recall some basic
definitions and results on Carleson measures. For primary references, see [9], [18].
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2.1. Carleson measures. A positive measure λ defined in the unit disk Δ is called
a Carleson measure if

(2.1) ‖λ‖2c = sup
{λ(Δ ∩D(z, r))

r
: z ∈ S1, 0 < r < 2

}
< ∞,

where D(z, r) is the disk with center z and radius r. A Carleson measure λ is called
a vanishing Carleson measure if

(2.2) lim
r→0

λ(Δ ∩D(z, r))

r
= 0

uniformly for z ∈ S1. We denote by CM(Δ) and CM0(Δ) the sets of all Car-
leson measures and vanishing Carleson measures on Δ, respectively. We have the
following standard result.

Proposition 2.1 ([9], [18]). For a positive measure λ on Δ, λ ∈ CM(Δ) if and
only if the identity map is a bounded operator from H2 into L2(dλ). Moreover, it
holds that

(2.3)

∫∫
Δ

|φ(z)|2dλ(z) � ‖λ‖2c‖φ‖2H2 , φ ∈ H2 .

We also need the following result.

Proposition 2.2 ([18]). For a positive measure λ = λ(z)dxdy on Δ, λ ∈ CM0(Δ) if
and only if ‖λ−λr‖c → 0 as r → 1. Here and in what follows, λr = λ(z)χr(z)dxdy,
with χr being the characteristic function on the disk Δr = {z : |z| < r}, 0 < r < 1.

2.2. Quasiconformal extensions. We denote by L(Δ) the Banach space of all
essentially bounded measurable functions μ on Δ each of which induces a Carleson
measure λμ ∈ CM(Δ) by λμ = |μ(z)|2/(1−|z|2)dxdy. The norm on L(Δ) is defined
as

(2.4) ‖μ‖c = ‖μ‖∞ + ‖λμ‖c.
L0(Δ) is the subspace of L(Δ) consisting of all elements μ such that λμ ∈ CM0(Δ).
We have the following known result.

Proposition 2.3. Let h be a sense preserving homeomorphism of the unit circle
onto itself. Then the following statements are equivalent:
(1) h is strongly quasisymmetric;
(2) h can be extended to a quasiconformal mapping f to the unit disk with Beltrami
coefficient μ ∈ L(Δ);
(3) h can be extended to a real-analytic homeomorphism f to the unit disk which is
bi-Lipschitz under the Poincaré metric and has Beltrami coefficient μ ∈ L(Δ).

(1) ⇒ (2) was first proved by Semmes [15], reproved by Fefferman-Kenig-Pipher
[8], who also proved (2) ⇒ (1). (2) ⇒ (1) was reproved later by Astala-Zinsmeister
[1] and also by MacManus [11]. (2) ⇒ (3) was proved by Cui-Zinsmeister [4]
by means of the Douady-Earle [6] extension. Recently, we proved the following
analogous result for strongly symmetric homeomorphisms (see [16], [17]).

Proposition 2.4. Let h be a sense preserving homeomorphism of the unit circle
onto itself. Then the following statements are equivalent:
(1) h is strongly symmetric;
(2) h can be extended to a quasiconformal mapping f to the unit disk with Beltrami
coefficient μ ∈ L0(Δ);
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(3) h can be extended to a real-analytic homeomorphism f to the unit disk which is
bi-Lipschitz under the Poincaré metric and has Beltrami coefficient μ ∈ L0(Δ).

We will also need the following result, which was proved by Semmes [15].

Proposition 2.5. Let h be a strongly quasisymmetric homeomorphism of S1 and
f be a quasiconformal extension of h which is bi-Lipschitz under the Poincaré
metric and has Beltrami coefficient μ ∈ L(Δ). Then for any Carleson measure
λ = λ(z)dxdy ∈ CM(Δ), f∗λ = λ(f(z))|∂f(z)|dxdy ∈ CM(Δ). Furthermore, there
is a positive constant C which depends only on the bi-Lipschitz constant of f and
the strongly quasisymmetric constants of h such that ‖f∗λ‖c ≤ C‖λ‖c.

Proof. Semmes proved this proposition in the setting of upper half plane H (see
Lemma 4.8 in [14]). In our unit disk case, we can obtain the same result by means
of the Cayley transformation γ(z) = (z − i)/(z + i) from H onto Δ. �

3. Proof of Theorem 1.1

Lemma 3.1. Let h ∈ SQS(S1) and φ ∈ BMOA. Then

(3.1) ‖P−
h (φ)‖∗ = sup

γ
‖P−

h◦γ(φ)‖H2 ,

where the supremum is taken from all γ ∈ Möb(Δ).

Proof. Noting that

Ph◦γ(φ) = φ ◦ h ◦ γ = Ph(φ) ◦ γ,
we obtain

P+
h◦γ(φ)(z) + P−

h◦γ(φ)(z̄) = P+
h (φ) ◦ γ(z) + P−

h (φ) ◦ γ(z), z ∈ S1,

which implies that

P+
h◦γ(φ) = P+

h (φ) ◦ γ + P−
h (φ) ◦ Jγ(0),(3.2)

P−
h◦γ(φ) = P−

h (φ) ◦ Jγ − P−
h (φ) ◦ Jγ(0).(3.3)

Here, J denotes the standard transformation Jψ(z) = ψ(z̄). By definition (see
(1.5)), we conclude that (3.1) follows directly from (3.3). �

Lemma 3.2. Let u ∈ BMO. Then

(3.4) ‖P−(u)‖H2 � sup
g∈H2(0,1)

∣∣∣∣
∫
S1

u(w)g(w)dw

∣∣∣∣ ,
where H2(0, 1) is the unit ball in H2.

Proof. Consider the Poisson integral P (u) of u, namely,

(3.5) P (u)(z) =
1

2πi

∫
S1

Re
w + z

w − z

u(w)

w
dw.

By our decomposition we obtain

P+(u)(z) =
1

2πi

∫
S1

u(w)

w − z
dw,(3.6)

P−(u)(z) =
z

2πi

∫
S1

u(w)

1− zw
dw.(3.7)
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In particular,

(3.8) P+(u)(0) =
1

2πi

∫
S1

u(w)

w
dw.

Let g ∈ H2 be given. By Cauchy’s formula and (3.8) we have

∣∣∣∣
∫ 2π

0

P−(u)(eiθ)g(eiθ)dθ

∣∣∣∣ =
∣∣∣∣∣
∫
S1

P−(u)(w)g(w)

w
dw

∣∣∣∣∣
=

∣∣∣∣∣
∫
S1

(u(w̄)− P+(u)(w̄))g(w)

w
dw

∣∣∣∣∣
=

∣∣∣∣∣
∫
S1

u(w̄)g(w)

w
dw − 2πiP+(u)(0)g(0)

∣∣∣∣∣
=

∣∣∣∣
∫
S1

u(w̄)
g(w)− g(0)

w
dw

∣∣∣∣
=

∣∣∣∣∣
∫
S1

u(w)
g(w̄)− g(0)

w
dw

∣∣∣∣∣ .

(3.9)

Set g̃(w) = (g(w̄)−g(0))/w. A direct computation yields that g̃ ∈ H2(0, 1). In fact,
we have ‖g̃‖2H2 = ‖g‖2H2 −|g(0)|2 ≤ ‖g‖2H2 . Consequently, we conclude by (3.9) that

‖P−(u)‖H2 = sup
g∈H2(0,1)

∣∣∣∣ 1

2π

∫ 2π

0

P−(u)(eiθ)g(eiθ)dθ

∣∣∣∣ = sup
g∈H2(0,1)

∣∣∣∣
∫
S1

u(w)g̃(w)dw

∣∣∣∣ ,

which implies (3.4) as required.

Proposition 3.3. Let h ∈ SQS(S1) and f be a quasiconformal extension of h which
is bi-Lipschitz under the Poincaré metric and has Beltrami coefficient μ ∈ L(Δ).
Then there exists some constant C(f) such that for any φ ∈ BMOA, ‖P−

h (φ)‖∗ �
C(f)‖λμ‖c‖φ‖∗.

Proof. Recall that φ ∈ BMOA if and only if the positive measure λφ defined by
λφ(z) = |φ′(z)|2(1 − |z|2)dxdy is a Carleson measure with ‖λφ‖c � ‖φ‖∗ (see [9],
[18]). By Lemmas 3.1 and 3.2,

‖P−
h (φ)‖∗ � sup

γ∈Möb(Δ)

sup
g∈H2(0,1)

∣∣∣∣
∫
S1

φ ◦ h ◦ γ(w)g(w)dw
∣∣∣∣

= sup
γ∈Möb(Δ)

sup
g∈H2(0,1)

∣∣∣∣
∫
S1

φ ◦ h(w)g ◦ γ(w)γ′(w)dw

∣∣∣∣ .
(3.10)
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On the other hand, we have

∣∣∣∣
∫
S1

φ ◦ h(w)g ◦ γ(w)γ′(w)dw

∣∣∣∣
2

=

∣∣∣∣
∫
S1

φ ◦ f(w)g ◦ γ(w)γ′(w)dw

∣∣∣∣
2

(Green formula) =

∣∣∣∣2
∫∫

Δ

φ′ ◦ f(w)∂f(w)g ◦ γ(w)γ′(w)dudv

∣∣∣∣
2

(Hölder inequality) ≤ 4

∫∫
Δ

|φ′|2 ◦ f(w)(1− |f(w)|2)|∂f(w)||g|2 ◦ γ(w)|γ′(w)|dudv

×
∫∫

Δ

|∂f(w)|
1− |f(w)|2 |μ(w)|2|γ′(w)|dudv

(f is bi-Lipschitz) � C1(f)

∫∫
Δ

f∗λφ(w)|g|2 ◦ γ(w)|γ′(w)|dudv
∫∫

Δ

λμ(w)|γ′(w)|dudv

(Proposition 2.1) � ‖f∗λφ‖2c‖g ◦ γ(γ′)
1
2 ‖2H2‖λμ‖2c‖(γ′)

1
2 ‖2H2

(Proposition 2.5) � C2(f)‖λμ‖2c‖φ‖2∗‖g‖2H2 .

(3.11)

Note that in the final line above, we have used the fact that g → g ◦ γ(γ′)
1
2 is

a norm preserving operator of H2, namely, for any γ ∈ Möb(Δ) and g ∈ H2,

‖g ◦ γ(γ′)
1
2 ‖H2 = ‖g‖H2 . Consequently, we obtain from (3.10) that ‖P−

h (φ)‖∗ �
C(f)‖λμ‖c‖φ‖∗ as required.

To prove Theorem 1.1, we need the following variant of Proposition 3.3.

Lemma 3.3. Let h ∈ SQS(S1) and f be a continuously differentiable quasicon-
formal extension of h which is bi-Lipschitz under the Poincaré metric and has
Beltrami coefficient μ ∈ L(Δ). Then there exists some constant C(f) such that for
any 0 < r < 1 and φ ∈ BMOA,

(3.12) ‖P−
h (φ)‖∗ � max

f(Δr)
|φ′|max

Δr

|∂f |‖λμ‖c + C(f)‖λμ − (λμ)r‖c‖φ‖∗.

Proof. Recall that (λμ)r = λμ(z)χr(z)dxdy, with χr being the characteristic func-
tion on the disk Δr = {z : |z| < r}. From (3.10) and (3.11) we have

‖P−
h (φ)‖∗ � sup

γ∈Möb(Δ)

sup
g∈H2(0,1)

∣∣∣∣
∫∫

Δ

φ′ ◦ f(w)∂f(w)g ◦ γ(w)γ′(w)dudv

∣∣∣∣ .
Now we have∣∣∣∣
∫∫

Δr

φ′ ◦ f(w)∂f(w)g ◦ γ(w)γ′(w)dudv

∣∣∣∣
2

≤ max
f(Δr)

|φ′|2 max
Δr

|∂f |2
∫∫

Δ

λμ(w)|g|2 ◦ γ(w)|γ′(w)|dudv
∫∫

Δ

(1− |w|2)|γ′(w)|dudv

� max
f(Δr)

|φ′|2 max
Δr

|∂f |2‖λμ‖2c‖g‖2H2 .

As in the proof of (3.11), we also have∣∣∣∣
∫∫

Δ−Δr

φ′ ◦ f(w)∂f(w)g ◦ γ(w)γ′(w)dudv

∣∣∣∣ � C(f)‖λμ − (λμ)r‖c‖φ‖∗‖g‖H2 .

Thus, we obtain (3.12) as desired.
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Proof of Theorem 1.1. Let h be a strongly symmetric homeomorphism on the unit
circle. By Proposition 2.4, h can be extended to a continuously differentiable qua-
siconformal extension f which is bi-Lipschitz under the Poincaré metric and has
Beltrami coefficient μ ∈ L0(Δ). Thus (3.12) holds for all 0 < r < 1 and φ ∈ BMOA.

Now let (φn) be a bounded sequence in BMOA. Then (φn) is locally uni-
formly bounded in Δ and thus contains a subsequence, still denoted by (φn),
which converges to some analytic function φ locally uniformly in Δ. Noting that
λφn

(z) = |φ′
n(z)|2(1 − |z|2)dxdy is a Carleson measure with ‖λφn

‖c � ‖φn‖∗, we
conclude by Fatou’s lemma that λφ(z) = |φ′(z)|2(1− |z|2)dxdy is a Carleson mea-
sure, that is, φ ∈ BMOA. Consequently, (φn − φ) is bounded in BMOA and tends
to zero locally uniformly in Δ. Noting that λμ ∈ CM0(Δ), we conclude by (3.12)
and Proposition 2.2 that P−

h (φn−φ) tends to zero in BMOA as n → ∞. Thus, P−
h

is a compact operator.

4. Related problems

Theorem 1.1 says that P−
h is a compact operator when h is strongly symmetric.

The converse problem remains open. We propose the following

Conjecture 4.1. Suppose P−
h is a compact operator. Then h is strongly symmetric.

It is an interesting problem to deal with the operator P+
h when h is strongly

symmetric. In fact, Semmes [14] asked when there exists some constant C > 0
such that ‖P+

h (φ)‖∗ ≥ C‖φ‖∗ for all φ ∈ BMOA. David [5] showed this is the case
when ‖ log h′‖BMO is small. On the other hand, Bishop [2] showed there do exist
a strongly quasisymmetric homeomorphism h and some non-zero φ ∈ BMOA such
that P+

h (φ) = 0. We also propose the following

Conjecture 4.2. Suppose h is strongly symmetric. Then there exists some constant
C > 0 such that ‖P+

h (φ)‖∗ ≥ C‖φ‖∗ for all φ ∈ BMOA.
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