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ON THE LARGEST PRIME FACTORS
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ABSTRACT. For an integer n > 1, let P(n) be the largest prime factor of n.
We prove that, for x — oo, there exists a positive proportion of consecutive
integers n and n + 1 such that P(n) < P(n + 1) in short intervals (z,z + y]
with z7/12 < y < z. In particular, we have

[{n <z :P(n) < P(n+1)} > 0.1063x.

This improves a previous result of La Bretéche, Pomerance and Tenenbaum.

1. INTRODUCTION

For each integer n > 1, let P(n) denote the largest prime factor of n with the
convention that P(1) = 1. In 1930, Dickman [2] obtained the well-known result:
the following asymptotic formula

(1.1) U(z,y) =H{n<z: Pln) <yt ~zo(u) (uz1)

holds for x — oo with u = logz/logy fixed, where p(u) is the Dickman function.
Furthermore, one conjectured that the largest prime factors of consecutive integers
n and n + 1 are “independent events” and the density of integers n with P(n) <
P(n+1)is 1/2. In this direction, in 1978 Erdés and Pomerance [3] proved that there
exists a positive proportion of integers n with P(n) < P(n + 1). More precisely,
they proved that

Theorem (A). For x — oo, we have
Hn < z: P(n) < P(n+ 1)} > 0.0099z.

Another important problem on consecutive integers is the following. Let
{en}1<n<n be a finite sequence with each ¢, € {—1,0,1}, and write

(1.2) == 1I (nil)en,

1<n<N

where the fraction is in its smallest terms, then define A(N) as the maximal value
of a as {e,}1<n<n runs through all possible 3N =1 sequences of —1,0,1. In 1988,
Nicolas [7] showed that

log A(N) < {g + o(1)}N10g N,
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and further a brief argument of M. Langevin is presented that
log A(N) > {log4 + o(1)} N.

In 2005, La Bretéche, Pomerance and Tenenbaum [I] improved the lower bound of
log A(N) to the same order of magnitude as the upper bound:

(1.3) log A(N) > {0.107005 + o(1) } N log N.

In order to prove this lower bound, they studied the quantity
(1.4) S(w,c):=|{n <x:P(n)>z""¢and P(n+1) >z}
and proved by the sieve methods that

¢ 1-w dv
: <
(1.5) S(x,c) 296/0 log(l_v_ZC)l_v—i—o(a:)

for any ¢ € (0, %) and x — oo. Clearly this is of independent interest. As they

indicated, (3] is an immediate consequence of (LH). As another application of
([LH), they also can improve the result of Theorem (A) and obtain

Theorem (B). For x — oo, we have
{n <z: P(n) < P(n+ 1)} > 0.05544x.

In addition, in their paper they also indicated that the constant 0.05544 can
be improved to 0.05866 by using more sophisticated sieve methods thanks to an
observation of Fouvry, and so the constant 0.107005 in (L3) can also be improved
to 0.112945.

The purpose of this short note is to prove that there exists again a positive
proportion of consecutive integers n and n+ 1 with P(n) < P(n+ 1) when n varies
in short intervals. It seems the largest prime factors of consecutive integers are
also “independent events” in short intervals. Moreover, we can improve Fouvry’s
constant 0.05866.

Our results are as follows.

Theorem 1.
(i) Let

(1.6) 3<0<1 and O<c<min{3%3 01}

Then for x — oo and y = ¥, we have

(1.7) {z <n<az+y:Pn) <Pn+1)} = {g(0;c) +0s.c(1)}y,
where
(1.8) 9(0;¢c) :=log 7 i 2/00 loag(_l l_ﬁ)v d

(ii) For 2 <6 <1, there is a unique c(9) € (0, min {20230 —1}) such that
g0)=  max.  g(0:0) = g(0:e(6)) > 0.

0<c<min{2%=3 611

In particular, we have g(1) > ¢(1;0.1778) > 0.1063.
(iii) For x — oo, we have

(1.9) |{n <z :P(n) < P(n+1)}| > 0.1063z.
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One of the principal tools for proving Theorem [[lis Wu’s mean value theorem of
convolution type in short intervals [10, Theorem 2] (see Lemma 22 below). With
the help of [0, Theorem 1] (see Lemma[23 below), we can also get a similar Theorem
2 for % < 0 < 1. Obviously, Theorem 2 allows a wider range for 6, but we have

g(0) > h(0) if 0€ (2 + b, 1],

g(0) <h(9) if Oe (2, 2+d0],

where g is a very small positive constant, and h(f) is defined by (I2]) below.
Hence Theorem 1 gives a better lower bound than Theorem 2 for § € (£ + &y, 1],
and Theorem 2 gives a better lower bound than Theorem 1 for 6 € (2, 2 + o).

Theorem 2.
(i) Let
<60<1.

s

? we have

Then for x — o0 and y = x
o <n<a+y:P) < Pn+ 1} > {h(B:0) + 0pe 1)}y,

where h(0;c) is defined by

h(6;c) :=log ] !

B Co (0-1/2)1-v)  dv
2/01g(9—1/2)(1—v)—c 0—v

if
(1.10) 0<c<min{3et, 21 2 <<,
and
¢ (0—11/20)(1—v)  dv
h(0;c) =1 -2/ 1 .
(6;) :=log T— /0 0112001 —v)—c 6—v
if
(1.11) 0<ec<min{39=t 27} L <ol

(ii) For -5 < 0 < 1, there is a unique c(0) satisfying (LI0) and (CII) such that
(1.12) h(#) := max h(0;c) = h(6;c(6)) > 0.
c
Remark. Similarly to the proof of [I, Theorem 1.1], we can easily extend (I3)) to the

short intervals by following Fouvry’s argument [1]. Define A(N, N?) as the maximal
value of a as {€,}1<n<n runs through all possible 3V =1 sequences of —1,0,1 with

| (nzl) (0<6<1).

N<n<N+N?

Then for N — oo and 6, ¢ satisfying (I.G]), we have
log A(N, N%) > 2{h(6;¢) + 0..(1)} N’ log N,

where

h(0;c) :==c—2(1 —c)log(l — c)log (1 — 525 ) — 2/ log(1 — u)log (1 — 5% )du.
0
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For Theorem 1, we shall follow Fouvry’s argument [1]. Let y = 2 with % <6<1.
The starting point is the inequality

(1.13) DS I Y > 1=:84-S8p

T<n<zT+y z<n<z+y z<n<z+y
P(n—1)<P(n) P(n)>n'"¢ P(n—1)>P(n)>n'"¢

with 0 < ¢ < % So we only need to give a lower bound of S4 and an upper bound
of SB.

To estimate S, we shall use the asymptotic formula about the distribution of
friable numbers in short intervals.

For Sg, it counts the number of n satisfying n = ap+1 = bp’ with p > p’ > n'~¢,
namely a < b < n¢. So we have

Sp<H{z<n<z+y:n=ap+1=bpia<b< (z+y)°Y}

= Z Her<n<z+y:n=ap+1=>bp a<b}

b<(aty)°
= Z {n € &/ (D) : n is prime}|,
b (zty)°
where
ap+1
(1.14) 7 (b) :z{ 5 rx<ap< Ty, a<b, ap—i-lEO(modb)}.

For Theorem 1, we consider Sg with the condition “a < b < (x+y)¢” by substitut-
ing for “a < z¢ b < 2¢” in Fouvry’s arguments [I, Further remarks], so in fact we
sieve only half of the sequence from before. This is why we can improve Fouvry’s
constant “0.05866” to “0.1063”.

But for A(N, NY) in the Remark, we should consider the sum

> 1
r<n<zt+y
P(n—1)>n'"¢, P(n)>n'"¢

with the condition “a < (z +y)°% b < (z + y)¢”, not the sum Sp with “a < b <
(x +y)¢7, if n is of the form n = ap + 1 = bp’, so unfortunately when 6 = 1 we
can’t improve Fouvry’s constant 0.112945 in Theorem (B).

Then for Sp we will use Rosser-Iwaniec’s sieve [Bl[6] to sieve o7 (b) by the set of
primes

(1.15) &P ={p: pis prime},
and then give an upper bound of Sg. In addition, we also need some generalized
Bombieri-Vinogradov theorems in short intervals [10].

Throughout this paper, we denote by € an arbitrarily small positive constant,
and p, p’ primes. For convenience, we write .Z := log .

2. LEMMAS

Let A be a finite sequence of integers, P a set of primes, z > 2 a real number
and d a squarefree integer with all its prime factors belonging to P, and denote

Ag={acA:d|a}, Pl)= ][] »

p<z,pEP
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We shall evaluate
S(A;P,z):={a € A: (a, P(z)) = 1}].
Assume that |Ag4| may be written in the form

|Aq| = @X +7r(A,d) ford| P(z),

where X is an approximation to |.4| independent of d, w is a multiplicative function
satisfying 0 < w(p) < p for p € P, w(d)d~'X is considered as a main term and
r(A, d) is an error term which we expect to be small on average over d.

The first lemma is a simple consequence of [5, Theorem 1].

Lemma 2.1. Suppose that there exists a constant K > 2 such that

-1
H (1_w(p)) < log v <1+ K )
P log w log w

wp<v

for allv>w > 2. Then for any D > z > 2, we have
S(A;P,z) < XV F (0] ! A, d
(AP, 2) < (2) F'(s) + (log )17 + Z Ir(A, d)l,
d<D,d|P(z)
where s :=log D/log z, v is the Euler constant and
V(z):= H (1—wpp™), F(s):=2e"s"" (0<s<3).
p<z,pEP
For (a, q) =1 and £ > 1, we define
w(z; q,a,0) = Z 1.
Ip<Lz
¢p=a(mod q)

The second lemma is [10, Theorem 2].

Lemma 2.2. Let g(f) be an arithmetic function satisfying
S gt < 2
<z
for some positive constant A > 0. Define
1 (=+h)/C g
(2.1) H(z,h; q,a,0) :=7(2+ h; q,a,0) — 7(z; q,a,f) — w /z/e @-

Then for any A >0 and € > 0, there exists a constant B = B(A, \) > 0 such that
the estimate

max max max
(a,q)=1 hy z/2<z<x
q<Q

> g(OH(zh; g, a%)’ Kapney LA
<L
(4, q)=1

holds uniformly for 2 +e <0 <1, Q =2"12.278 and L = 2(56-3)/2~=,
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In particular, we can easily see that Lemma 2.2 covers the result of Perelli, Pintz
and Salerno [8, Theorem], which states that if 7(z; q,a) := 7(z; ¢,a, 1), then for
any A > 0 we have

(2.2)

1 z+h dt a
max max max |m(z+h;q,a)—m(z; ¢ a) — — — Ky
1<0 (a,q)=1 h<y z/2<z<z gp(q) 2 logt

uniformly for £ < 0 < 1 and Q = 29712278 where B = B(A) is a positive
constant.

The third lemma [9, Theorem 1] allows a wider range for y than [8, Theorem],
which states that by an equivalent version:

Lemma 2.3. Given any positive constants A,e and 6, Z2) is valid for x7/12+¢ <
y <z with Q = yx= /2979 and for z3/°(logx)>(A+6D+1 < o < o with Q =
y;v_l/z(log x)(A+64), where the implied constants depend only on A, & and §.

The fourth lemma is [4, Theorem 3.

Lemma 2.4. As U(x, y) is defined by (1)), then the asymptotic formula
z
(2.3) V(o +zy) =V, y) ~ —V(r, y) ~ zo(u)

holds uniformly for 1 < z/z < y*/1? and exp {(log £)*/3+¢} <y < =.

3. PROOFS OF THEOREM 1 AND THEOREM 2

To prove Theorem 1, recall that Sa,Sp, 27 (b) and & are defined in ([I3),
(CI4) and (LIH) respectively. First, we shall give an upper bound of Sg, and then
estimate S4.

For Sp, we first sieve o/(b) by &2 and then sum over b. Let 6 and ¢ be two
positive real numbers satisfying (L) respectively, and z = 2%~1/2/(b.£5), where
By is an appropriate positive constant. So for b < (z + y)¢ and d | P(z), we have

1
|Za(b)| = Hap;_ crx<ap<zHy, a<b,ap+150(m0dbd)}‘

I S

a<b zxz<ap<z+ty
ap+1=0(mod bd)

With the notation (ZI]) we can write

>, > !

a<b z<ap<z+y
ap+1=0(mod bd)

1 (z+y)/a dt
! - o(bd) ; H(z,y; bd,—1,a).
o Z (bd) /z log ¢ + Z (z,y; bd, —1,a)

a<b /a a<b
(a,bd)=1 (a, bd)=1

| a(D)]
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For the first sum on the right hand side of (B.1]), we have

Z 1 (z+y)/a dt 1 1 1
@(bd) Jy/a logt 2 ap(bd) | log 2 log % log &1v

a<b a<b
(a,bd)=1 (a,bd)=1
1 Y 1
{+ (z)}wbd) 2 log(e/a)
(a,bd)=1

By the Mdbius inversion, we have

= {1 +0 (é) } @(ybd) qud uE}q) Wng alog(lx/aq)
(3.2) ={1+0(§)}%(51+52)7
where

Si= 3 1(q) 3 1 S= Y 1(q) 3 o

i arzs 1 S, olos(z/ag) iz 1 5, @los(w/ag)
Denoting by 7(n) the number of divisors of n, we have

(3.3) S< > g t<r(bd) L.

qlbd, > 2£°

And for Sp, by the partial summation we have

so oy Mof o)

qlbd, < Z£°

L E () ()
olbd gm0 q logx — logb <
S () o))
e loa(/b) 7

owing to the condition ¢ < .#?, we can separate the above log g from the main
term. Thus we have

o (5 2 e et ) o ()

qlbd qlbd
a>2°
w0 i (225) o ) o)

So we infer from B1)), B2), B3) and (34) that

)] = 2D X 4 (e (1) )
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<= s (om0 (M%)

_ . y7(bd)
(< (b),d) = ;b H(x,y; bd,—1,a) + O (W) .

(a,bd)=1

with w(d) =1 and

Thus we can apply Lemma 21 with D = z = 29=1/2/(b.250) to write

S0 2.2) < (14 oDy + 3 (0.
d<z,d|P(z)

where we have used Mertens’ formula to evaluate
1 e 7 log &
veo= I (1-3) =m0 (%)}
From this and the trivial inequality
{n € &(b) : n is prime}| < S((b); &, 2) + z,
we deduce that
(35)  Sp< Y. (S((1):; P, 2)+2) <{l+0(1)}Ss+ Si+0(yL ™),
b (z+y)°

where

2y log x
S : Z 6—1 log )
—1/2
b<iat) blog(x /b) <log(:1:/b))

54 = Z Z’ Z H(xaya bdv_laa’)

b<(z4y)e d<z a<b
(a,bd)=1

?

and we have used the standard estimation ) . 7(m)*/p(m) < .£* to bound

bd 2
vz 3 3 7( )<<y‘$79 3 7(m) <y,
c 6—1/2 B So(bd) 1/2 — B, SD(Tn)
b<(z+y)© d<zf-1/2/(bLBo) m<zl/2.%—Bo
First we evaluate the error term S;. By the Cauchy-Schwarz inequality, it follows
that

si< Y. rm)| Y Hiaysm—1a)| < (SnSk),

m<zf-1/2.¢—Bo a<b
(a,m)=1

where

Sy = Z ’ Z H(z,y; m7_1aa)‘a

m<zf9—1/2%—Bo a<b
(a,m)=1

Sio 1= Z T(m)2’ Z H(z,y; m,—l,a)’.

m<zf—1/2%—Bo a<b
(a,m)=1
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For Syo, we use a trivial estimate, and for S41, we shall apply Lemma 2.2] with

=]t o<y,
TZN0 i b<t <6032

since b < (2 + y)¢ < 273)/27¢ thanks to hypothesis (L8). So we obtain

()" (T g (o))

m<19*1/2$*30
< (%)1/2 (y$5 + bx9*1/2$*30+3)1/2

Y
(3.6) < A[23

since y/2z(cH0-1/2)/2 « yz=(1/2-0/2 « y with c < § — & <
Next we evaluate S3. By partial summation we get

1
3

(@+y)* log x d¢
S = 2y{l + 0(1)}/1 log (log(x/t)) tlog(xz?=1/2/t)
(3.7) :y{Z/OC %dv—i—oac(l)}.

So from B3], (B.6) and [B.7) we obtain
c _ —1

y{2/ Mdv—i—oc,g(l)}.
o 0—35-v

Finally we evaluate S4. Noticing that % <h#<1l,0<e<b— % < % and
o(u) =1 —1logu for 1 < u < 2, Lemma [24] gives us immediately

1
(3.9) SA:y{logl_C—l—oc’g(l)}.

Now, the required inequality (7)) follows from (LI3]), (B8) and B3).

(3.8) Sp

N

FIGURE 1. ¢(6)

Then for Theorem 1, part (ii), we have

og ., . 1 log(1—¢)~t
36(9’0)_1—0 2 9—%—6 ’
d%g 1 2 1 log(1 —¢)~!
@(9’) _1—c<9—%—c_1—c>_2(9—%—c)2
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It’s obvious that %(0; ¢) < 0 for % <f0<land 0 <
is decreasing. Since %(9; 0) =1and lim,_, (41,
c(0) € (0, min{2¢=2,0 — 1}) such that %2(6;c(9)) = 0 and

9(0) := max 9(0;¢) = g(6;¢(0)) > 9(6;0) = 0

0<c<min{ 59;3 0—1}

c 1. Thus ¢+~ g—g(ﬁ;c)
8—i(@; ¢) = —o0, there is a unique

for 2 < 6 < 1. Figure[dl gives the graph of g(f).

By Mathematica 9.0, we can find ¢(1) ~ 0.1778 and g(1) = g(1,¢(1)) > 0.1063.

Theorem 1, part (iii), is an immediate consequence of Theorem 1, parts (i) and
(ii), via a simple dyadic summation.

This completes the proof of Theorem 1.

For Theorem 2, part (i), the proof is similar to [I, Theorem 1.2] by Lemma 23]
and for Theorem 2, part (ii), the proof is similar to Theorem 1, part (ii). Here we
have omitted the details.
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