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GRADIENT ESTIMATES OF MEAN CURVATURE EQUATIONS

WITH SEMI-LINEAR OBLIQUE BOUNDARY

VALUE PROBLEMS

JINJU XU AND LU XU

(Communicated by Guofang Wei)

Abstract. In this paper, we consider the semi-linear oblique boundary value
problem for the prescribed mean curvature equation. We find a suitable aux-
iliary function and use the maximum principle to get the gradient estimate.
As a consequence, we obtain the corresponding existence theorem for a class
of mean curvature equations with semi-linear oblique derivative problems.

1. Introduction

Let Ω ⊂ R
n be a bounded domain, n ≥ 2 with ∂Ω ∈ C3, and γ be the inward

unit normal vector to ∂Ω. We consider the following semi-linear oblique boundary
value problem:

div(
Du√

1 + |Du|2
) =f(x, u) in Ω,(1.1)

∂u

∂β
=ψ(x, u) on ∂Ω,(1.2)

where β is a C1 unit vector field: ∂Ω → R
n; f : Ω ×R → R and ψ : Ω ×R → R

are given functions. β is called strictly oblique if for some positive constant β0

β · γ ≥ β0 > 0.(1.3)

We assume that there exists a positive constant β1 such that

|Dβ| ≤ β1.(1.4)

Obviously, when β = γ, (1.2) corresponds to the Neumann boundary value condi-
tion.

A gradient estimate for the prescribed mean curvature equation has been exten-
sively studied. The interior gradient estimate for the minimal surface equation was
obtained in the case of two variables by Finn [3]. Bombieri, De Giorgi and M. Mi-
randa [1] obtained the estimate for the high dimensional case. For the general
mean curvature equation, such an estimate had also been obtained by Ladyzhen-
skaya and Ural′tseva [10], Trudinger [20] and Simon [17]. All their methods used
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the test function argument and the resulting Sobolev inequality. For the max-
imum principle proof, Guan-Spruck [6], Korevaar [8], Trudinger [21], and Wang
[23] gave a new proof for the mean curvature equation via the standard Bernstein
technique. The Dirichlet problem for the prescribed mean curvature equation had
been studied by Jenkins-Serrin [7] and Serrin [16]. More detailed history could be
found in Gilbarg and Trudinger’s book [5]; see also Li [11] for fully nonlinear elliptic
equations.

For the mean curvature equation with capillary problems, Ural′ceva [22], Simon-
Spruck [18] and Gerhardt [4] got the boundary gradient estimate and obtained
existence theorem on the positive gravity case respectively. They obtained these
estimates also via the test function technique. Spruck [19] used the maximum prin-
ciple to obtain the boundary gradient estimate in two dimensions for the positive
gravity capillary problems. Korevaar [9] got the gradient estimates for the positive
gravity case in the high dimensional case. In [12], Lieberman got the maximum
principle proof for the gradient estimates on the general quasi-linear elliptic equa-
tion with capillary boundary value problems.

Recently, for the mean curvature equation with Neumann problems, Ma-Xu
[15] got the maximum principle proof for the gradient estimate and consequently
obtained an existence result. Ma-Qiu [14] obtained the existence result for Hessian
equations with Neumann problems.

For the following oblique boundary value problem:

vq−1 ∂u

∂γ
+ ψ(x, u) =0 on ∂Ω,(1.5)

where Ω ⊂ R
n is a bounded domain, n ≥ 2, γ is the inward unit normal vector to

∂Ω, q ≥ 0 and v =
√
1 + |Du|2.

Lieberman ([13, page 360]) got the gradient estimates for q > 1 or q = 0 for
general quasi-linear equations. When q = 0, it corresponds to the capillary problem.
When q = 1, it corresponds to the Neumann boundary value problem. In [24], the
first author used the maximum principle to obtain a new unified proof of gradient
estimates for the problem (1.1), (1.5) with q > 1 or q = 0 or q = 1 for n = 2, 3
cases.

Now let’s state our main gradient estimates.

Theorem 1.1. Suppose u ∈ C2(Ω) ∩ C3(Ω) is a bounded solution to the oblique
derivative problems (1.1)-(1.2). Assume f(x, z) ∈ C1(Ω × [−M0,M0]), ψ(x, z) ∈
C3(Ω× [−M0,M0]), and assume that there exist positive constants M0, L1, L2 such
that

|u| ≤M0 in Ω,(1.6)

fz(x, z) ≥0 in Ω× [−M0,M0],(1.7)

|f(x, z)|+ |fx(x, z)| ≤L1 in Ω× [−M0,M0],(1.8)

|ψ(x, z)|C3(Ω×[−M0,M0])
≤L2.(1.9)

Then there exists a small positive constant μ0 such that we have the following
estimate:

sup
Ωμ0

|Du| ≤ max{M1,M2},

where M1 is a positive constant depending only on n, μ0,M0, L1, which is from the
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interior gradient estimates; M2 is a positive constant depending only on n,Ω, μ0, β0,
β1,M0, L1, L2, and d(x) = dist(x, ∂Ω),Ωμ0

= {x ∈ Ω : d(x) < μ0} and μ0 depends
on Ω, L2.

From the standard bounded estimates in Concus-Finn [2] (see also Spruck [19]),
Ma-Xu [15], interior gradient estimates [5], and Theorem 1.1 for the prescribed
mean curvature equation, we can get the following existence theorem for the oblique
boundary value problem of mean curvature equations.

Corollary 1.2. Let Ω ⊂ R
n be a bounded domain, n ≥ 2, ∂Ω ∈ C3, and β a

C1 unit oblique vector field to ∂Ω which satisfies (1.3). If ψ ∈ C3(Ω) is a given
function, then the following boundary value problem:

div(
Du√

1 + |Du|2
) =u in Ω,(1.10)

∂u

∂β
=ψ(x) on ∂Ω,(1.11)

exists with a unique solution u ∈ C2(Ω).

In the entire paper we follow the Einstein summation convention: all repeated
indices from 1 to n denote summation. The rest of the paper is organized as
follows. The proof of the main Theorem 1.1 has been divided into two sections. In
section 2, we first give some notation and the boundary gradient bound. We prove
the gradient estimate near the boundary in section 3 and complete the proof of
Theorem 1.1.

2. Some preliminaries and a boundary gradient estimate

The important interior gradient estimate is from Gilbarg-Trudinger [5].

Remark 2.1 ([5]). If u ∈ C3(Ω) is a bounded solution for the equation (1.1) with
(1.6), and if f ∈ C1(Ω × [−M0,M0]) satisfies the conditions (1.7)-(1.8), then for
any subdomain Ω′ � Ω, we have

sup
Ω′

|Du| ≤ M1,

where M1 is a positive constant depending only on n,M0, dist(Ω
′, ∂Ω), L1.

We denote by Ω a bounded domain in R
n, n ≥ 2, ∂Ω ∈ C3, set

d(x) = dist(x, ∂Ω),

and

Ωμ ={x ∈ Ω : d(x) < μ}.

Then it is well known that there exists a positive constant μ1 > 0 such that d(x) ∈
C3(Ωμ1

). As in Simon-Spruck [18] or Lieberman [13, page 331], we can take γ = Dd

in Ωμ1
and note that γ is a C2(Ωμ1

) vector field. As mentioned in [12] and the
book [13], we also have the following formulas:

|Dγ|+ |D2γ| ≤C(n,Ω) in Ωμ1
,

γiDjγ
i = 0, γiDiγ

j =0, |γ| = 1 in Ωμ1
.

(2.1)
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As in [13], we define

cij =δij − γiγj in Ωμ1
,(2.2)

and for a vector ζ ∈ Rn, we write ζ ′ for the vector with i−th component cijζj . So

|D′u|2 =cijuiuj .(2.3)

Following Ma-Xu’s technique in [15], we use the maximum principle for the following
auxiliary function in Ωμ0

to get our estimates, where 0 < μ0 < μ1 is a sufficiently
small number which we shall decide later.

Now we present three cases to complete the proof of Theorem 1.1.

Case 1. If ϕ(x) attains its maximum at x0 ∈ ∂Ω, then we shall get the bound of
|Du|(x0).

Case 2. If ϕ(x) attains its maximum at x0 ∈ ∂Ωμ0
∩ Ω, then we shall get the

estimates via the interior gradient bound in Remark 2.1.

Case 3. If ϕ(x) attains its maximum at x0 ∈ Ωμ0
, in this case for the sufficiently

small constant μ0 > 0, then we can use the maximum principle to get the bound
of |Du|(x0).

Setting w = u− ψ(x, u)d, we choose the following auxiliary function Φ:

Φ(x) = log |Dw|2e1+M0+ueα0d, x ∈ Ωμ0

where α0 = C0L2+C0+1
β0

, C0 is a positive constant depending only on n,Ω, β0, β1.

Let

ϕ(x) = logΦ(x) = log log |Dw|2 + h(u) + g(d),(2.4)

where

h(u) = 1 +M0 + u, g(d) = α0d.(2.5)

Note that the following constants C which appear in different lines in the whole
paper are different depending only on n,Ω, β0, β1, μ0,M0, L1, L2.

In this section, we shall first give the boundary gradient bounds on ∂Ω to prove
Case 1.

We differentiate ϕ along the strictly oblique direction

∂ϕ

∂β
=

(|Dw|2)iβi

|Dw|2 log |Dw|2 + h′uβ + g′β · γ.(2.6)

Since

wi =ui − ψuuid− ψxi
d− ψγi,(2.7)

|Dw|2 =|D′w|2 + w2
γ ,(2.8)

we have

wγ =uγ − ψuuγd− ψxi
γid− ψ = 0 on ∂Ω,(2.9)

(|Dw|2)i =(|D′w|2)i on ∂Ω.(2.10)

Applying (2.1), (2.3) and (2.10), it follows that

(|Dw|2)iβi = 2cklwkiwlβ
i + (ckl)iwkwlβ

i

= 2cklukiulβ
i − 2cklulDkψβ · γ − 2ψcklul(γ

k)iβ
i

+ (ckl)iβ
i(uk − ψγk)(ul − ψγl),

(2.11)
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where

Dkψ = ψxk
+ ψuuk.

Differentiating (1.2) with respect to the tangential direction, we have

ckl(uβ)k =cklDkψ.(2.12)

It follows that

ckluikβ
i =− cklui(β

i)k + cklDkψ.(2.13)

Inserting (2.13) into (2.11) and combining (1.2), (2.6), we have

|Dw|2 log |Dw|2 ∂ϕ
∂β

(x0)

=(g′(0)β · γ + h′ψ)|Dw|2 log |Dw|2 − 2cklului(β
i)k + 2(1− β · γ)cklulDkψ

− 2ψcklul(γ
k)iβ

i + (ckl)iβ
i(uk − ψγk)(ul − ψγl).(2.14)

From (2.7) and the mean value inequality, we obtain

|Dw|2 =
n∑

i=1

(ui − ψγi)2 ≤ 2|Du|2 + 2ψ2 on ∂Ω,

|Du|2 =
n∑

i=1

(wi + ψγi)2 ≤ 2|Dw|2 + 2ψ2 on ∂Ω.

(2.15)

Assume |Du|(x0) ≥
√
100 + 5|ψ|2

C0(Ω×[−M0,M0])
, otherwise we get the estimates.

At x0, from (2.15) and the assumption, we have

3

10
|Du|2 ≤|Dw|2 ≤ 12

5
|Du|2, |Dw|2 ≥ 50.(2.16)

Inserting (2.16) into (2.14), we have

|Dw|2 log |Dw|2 ∂ϕ
∂β

(x0) ≥(α0β0 − C0L2 − C0)|Dw|2 log |Dw|2

=|Dw|2 log |Dw|2

>0.(2.17)

On the other hand, from β · γ ≥ β0 > 0, we have

∂ϕ

∂β
(x0) ≤ 0.

It is a contradiction to (2.17).
Then we have

|Du|(x0) ≤
√
100 + 5|ψ|2

C0(Ω×[−M0,M0])
.(2.18)

�
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3. Gradient estimate near the boundary

In this section, we will get the gradient estimate in Ωμ0
to prove Case 3. Precisely,

if ϕ(x) attains its maximum at x0 ∈ Ωμ0
for the sufficiently small constant μ0 > 0,

then we can use the maximum principle to get the bound of |Du|(x0). In this case,
x0 is a critical point of ϕ. We choose the different coordinate from Ma-Xu [15]. By
rotating the coordinate system suitably, we may assume that wi(x0) = 0, 2 ≤ i ≤ n
and w1(x0) = |Dw| > 0. And we can further assume that the matrix (wij(x0))(2 ≤
i, j ≤ n) is diagonal. Let μ2 ≤ 1

100L2
such that

|ψu|μ2 ≤ 1

100
; then

99

100
≤ 1− ψuμ2 ≤ 101

100
.(3.1)

We can choose

μ0 =
1

2
min{μ1, μ2, 1}.

In order to simplify the calculations, we let

w =u−G, G = ψ(x, u)d.

Then we have

wk = (1−Gu)uk −Gxk
.(3.2)

Since at x0,

|Du|2 =u2
1 +

∑
2≤i≤n

u2
i ,(3.3)

(1−Gu)ui =Gxi
= ψxi

d+ ψγi, i = 2, . . . , n,(3.4)

w1 =(1−Gu)u1 −Gx1
= (1−Gu)u1 − ψx1

d− ψγ1.(3.5)

So from the above relation, at x0, we can assume

u1 ≥ 200(1 + |ψ|C1(Ω×[−M0,M0])
).(3.6)

Then

19

20
u1 ≤ w1 ≤ 21

20
u1,

91

100
w2

1 ≤ |Du|2 ≤ 111

100
w2

1,(3.7)

and by the choice of μ0 and (3.1), we have

99

100
≤ 1−Gu ≤ 101

100
.(3.8)

From the above choices, we shall get the gradient estimate in Ωμ0
with two steps

and then complete the proof of Theorem 1.1. All the calculations will be done at
the fixed point x0.

Step 1. We first compute the first and the second derivatives of ϕ and get the
formula (3.32).

Taking the first derivatives of ϕ,

ϕi =
(|Dw|2)i

|Dw|2 log |Dw|2 + h′ui + g′γi.(3.9)

From ϕi(x0) = 0, we have

(|Dw|2)i = −|Dw|2 log |Dw|2(h′ui + g′γi).(3.10)
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Take the derivatives again for ϕi,

ϕij =
(|Dw|2)ij

|Dw|2 log |Dw|2 − (1 + log |Dw|2) (|Dw|2)i(|Dw|2)j
(|Dw|2 log |Dw|2)2

+ h′uij + h′′uiuj + g′′γiγj + g′(γi)j .(3.11)

Using (3.10), it follows that

ϕij =
(|Dw|2)ij

|Dw|2 log |Dw|2 + h′uij +
[
h′′ − (1 + log |Dw|2)h′2]uiuj

+
[
g′′ − (1 + log |Dw|2)g′2

]
γiγj − (1 + log |Dw|2)h′g′(γiuj

+ γjui) + g′(γi)j .

(3.12)

Then we get

0 ≥ aijϕij =:I1 + I2,(3.13)

where

aij(Du) = v2δij − uiuj , v = (1 + |Du|2) 1
2 , aijuiuj = |Du|2,(3.14)

I1 =
1

|Dw|2 log |Dw|2 a
ij(|Dw|2)ij ,(3.15)

and

I2 =aij
{
h′uij +

[
h′′ − (1 + log |Dw|2)h′2]uiuj +

[
g′′ − (1 + log |Dw|2)g′2

]
γiγj

− 2(1 + log |Dw|2)h′g′γiuj + g′(γi)j

}
.(3.16)

By (3.14), the equation (1.1) is equivalent to the following equation:

aijuij = f(x, u)v3 in Ω.(3.17)

Now we first treat I2. From the choice of the coordinate and the equations (3.17),
(3.14), (2.5), we have

I2 ≥fv3 − 2(aijuiuj + α2
0a

ijγiγj) logw1 − Cu2
1.(3.18)

Next, we calculate I1 and get the formula (3.32).
Taking the first derivatives of |Dw|2, we have

(|Dw|2)i =2w1w1i.(3.19)

Taking the derivatives of |Dw|2 once more, we have

(|Dw|2)ij =2w1w1ij + 2wkiwkj .(3.20)

By (3.15) and (3.20), we can rewrite I1 as

I1 =
1

w1 logw1
aijwij1 +

1

w2
1 logw1

aijwkiwkj =: I11 + I12.(3.21)

In the following, we shall deal with I11 and I12 respectively.
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For the term I11: Taking the first and second derivatives of (3.6), then we have

wki =(1−Gu)uki −Guuukui −Guxi
uk −Guxk

ui −Gxkxi
,(3.22)

wkij =(1−Gu)ukij −Guu(ukiuj + ukjui + uijuk)

−Guxi
ukj −Guxj

uki −Guxk
uij

−Guuuukuiuj −Guuxi
ujuk −Guuxj

uiuk −Guuxk
uiuj

−Guxixj
uk −Guxkxj

ui −Guxixk
uj −Gxixjxk

.(3.23)

So from the choice of the coordinate and the equations (3.17), (3.14), we have

aijwij1 ≥(1−Gu)a
ijuij1 − 2aij(Guuui +Guxi

)u1j − (Guuu1 +Gux1
)fv3 − Cu3

1.

(3.24)

Differentiating (3.17), we have

aijuij1 =− aijpl
ul1uij + v3D1f + 3fv2v1.(3.25)

From (3.14), we have

aijpl
=2ulδij − δiluj − δjlui.(3.26)

By the definition of v, we have

vv1 =ukuk1.(3.27)

Since

D1f =fuu1 + fx1
,(3.28)

from (3.26)-(3.28) and (3.17), we have

aijuij1 =
2

v2
aijuilu1jul + fuv

3u1 + fx1
v3 + fvukuk1.(3.29)

Inserting (3.29) into (3.24) and combining (3.21), from fu ≥ 0, we have

I11 ≥ 1

w1 logw1

{2(1−Gu)

v2
aijuilu1jul + (1−Gu)fvuju1j − 2aij(Guuui +Guxi

)u1j

− (Guuu1 +Gux1
)fv3 − Cu3

1

}
.

(3.30)

For the term I12: applying (3.14) and (3.22), we have

I12 ≥ 1

w2
1 logw1

aijw1iw1j +
1

w2
1 logw1

∑
2≤i≤n

aiiw2
ii.(3.31)

Combining (3.30), (3.31), (3.21) and (3.18), (3.13), we can obtain the following
formula:

0 ≥aijϕij(x0)

≥ 1

w2
1 logw1

{2(1−Gu)w1

v2
aijuilu1jul + aijw1iw1j +

∑
2≤i≤n

aiiw2
ii

+ (1−Gu)fvw1uju1j − 2w1a
ij(Guuui +Guxi

)u1j

}
+ fv3 − 1

w1 logw1
(Guuu1 +Gux1

)fv3(3.32)

− 2(aijuiuj + α2
0a

ijγiγj) logw1 − Cu2
1.
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Step 2. In this step we shall treat the quadratic terms in (3.32) and finish the proof
of Theorem 1.1. By (3.10) and (3.19), we have

w1i =− w1 logw1(h
′ui + g′γi), i = 1, 2, . . . , n.(3.33)

By (3.22), it follows that

(1−Gu)u1i =− w1 logw1(h
′ui + g′γi) + (Guuu1 +Gux1

)ui + (u1Guxi
+Gx1xi

),

(3.34)

i = 1, 2, . . . , n.

Now we use the formulas (3.33)-(3.34) to treat the quadratic terms in (3.32). We
obtain

2(1−Gu)w1

v2
aijuilu1jul + aijw1iw1j +

∑
2≤i≤n

aiiw2
ii

≥2(1−Gu)w1u1

v2
aiju1iu1j + aijw1iw1j +

2(1−Gu)w1

v2

∑
2≤l≤n

aijuilu1jul

+
∑

2≤i≤n

aiiw2
ii

≥
[ 2w1u1

(1−Gu)v2
+ 1

]
(aijuiuj + α2

0a
ijγiγj)w2

1 log
2 w1 − Cw2

1 logw1,(3.35)

and

(1−Gu)fvuju1j − 2aij(Guuui +Guxi
)u1j

≥− fv|Du|2w1 logw1 + fv|Du|2(Guuu1 +Gux1
)− Cu3

1 logw1.(3.36)

Inserting (3.35) and (3.36) into (3.32), we have

0 ≥aijϕij ≥
1

8
u2
1 logw1 − Cu2

1.(3.37)

Then there exists a positive constant C3 such that

|Du|(x0) ≤ C3, x0 ∈ Ωμ0
.(3.38)

Finally, since x0 is the maximum point, then we have ϕ(x) ≤ ϕ(x0), ∀ x ∈ Ωμ0
.

From the estimate (2.18) in section 2 and (3.38) and Remark 2.1, we obtain

sup
Ωμ0

|Du| ≤ max{M1,M2},

where the positive constant M1 depends only on n, μ0,M0, L1; and M2 depends
only on n,Ω, μ0, β0, β1,M0, L1, L2.

Thus we complete the proof of Theorem 1.1. �
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