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REVERSE ISOPERIMETRIC INEQUALITY

IN TWO-DIMENSIONAL ALEXANDROV SPACES

ALEXANDER A. BORISENKO

(Communicated by Lei Ni)

Abstract. We prove a reverse isoperimetric inequality for domains homeo-
morphic to a disc with the boundary of curvature bounded below lying in two-
dimensional Alexandrov spaces of curvature � c. We also study the equality
case.

The well-known isoperimetric inequality for the Euclidean plane states that the
area F and the length L of the boundary of any plane domain with a rectifiable
boundary satisfy the inequality

L2 − 4πF � 0,

and equality is attained only for a circle [1].
On the planes of constant curvature there is a similar theorem, and the following

inequality holds [2]:
L2 − 4πF + cF 2 � 0,

where c is the curvature of the plane.
In two-dimensional manifolds of bounded curvature for domains homeomorphic

to a disc A.D.Alexandrov proved [3] the inequality

F � L2

2(2π − ω+)
,

where ω+ is a positive curvature of a domain. In the inequality above equality
holds only if the domain is isometric to a lateral surface of a right circular cone
with curvature ω+ < 2π at the vertex.

The isoperimetric inequality for domains with a compact closure and bounded
by a finite number of rectifiable curves in two-dimensional manifolds of bounded
curvature was proved in [4].

But if we don’t put any conditions on the boundary curves, then the areas of
the enclosed domains can be arbitrarily close to zero, and the perimeters of these
curves can be arbitrarily large. If we assume that the boundary curve is λ-convex,
then, given the perimeter of it, the area of the domain is bounded from below by
some constant. We prove the following main theorem.

Theorem. Let G be a domain homeomorphic to a disc and lying in a 2-dimensional
Alexandrov space of curvature (in the sense of Alexandrov) � c. If the boundary
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curve γ of G is λ-convex and the perimeter of γ is equal to L, then the area F of
the domain G satisfies:

(1) for c = 0,

(0.1) F � L

2λ
− 1

λ2
sin

Lλ

2
;

(2) for c = k2,

(0.2) F � 4

k2
arctan

(
λ√

λ2 + k2
tan

(√
λ2 + k2

4
L

))
− Lλ

k2
;

(3) (a) for c = −k2 and λ > k,

(0.3) F � Lλ

k2
− 4

k2
arctan

(
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4
L

))
;

(b) for c = −k2 and λ = k,

(0.4) F � L

k
− 4
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arctan

kL

4
;

(c) for c = −k2 and λ < k,

(0.5) F � Lλ
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− 4

k2
arctan

(
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tanh

(√
k2 − λ2

4
L

))
.

In all inequalities (0.1) – (0.5) equality is attained if and only if the domain G is a
λ-convex lune of length L lying on the plane of constant curvature equal to c.

By λ-convex lune we understand a convex domain bounded by two arcs of con-
stant geodesic curvature and of length L/2. In particular:

1) For c = 0 the domain is bounded by two circular arcs of radius 1/λ. In this
case the perimeter satisfies L � 2π/λ.

2) For c = k2 > 0 the domain is also bounded by two circular arcs of curvature

equal to λ, and the perimeter satisfies L � 2π/
√
λ2 + k2.

3) (a) For c = −k2 < 0 and λ > k the lune is also bounded by two arcs
of a circle of curvature equal to λ, and the perimeter satisfies L �
2π/

√
λ2 − k2;

(b) for c = −k2 < 0, λ = k the domain is bounded by arcs of horocycles,
and the perimeter of the domain can be arbitrary;

(c) for c = −k2 < 0, 0 < λ < k the domain is bounded by two arcs of
equidistants, the perimeter can also be arbitrary.

For domains in two-dimensional simply-connected spaces of constant curvature
equal to c the main theorem was proved when c = 0 in [5], when c = k2 in [6], and
when c = −k2 in [7].

For J-holomorphic curves some variant of a reverse isoperimetric inequality was
proved in [8]. In particular, it’s been shown that the length of the boundary of
a J-holomorphic curve with Lagrangian boundary conditions is dominated by a
constant times its area.

Let R be an Alexandrov space of curvature � c (see [9, p. 308] and [10, p. 103])
homeomorphic to a disc. Suppose G is a domain in R bounded by a rectifiable
curve γ. Denote by ϕ(γ1) the integral geodesic curvature (the swerve) of an arc γ1,
γ1 ⊂ γ [9, p. 309].
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A curve γ is called λ-convex with λ > 0 if for each sub-arc γ1 of γ,

ϕ(γ1)

s(γ1)
� λ,

where s(γ1) is the length of an arc γ1. For regular curves in a two-dimensional Rie-
mannian manifold this condition is equivalent to the assumption that the geodesic
curvature at each point � λ > 0. In the general case such a condition allows a
curve to have corner points.

Theorem A (A. D. Alexandrov, [9, p. 269]). A metric space with inner metric of
curvature � c homeomorphic to a sphere is isometric to a closed convex surface in
a simply-connected space of constant curvature equal to c.

Theorem B (A.V. Pogorelov, [11, pp. 119-167, 267, 320-321]; Yu. Volkov [12,
pp. 463-493]). Closed isometric convex surfaces in the three-dimensional Euclidean
and spherical spaces are equal up to a rigid motion.

Theorem C (A.D. Milka, [13]). Closed isometric convex surfaces in the three-
dimensional Lobachevsky space are equal up to a rigid motion.

Theorem D (W. Meeks and S.T. Yau, [14]). Let M be a convex three-dimensional
manifold in the spherical space S3, and γ ⊂ ∂M be a closed Jordan curve. Then
the curve γ bounds an embedded surface which is a solution to the Plateau problem.
Moreover, this surface either entirely lies on the boundary ∂M or the interior of
the surface lies inside M .

Theorem E. Let γ be a closed embedded λ-convex curve, with λ > 0, lying in
a two-dimensional model space of constant curvature equal to c. If L and F are,
respectively, the length of γ and the area of the domain, enclosed by the curve, then

(1) (A. Borisenko, K. Drach, [5]) for the Euclidean plane, i.e. for c = 0,

F � L

2λ
− 1

λ2
sin

Lλ

2
;

(2) (A. Borisenko, K. Drach, [6]) for the spherical space, i.e. for c = k2,

F � 4
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arctan
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4
L

))
− Lλ

k2
;

(3) (K. Drach, [7]) for the hyperbolic space, i.e. for c = −k2, when
(a) λ > k,

F � Lλ
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;

(b) λ = k,
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;

(c) λ < k,

F � Lλ

k2
− 4

k2
arctan

(
λ√

k2 − λ2
tanh

(√
k2 − λ2

4
L

))
.



4468 ALEXANDER A. BORISENKO

Proof of the main Theorem

Let G1 and G2 be two copies of the domain G. Let us glue the domains G1 and
G2 along their boundary curves γ1 and γ2 by isometry between these curves. We
obtain a manifold F homeomorphic to the two-dimensional sphere with intrinsic
metric. Since the sum of the integral geodesic curvatures of any two identified
arcs of the boundary curves is non-negative, from the Alexandrov gluing theorem
[9, p. 318] it follows that F is Alexandrov space of curvature � c. By Theorem A,
this manifold can be isometrically embedded as a closed convex surface F1 in the
simply-connected space M3(c) of constant curvature equal to c. From Theorems B
and C it follows that up to a rigid motion this surface is unique.

By plane domains we will understand domains on totally geodesic two-dimen-
sional surfaces in spaces of constant curvature; similarly, we will call lines geodesic
lines in these spaces.

Perform the reflection of the surface F1 with respect to a plane π passing through
3 points on γ that do not lie on a line. We will get the mirrored surface F2. The
domains G1 and G2 are mapped to domains G̃1 and G̃2 on F2; the curve γ is
mapped to γ̃. But G1 is isometric to G2; G̃2 is isometric to G̃1. Let us reverse
the orientation of the domains G̃1, G̃2. Then the surface F2 will be isometric to
F1 and they will have the same orientation. By Theorems B and C the surface
F1 can be mapped onto the surface F2 by rigid motion of the ambient space. But
the 3 points of the curve γ are fixed under this rigid motion. Thus it follows that
this motion is the identity mapping and, moreover, the curve γ coincides with the
curve γ̃. Such situation is possible only when the curve γ is a plane curve and is
the boundary of a convex cup isometric to the domain G. Recall that a convex cap
is a convex surface with a plane boundary γ such that the surface is a graph over
a plane domain Ḡ enclosed by γ. Note that since γ is a convex curve on the plane,
the integral geodesic curvature of any arc of the curve γ is non-negative viewed
both as a curve on the cap and as a curve on a plane.

In the cases c = 0 or c = −k2 with k > 0, by a direct computation of the area of
a graph over a plane domain, we obtain that the area of G is not less than the area
of the plane domain Ḡ. And the equality holds if and only if the cap G coincides
with Ḡ.

In the spherical space S3(k2) of curvature c = k2 let us consider a domain M
bounded by the two-dimensional totally geodesic sphere containing γ; M is a closed
hemisphere. This hemisphere is a convex three-dimensional manifold in the sense
of [14]; thus we can apply Theorem D. By this theorem, the minimal surface M2,
which is a solution of the Plateau problem, either coincides with the domain Ḡ on
the boundary of M or its interior lies inside the hemisphere.

Let us show that the integral geodesic curvature of any arc of γ calculated on Ḡ
is not less than the corresponding integral geodesic curvature of this calculated on
the cap G. This means that γ as a boundary curve of Ḡ is also λ-convex.

Recall that the intrinsic curvature ω(D) of a Borel set D on a convex surface in
a space of constant curvature c is

ω(D) = ψ(D) + cF (D),

where ψ(D) is extrinsic curvature, F (D) – area of D [9, p. 397]. Consider a closed
convex surface M2 bounded by G and the plane domain Ḡ, and a surface M̄2 made
up from the double-covered domain Ḡ.
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The intrinsic curvature concentrated on γ equals

ω(γ) = τγ(G) + τγ(Ḡ),

where τγ(G), τγ(Ḡ) are the integral geodesic curvatures of γ computed in G and
Ḡ, respectively.

Since F (γ) = 0, we have

ψM (γ) = τγ(G) + τγ(Ḡ),

ψM̄ (γ) = 2τγ(Ḡ).

From the definition of the extrinsic curvature [9, p. 397] it follows that ψM̄ (γ) �
ψM (γ), since each plane supporting to M2 at a point on γ is also supporting to M̄2.
Thus we obtain τγ(Ḡ) � τγ(G). Moreover, this inequality holds for any sub-arc of
γ as well (for the Euclidean space this inequality was proved by V.A. Zalgaller [15,
p. 65]).

Since the curve γ on the sphere is λ-convex, we have that the length of γ is less
then 2π and it lies inside a two-dimensional open totally geodesic hemisphere of the
boundary ∂M . Assume that the minimal surface lies inside the domain M . This
means that this surface lies in some open hemisphere of the spherical space S3(k2).

Without loss of generality it can be assumed that k = 1. Denote by S3(1) a
sphere of radius 1 in the Euclidean space E

4 with the orthogonal Cartesian coor-
dinates x0, x1, x2, x3. By S3

+ denote the hemisphere of S3(1) with x0 > 0. By
definition, the geodesic map of S3

+ onto the Euclidean space E
3 (given by x0 = 1)

with the orthogonal Cartesian coordinates y1, y2, y3 is the mapping

yi =
xi

x0
, i = 1, 2, 3.

It is clear from the definition that lines and planes of S3
+ are mapped into lines and

planes of the Euclidean space E3. Let
(
x0(u1, u2), x

1(u1, u2), x
2(u1, u2), x

3(u1, u2)
)

be the position vector of the minimal surface M2 ⊂ S3
+ with the boundary curve γ.

Suppose M̃2 is the image of M2 under the geodesic map; then the position vector
of M̃2 is

r̃ =
r

x0
,

where r = r(u1, u2) =
(
x1(u1, u2), x

2(u1, u2), x
3(u1, u2)

)
.

The second fundamental forms of M2 and M̃2 are proportional (see [16, Lemma
8]). From minimality of M2 it follows that the Gaussian curvature of the surface

M̃2 is non-positive.

Since the curve γ as a curve of the sphere S2 (with x0 = 0,
(
x1

)2
+
(
x2

)2
+
(
x3

)2
=

1) is λ-convex, γ belongs to an open hemisphere of S2. We choose in E
4 the

Cartesian coordinates such that for the points on the curve γ we have x3 > c0 > 0
for some constant c0 less than 1.

If a sequence of points Qi ∈ M2 converges to a point on the curve γ, then the
sequence Q̃i ∈ M̃2 converges to infinity. The directions of the position vectors

r̃
(
Q̃i

)
converge to the vector

a =

(
x1(u1, u2)

x3(u1, u2)
,
x2(u1, u2)

x3(u1, u2)
, 1

)
,



4470 ALEXANDER A. BORISENKO

where (0, r(u1, u2)), defined above, is the position vector of the points on the curve
γ.

If ϕ is the angle between the axis y3 and the vector a, then

cosϕ = x3(u1, u2) > c0.

Therefore, in the infinity the surface M̃2 lies inside the cone

y3 =
c0√
1− c20

√
(y1)

2
+ (y2)

2
,

and y3 → +∞ if a sequence of points Qi ∈ M2 converges to the point on the curve
γ.

Let F0 be the graph of the function

y3 =

√
1 + ε2

(
(y1)2 + (y2)2

)
− h

with 0 < ε � c0/
√
1− c20 and sufficiently big h > 1. The surface M̃2 lies on the

one side with respect to the surface F0.
On M̃2 consider the function

f(u1, u2) := y3(u1, u2)−
√
1 + ε2(y1(u1, u2)2 + y2(u1, u2)2) + h,

where yi(u1, u2) (i = 1, 2, 3) are coordinates of the points in M̃2. We have f > 0,

and if points Q̃i ∈ M̃2 converge to infinity, the function f converges to +∞. Thus
it follows that the minimum of the function f is attained at some point Q̃0 ∈ M̃2.
It is easy to compute that at this point the Gaussian curvature of M̃2 is positive.
This contradicts that M̃2 has a non-positive Gaussian curvature.

Therefore, the solution to the Plateau problem is the plane domain Ḡ. From this
we get that either the area of G is strictly larger than the area of Ḡ or the domains
G and Ḡ coincide.

Consider the domain Ḡ with the boundary curve γ. This domain lies in a two-
dimensional space of constant curvature c and satisfies the conditions of Theorem
E, which yields the desired conclusion of the main Theorem.
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