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Abstract. We give the first proof of polynomial total variation mixing time
bound for the Kac random walk on the special orthogonal groups. The proof re-
lies on the exact spectral gap computation by E. A. Carlen et al. and D. Maslen,
and hinges on two novel ingredients: a multi-dimensional generalization of Tu-
ran’s lemma for polynomials on the unit circle, proved by F. L. Nazarov, and a
Morse-theoretic result due to J. Milnor. The techniques are robust in the sense
that the step distribution of the walk does not have to be uniformly supported
on the circles and that the model can be generalized to higher dimensional
particles or other compact Lie groups, provided the corresponding relaxation
time is polynomial in the dimension.

1. Introduction

Consider the following probabilistic toy model of Boltzmann gas dynamics. As-
sume we have n gas particles living in R1, whose only physically relevant mea-
surements are their velocities, which are represented by the components of an n-
dimensional vector v = (v1, . . . , vn). When two particles collide, their velocities are
transformed from an old pair to a new pair; the only constraint is that the total
kinetic energy is preserved. Thus vi(old)

2 + vj(old)
2 = vi(new)

2+ vj(new)
2, for all

i �= j. In particular, after normalization, the n-vector v lives on the unit sphere in
Rn.

To capture the randomness of the collision pairs as well as the transformation
of velocity pairs, we introduce the following discrete time Markov model for the
evolution of the above collision process: the state of the gas ensemble is represented
by a point p ∈ Sn−1. At each step, two distinct coordinates i �= j are uniformly
chosen and p is rotated along the oriented i∧j plane by a uniform angle θ ∈ [0, 2π).
All the random choices made are independent of one another. This is known as the
Kac random walk on the sphere. One can also define the corresponding walk (1.1) on
the Lie group SO(n) by applying the same random rotation to each of the standard
basis vectors in an orthonormal frame; the walk on the sphere then becomes a
projected random walk by virtue of the relation Sn−1 ∼= SO(n)/SO(n− 1).

By standard Markov chain theory, this random walk converges in distribution to
the uniform measure on Sn−1, resp. SO(n). In fact even the rates of convergence
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under various norms are fairly well understood. To summarize the current state of
affairs, the spectral gap of the walk has been determined to be 1

2n + 3
2n(n−1) in [2]

as well as [7] (see also [5] for a Martingale approach to obtain the right order of
magnitude). The convergence rate, under the L2 Wasserstein distance induced from
the natural Riemannian metric on SO(n), has been determined to be O(n2 log n)
in [10], improving upon previous work on the weak-* convergence rate in [3] and
[15]. Finally total variation mixing time has been especially difficult to analyze due
to the presence of singularities in the density of the running distribution. A bound

of order O(nn2

) was initially obtained in [3], using the Doeblin coupling technique.
Subsequently, it was improved to O(n5 log n) in [6], but only for the walk on Sn−1.
Here we present a short argument for polynomial mixing time of the latter walk
under the total variation distance.

Let K be the Kac kernel, defined by

(Kf)(A) =
1(
n
2

) n∑
i �=j

∫ 2π

0

f(R(i, j; θ)A)
1

2π
dθ,(1.1)

for A ∈ SO(n). Also let ν be the Haar measure on SO(n) and denote by δg the
point mass at an element g ∈ SO(n). The main result of this paper is

Theorem 1.1. For t = 20n5(logn)2, the following total variation distance bound
can be established:

‖δgKt − ν‖TV ≤ 1

4
.

Here g denotes an arbitrary element in SO(n). Also define the relaxation time by
trel := − lim supt

1
t log ‖δgKt − ν‖TV. Then trel ≤ 2n5.

Clearly it suffices to take g in the statement above to be the identity element.
Furthermore, by log subadditivity of total variation distance to stationarity, the
distance drops by a factor of 2k when the running time is extended by a factor of
2k, that is,

‖δgK2kt − π‖TV ≤ 1

4
2−k.

Unlike the spectral gap and Wasserstein distance mixing time, the total variation
mixing time of this walk has been especially difficult to analyze due to the pres-

ence of singularities in the density of the running distribution. The O(nn2

) bound
obtained in [3] is currently the best in the literature. The conjectured mixing time,
however, lies somewhere between n2 and n2 log n. The lower bound of n2 is easy to
see by dimension consideration: the state space SO(n) has dimension

(
n
2

)
, whereas

the step distribution of the Kac walk is supported on a circle of dimension 1. The
n2 log n conjecture is motivated by the coupon collector’s phenomenon, although
the noncommutative nature of the state space could render the latter irrelevant.
While the Kac walk on the sphere can be approached in much the same way as the
simplex walk [16], [11] (up to a measure 0 set, (x1, . . . , xn) �→ (x2

1, . . . , x
2
n) defines

a 2-to-1 map from Sn−1 to the n-simplex), the walk on SO(n) is more difficult to
handle since the state space cannot be identified easily with an open subset of some
Euclidean space. The argument below hinges on two novel ingredients: a Morse
theoretic result of J. Milnor [8] stating that the number of connected components
of a real algebraic variety can be bounded in terms of its dimension and maximum
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degree, as well as a Remez-type inequality by F. Nazarov [9] stating that a polyno-
mial on the unit circle of bounded degree cannot visit any neighborhood of 0 too
often.

After the present paper was submitted, Aaron Smith informed me that he and
Natesh Pillai obtained much sharper estimates than the ones presented in this pa-
per, namely that the total variation mixing time is in fact O(n2 log n) ([12]). Their
proof also relies on the fact that the Jacobian of the structural map (2.1) for the Kac
walk on SO(n) is bounded away from zero with high probability, but establishes
the latter in a much more careful manner by applying concentration inequality
techniques to the smallest singular value of the (random) Jacobian matrix. The
lower bound of Ω(n2) still stands, and there is strong evidence that it is sharp at
least under the Wasserstein distance. It will be interesting to see whether one can
push the geometric and harmonic analytic techniques presented here to match their
results.

2. Proof of the main theorem

Throughout this section, we use ‖μ‖ = ‖μ‖TV interchangeably to denote the
total variation norm of the (possibly signed) measure μ; it is defined by

‖μ‖ = sup
S measurable

|μ(S)|.

Thus if μ is a probability measure, ‖μ‖ = 1. Also we will denote by ‖μ − ν‖2 the

L2 norm of the density dμ
dν − 1 of μ with respect to the measure ν. It is defined to

be ∞ if the density does not have an L2 norm.
Fix a sequence of rotation indices (I, J) = (i1, j1), . . . , (im, jm) and consider the

structural map φ = φI,J : Tm → SO(n) defined by

φ(�θ) = γi1,j1(θ1) . . . γim,jm(θm),(2.1)

where γij(θ) is the rotation matrix by angle θ along the i ∧ j plane.
By translating the differential of φ to identity, we can compute the generalized

Jacobian of φ via the following: define v1(θ) = γ′
i1,j1

(0),

v2(θ) = Ad(γi1,j1
(θ1))γ

′
i2,j2(0) := γi1,j1(θ1)γ

′
i2,j2(0)γi1,j1(−θ1),

and in general,

vk(θ) = Ad(
∏k−1

s=1 γis,js (θs))
γ′
ik,jk

(0).

Then clearly vk = Rφ(θ)[
∂

∂θk
φ(θ)], where RXv denotes the right translation of the

vector v by X ∈ SO(n). Since vk ∈ so(n), they are antisymmetric matrices under

the standard basis on Rn2

. So we will denote by vk[i, j], the (i, j)-th entry of vk for
0 < i < j < n + 1. We also let ui,j = (v1[i, j], . . . , vm[i, j]), i.e., the row vector in
the matrix assembled from the vk’s. The generalized Jacobian function associated
with φ is defined by

J(θ) := Jacφθ =
√
det(〈ui,j(θ), ui′,j′(θ)〉).

We will decompose the space Tm into two parts:

A := {θ ∈ T
m : |J(θ)| > c} and B := T

m \A (B stands for bad).(2.2)

The size of c > 0 will be chosen later; it will decay super-exponentially with n.
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Now consider the probability measure μ := μI,J induced by φ on SO(n), in other
words, the pushforward measure φ∗π

m, where πm denotes the product uniform
probability measure on T

m. We decompose μ into two measures

μ = μa + μb,(2.3)

where μb is induced by φ restricted to B and μa induced by φ restricted to A. The
goal is to choose c so that ‖μb‖ is small while the density of μa with respect to the
Haar measure ν on SO(n) is not too big.

Consider the second objective first: by Sard’s theorem, the set of critical values
of J in R has measure 0, so there exists an arbitrarily small regular value c2 of
J2, which means that (J2)−1(c2) will be a smooth submanifold of codimension 1
in Tm. This further implies that A is an open smooth submanifold of Tm and B
is a compact smooth submanifold with boundary of Tm. Now consider the map
φ : A → SO(n) between smooth manifolds. Let q ∈ φ(A), which is a regular
value of φ|A since the Jacobian map is nonvanishing at every preimage point in
φ−1(q) ∩ A. We will bound the density of μa := φ∗(π

m|A) with respect to ν at q.
By definition of induced measure and density, this is given by

dμa

dν
(q) = lim

ε↓0
πm(φ−1(Bε(q)) ∩A)Vol(SO(n))/ε(

n
2)K(n2)

,

where K(n2)
is the Euclidean volume of the

(
n
2

)
-dimensional unit ball in R(

n
2) and

Vol(SO(n)) is the Euclidean
(
n
2

)
-volume of SO(n); the latter can be bounded by

the volume of the hypersphere in R
n2

with radius
√
n which is certainly bounded

by n
n2−1

2 .
By standard arguments in integral geometry, it is clear that the density of μa

can be computed by the following integral:

dμa

dν
(q) =

∫
φ−1(q)∩A

Vol(SO(n))|J(θ)|−1dVol	(θ),

where dVol	 denotes the 
-dimensional volume element, 
 = m−
(
n
2

)
.

Intuitively, the smaller the Jacobian |J(θ)| is, the more mass will go into the
point q from a neighborhood of θ under the map φ. Now by our choice of A,
|J(θ)| > c. Hence we can bound the induced density by

dμa

dν
(q) ≤ c−1Vol(SO(n))Volm−(n2)

(φ−1(q) ∩A).

It remains to bound the volume of the preimage hypersurface Aq := φ−1(q) ∩A.

We first embed Tm into [−1, 1]2m in the standard way. Also let φ̃ be the natural
algebraic extension of φ to R2m, and similarly all other maps originally defined
on Tm will be extended to R2m in the algebraically natural way below. Next dis-
assemble Aq ⊂ T

m into a disjoint union of graphs over subspaces in R
2m of the

form Span{xs1 , . . . , xs�}, where S := {xs1 , . . . , xs�} is a subset of the standard
basis vectors x1, . . . , x2m. The way we decompose Aq is by examining the Jaco-
bian of the projection map PS : R2m → SpanS restricted to Aq. More precisely,
let ui,j [S

c] = (vt1(i, j), . . . , vt(n2)
(i, j)) be the row vectors of the matrix consisting

of the upper triangular matrix elements of the derivatives of φ translated to the
identity element, in the directions of ∂t1 , . . . , ∂t

m+(n2)
, the orthogonal complement
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directions of ∂s1 , . . . , ∂s� in the tangent space TqR
2m. Define the following function

on [−1, 1]2m:

gSη (x) = det(〈ui,j , ui′,j′〉)2 − η2(
∏

0<i<j≤n

‖ui,j‖2)2.

The set AS
q,η := {gη > 0}∩Aq consists of parts of Aq that project down to SpanS by

a local-diffeomorphism with Jacobian greater than η2. Thus AS
q,η is a disjoint union

of open submanifolds of A, with number of connected components bounded by the
number of components of their boundaries, namely the set g−1

η (0). For the latter we
quote the following general upper bound on the number of connected components
of an algebraic set in terms of the number of real variables in the ambient space
and the maximum degree of the polynomials defining the set:

Theorem 2.1 ([8]; see also [17]). Let P : Rk → R be a polynomial of degree d.
Then the sum of the Betti numbers of the level set P−1(0) is bounded by∑

i

Hi(P
−1(0)) ≤ 1

2
d(2d− 1)k−1.

In particular, the number of connected components, H0(P
−1(0)), is bounded by the

same RHS, since the Betti numbers count the dimensions of the homology groups,
which are nonnegative.

To apply this result, take k = 2m, d = [4mn2

2 ]2 = 4m2n4, and let

P (x1, . . . , x2m) = (gη(x))
2 + (x2

1 + x2
2 − 1)2 + . . .+ (x2

2m−1 + x2
2m − 1)2.

To see that the degree of P is bounded by d, simply observe that each vtk(i, j) is
obtained by extracting the (i, j)-th matrix element of the product of at most 2m
matrices, whose entries are linear in the variables x1, . . . , x2m.

Thus we can bound the volume of AS
q,η by

Vol	(Aq,η) ≤ H0(Aq,η) max
x∈Aq,η

Jacx(P |Aq
)−1 ≤ (8m2n4)2mη−1.(2.4)

Furthermore, we have the following result regarding the size of η:

Lemma 2.2. Given 
 orthonormal vectors v1, . . . , v	 in Rm, there is some subset
S ⊂ [m] of size 
 such that the projection of v1, . . . , v	 onto the subspace spanned

by ej, j ∈ S, spans an 
-dimensional parallelopiped with 
-volume at least
(
m
	

)−1/2
.

Proof. We first claim the following generalized Pythagorean identity:

det〈vi, vj〉	i,j=1 =
∑

S⊂[m],|S|=	

det〈vi[S], vj [S]〉	i,j=1,(2.5)

where v[S] stands for the projection of v onto the span of {ej : j ∈ S}. This
follows by expanding out the determinant on both sides using Cayley’s formula and
interchanging product and summation. On the left hand side we have

∑
σ∈S�

	∏
i=1

n∑
j=1

vijvσ(i)j sgn(σ) =
∑
σ

sgn(σ)
∑

j1,...,j�∈[n]

n∏
i=1

vijivσ(i)ji

=
∑
σ

sgn(σ)[
∑

j1∈[n]

∑
j2∈[n]\{j1}

. . .
∑

j�∈[n]\{j1,...,j�−1}

n∏
i=1

vijivσ(i)ji ],
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where we used the fact that if js = jt for 1 ≤ s < t ≤ 
, then the summation over
σ ∈ S	 will be zero, due to the fact that multiplication by the transposition (s, t)
partitions S	 into sets of pairs, each of which cancel since sgn(σ) = − sgn(σ(s, t)).
On the right hand side of (2.5), we similarly have

∑
σ∈S�

sgn(σ)
∑

S⊂[m];|S|=	

∑
j1∈S

∑
j2∈S\{j1}

. . .
∑

j�∈S\{j1,...,j�−1}

	∏
i=1

vijivσ(i)ji .

This equals the left hand side since each collection of 
 distinct j1, . . . , j	 lies in a
unique subset S of size 
.

The conclusion of the lemma now follows from the Pigeon-hole principle and the
fact that det〈vi[S], vj [S]〉	i,j=1 equals the square of the volume of the parallelopiped
spanned by v1[S], . . . , v	[S]. �

Applying the lemma, we see that for η := m−n2/4, which is less than
(

m
m−(n2)

)−1/2
,

every point in Aq lies in some AS
q,η, where S ⊂ [2m] is a subset of size 
. Therefore

we have the following union bound on the volume of Aq:

Vol	(Aq) ≤ Vol	(A
[	]
q,η)

(
2m




)

≤ (8m2n4)2mη−1(2m)	

≤ 26m+	m4m+	+n2

4 n8m

≤ 27mm5mn8m,

where we recall 
 = m−
(
n
2

)
.

Thus we have the uniform density estimate

dμa

dν
≤ 27mm5mn8mc−1,(2.6)

where recall that c is the infimum of the Jacobian for the map φ : Tm → SO(n)
restricted to A.

We estimate the size of c next. Consider the map J2 : Tm → R as a multi-
variate trigonometric polynomial (in particular a function on Cm restricted to the
m-dimensional standard torus). We have the following estimate generalizing the
classical Chebyshev’s inequality (for polynomials), Remez’s inequality, and Turan’s
lemma. It bounds the ratio between the maximum of a trigonometric polynomial
on the circle and the maximum over some small subset in terms of the degree of
the polynomial.

Theorem 2.3 ([9] Turan’s lemma for polynomials on the unit circumferenc). Tu-
ran’s lemma for polynomials on the unit circumference For a polynomial p(z) =∑T

k=1 ckz
mk defined on T ⊂ C and any measurable subset E ⊂ T, we have

∑
k

|ck| ≤ (
14

μ(E)
)T−1 sup

z∈E
|p(z)| ≤ (

5

P(E)
)T−1 sup

z∈E
|p(z)|,

where μ denotes Lebesgue measure and P the uniform probability measure on T.
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The exact constant 5 is not important. Notice that the left hand side is greater
than or equal to supz∈T

|p(z)|. So we have the following easy consequence:

P({z ∈ T : |p(z)| < ε}) ≤ 5(sup
z∈T

p(z))−
1

T−1 ε
1

T−1 .(2.7)

Based on this crucial lemma, we can derive the following multi-dimensional gen-
eralization:

Corollary 2.4. Suppose p(z1, . . . , zm) is a trigonometric polynomial in m variables
with sup |p(z)| ≥ 1, and degzj p ≤ w, for each j. Then

P({z ∈ T
m : |p(z)| < ε}) ≤ 5mε

1
wm .(2.8)

This is essentially proved by Fontes-Merz in [4]; we include a short proof here
for completeness.

Proof. We use induction on the index k in zk. Without loss of generality, assume
p(0, . . . , 0) = 1. Fix ε1, ε2, . . . , εm > 0 to be determined later, and let A1 = {θ :

|p(θ, 0, . . . , 0)| < ε1}. Then by Nazarov’s Theorem 2.3, P(A1) ≤ 5ε
1
w
1 . Now for

every θ1 ∈ Ac
1, let

A2(θ1) := {θ : |p(θ1, θ, 0, . . . , 0)| < ε1ε2}
= {θ : |p(θ1, θ, 0, . . . , 0)/ε1| < ε2}.

Then again we have

P(A2(θ1)) ≤ 5ε
1
w
2 .

Continuing this process, we can define inductively for each k, Ak(θ1, . . . , θk−1),
where θj ∈ Aj(θ1, . . . , θj−1) for each j < k. Also let

Bk = {θ : θ1 ∈ Ac
1, θ2 ∈ Ac

2(θ1), . . . , θk ∈ Ak(θ1, . . . , θk−1)}.

Then by Fubini’s theorem, P(
⋃

k Bk) ≤ 5
∑m

k=1 ε
1
w

k . If we take εk ≡ ( δ
5m )w and

ε := εm1 , then

P(
⋃
k

Bk) ≤ δ = 5mε1/(wm).

Furthermore,

{θ ∈ T
m : |p(θ)| ≤ ε} ⊂

⋃
k

Bk.

�

Now we apply the above corollary to p = J . Here w = 2
(
n
2

)
. If we choose

m = 2n2 log n, then with high probability (≥ 1 − n−2/2 by the coupon collector’s
problem) we would have chosen every pair i < j in the Kac rotation sequences.
This implies that J(0, . . . , 0) =

∏
i<j |{k ∈ [m] : (ik, jk) = (i, j)}| ≥ 1 with high

probability.
The derivative with respect to each θk is simply the skew symmetric matrix

∂ik ∧ ∂jk , which when restricted to the upper triangular entries is just eik,jk . Any
two rows in the matrix dJ(0,...,0) do not share any entry of 1’s, so the matrix

(〈ui, uj〉)
(n2)
i,j=1 is a diagonal matrix with integer entries.
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Thus we have P(|J | < (δ/5m)n
2m) ≤ δ. So we can choose the generalized

determinant threshold

c = (δ/5m)n
2m = (

δ

10
n−2(logn)−1)2n

4 log n.(2.9)

Indeed, δ bounds the total mass of μb, i.e., ‖μb‖ ≤ δ.
Now recall that the spectral gap of the Kac walk on SO(n) is less than 1/n

([7], [1]). By linearity of the Markov kernel, we can write μP t = μaP
t + μbP

t and
ν = νa + νb where νa = ν‖μa‖. Furthermore, for δ < 1/2 and n > 2,

‖μaP
t − νaP

t‖2TV ≤ ‖μa‖2‖
μa

‖μa‖
P t − νa

‖νa‖
P t‖2TV

≤‖dμa

dν

1

‖νa‖
− 1‖22(1− 1/n)2t ≤ (

1

1− δ
27mm5mn8mc−1)2e−2t/n

≤e2(n
4 log n(log(5δ−1)+2 logn+log log n)+n2 log n(7 log 2+18 log n+5 log logn)−t/n)

≤e2(2n
4 log n(log(5δ−1)+2 logn)−t/n),

where we used the fact that ‖μa‖ ≤ 1, the definition of δ = 1 − ‖νa‖, the density
upper bound (2.6), the threshold value (2.9) for c, and the choice of m = n2 log n.
Also we threw away the lower order terms in the exponent of the last expression
by doubling the leading terms. The last expression is less than ε2 if

t ≥ T (n, δ, ε) := 2n5 log n(log(5δ−1) + 2 log n)− log ε.

On the other hand, ‖μb − νb‖ ≤ ‖μb‖ + ‖νb‖ = 2δ. So by monotonicity of total
variation distance under Markov transformation, for t ≥ T (n, δ, ε),

‖μP t − νP t‖TV ≤ ‖(μa − νa)P
t‖TV + ‖(μb − νb)P

t‖TV

≤ ε+ ‖(μb − νb)P
t‖TV ≤ ε+ ‖(μb − νb)‖TV

≤ ε+ 2δ.

Choosing δ = 1/16 and ε = 1/8 gives that T (n, δ, ε) < 10n5(logn)2 for n > 1
and T (n, δ, ε) < 5n5(log n)2 for n > 80. Therefore the total variation mixing time
τ := min{t > 0 : ‖μP t − ν‖ < 1/4} is bounded by 10n5(log n)2. In fact, it is clear
from the form of T (n, δ, ε) that the total variation distance to stationary decays at

the rate of O(e
− t

2n5 log n ) for t large, as opposed to e
− t

2n5(log n)2 .
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