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Abstract. We generalize the Banach-Tarski paradox showing that this theo-
rem holds in the metric spaces in which bounded and closed sets are compact,
relative to continuous and transitive actions of non-solvable Lie groups whose
non-identity elements has small sets of fixed points (i.e., the points are irrele-
vant in the considered constructions).

1. Introduction

The Banach and Tarski paradox (see [10]) says that any two bounded subsets A
and B with non-empty interiors of R3 are equivalent by finite decomposition. That
is, A can be partitioned into sets A1, . . . , Ak and B can be partitioned into sets
B1, . . . , Bk such that gi(Ai) = Bi for i = 1, . . . , k and some isometries gi of the space
in question. The proofs rest on constructions of free groups of piecewise isometries,
acting on some bounded subsets and they depend on the fact that the set of fixed
points of any non-identity element of these groups is small in an appropriate sense.

The purpose of this paper is to apply a theorem of M. Laczkovich [4] to show
a simple uniform proof of the Banach-Tarski paradox for the following spaces and
groups:

(1) the Euclidean space R
n and the group of isometries of Rn (n > 2) (Banach-

Tarski [1]),
(2) the sphere S

n and the group of rotations Sn (n > 1) (Banach-Tarski [1]),
(3) the hyperbolic space H

n and the group of isometries Hn (n > 1) (Mycielski-
Tomkowicz [7], [8]),

(4) R2 and the special affine group SA2(R) (von Neumann [11]),
(5) any non-solvable connected Lie group acting on itself by left or right action

(the present paper).
The original proofs of the cases (3) and (4) involved some intricate geometric

constructions which the theorem of Laczkovich allows us to eliminate.
To state our general result we need the following concepts. Let G be a group

acting transitively on a metric space X. We denote by ≡G the equivalence by finite
decomposition with gi ∈ G. We say that a set S ⊆ X is G-small if:

(∗) for every ball K ⊂ X there is a set S′ ⊆ K such that S ≡G S′ and K \
S′ ≡G K.

(G-small sets were studied in [9].)

Received by the editors July 16, 2016 and, in revised form, December 31, 2016.
2010 Mathematics Subject Classification. Primary 03E05, 20E05; Secondary 22E15, 05C63.
Key words and phrases. Banach–Hausdorff–Tarski paradox, complete manifolds, Laczkovich’s

criterion, Lie groups.

c©2017 American Mathematical Society

5359

http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13657


5360 GRZEGORZ TOMKOWICZ

Now, we say that G has negligible fixed points if for any countable subgroup F
of G and any ball K ⊂ X the set S of all fixed points of non-identity elements of
F is such that S ∩K is G-small and K \ S ≡G K.

We will show the following general theorem which yields our cases (1)–(5) and
answers a question stated by S. Wagon and the author in [10, p. 126]:

Theorem 1.1. Let G be a connected, finite-dimensional non-solvable Lie group
acting transitively and continuously on a metric space (X, d) with no isolated points
and suppose that G has negligible fixed points. Then any two subsets of X with
compact closures and non-empty interiors are G-equidecomposable.

Indeed, the assumptions of this theorem hold in cases (1)–(5). Any bounded
subset S of Rn (n > 2), of Sn (n > 1) and H

n (n > 1) which is a union of subsets
of analytic sets is a G-small set for the respective group G and for any ball K of
the relevant spaces it satisfies K ≡G K \ S (see [9]). The case (5) is obvious since
the action of G on itself is without fixed points.

Any action of a Lie group G on X induces an analytic structure on X, and
fixed points of non-identity elements of G constitute analytic sets (that is, the set
of zeros of some analytic function). However, in the general case the assumption
about negligibile fixed points seems to be essential.

The theorem is fairly general since the class of metric spaces where bounded
sets have compact closures includes complete Riemannian manifolds (see [3]) and
convex complete locally compact metric spaces (see [6]).

2. Preliminaries

Let G be a group acting on X. We say that G acts in a locally commutative way
(or briefly G is locally commutative) if any two elements of G having a common
fixed point commute. Clearly, every group acting on X without fixed points is
locally commutative. We will need the following theorems:

Theorem 2.1 (Banach-Schröder-Bernstein [10, Thm. 3.6]). Let G be a group
acting on a set X and let A,B ⊆ X. If A is G-equidecomposable to a subset of B and
B is G-equidecomposable to a subset of A, then A and B are G-equidecomposable.

Theorem 2.2 (Epstein [2]). Let G be a connected, finite-dimensional non-solvable
Lie group. Then for every n > 0 and for almost all (in the sense of Haar measure
or Baire category) n-tuples (g1, . . . , gn) of elements of G, the elements g1, . . . , gn
generate freely a free subgroup of G.

Theorem 2.3 (Laczkovich [4], see also [10, Lem. 8.12]). Let F be a free group gen-
erated freely by the elements {f1, . . . , fn} acting on a set X in a locally commutative
way. Let A,B ⊆ X be such that:

(i) for any x ∈ A, fi(x) ∈ B for at least two i’s,
(ii) for any y ∈ B, f−1

i (y) ∈ A for at least two i’s.
Then A and B are F -equidecomposable.

Actually, we will use Theorem 2.3 only in the case when F acts on X without
fixed points.
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3. Proof of Theorem 1.1

Let G be a group acting on a metric space X. In what follows we will use a
well-known property of the relation ≡G:

Suppose that A1, A2, B1, B2 ⊆ X and A1 ∩ A2 = ∅ = B1 ∩ B2, then A1 ≡ B1

and A2 ≡ B2 implies A1 ∪ A2 ≡ B1 ∪B2.
B(x, r) will denote the open ball in X with center x and radius r.

Proof of Theorem 1.1. By Theorem 2.1 we may assume, without loss of generality,
that A and B are compact. Since G acts transitively, for any x ∈ X there is a
gx ∈ G mapping x into the interior of B. Given x ∈ A and gx we use the continuity
of G’s action to get that the elements of a sufficiently small neighborhood Vx of
gx transform a sufficiently small ball centered at x into the interior of B. That is,
there is an εx > 0 such that for any g ∈ Vx, g(B(x, εx)) is included in the interior of
B. Since A is compact, there exists a finite set K ⊂ A such that the balls B(x, εx)
with x ∈ K cover A. In the same way, for any y ∈ B we can choose a sufficiently
small neighborhood Vy of gy, and sufficiently small ball B(y, εy) such that for any
h ∈ Vy, h(B(y, εy)) is in the interior of A. And we obtain a finite subset L of B
such that the balls B(y, εy), where y ∈ L, cover B.

By Theorem 2.2 there are transformations gxi, gxj , hyi, hyj (i, j = 1, 2 and x ∈ K,
y ∈ L) freely generating a free group F and such that gxi, gxj ∈ Vx and hyi, hyj ∈ Vy.

Consider now the set S of all fixed points of all non-identity elements of F . Since
G has negligible fixed points, for every ball B(x, r) ⊂ X, B(x, r) ∩ S is a G-small
set. Moreover, F acts without fixed points on X \S. (Indeed, suppose that there is
an x ∈ X \S and g ∈ F such that g(x) ∈ S. Then there is an h ∈ F \ {e} such that
h(g(x)) = g(x) and g−1hg fixes x, a contradiction.) Clearly, the transformations
gxi, gxj , hyi, hyj satisfy the requirements of Theorem 2.3 with respect to the sets
A \ S and B \ S. Hence, A \ S ≡G B \ S.

Finally, we can choose two balls B1 and B2 contained in the interiors of A and
B, respectively. Using the balls we show that A\S ≡G A and B \S ≡G B. Indeed,
define the sets S1 = (A∩S)\B1 and S2 = S∩B1. Since G-small subsets of X form
an ideal, both S1 and S2 are G-small. Moreover, B1 ∪ S1 ≡G (B1 \ S′

1) ∪ S′
1 = B1,

where S′
1 is a subset of B1 such that S1 ≡G S′

1 and B1 ≡G B1 \ S′
1.

Hence we have the following relations:

A=(A\B1∪S1)∪(B1∪S1)≡G (A\B1∪S1)∪B1≡G A\(B1∪S1)∪B1\S2=A\(S1∪S2).

Therefore, A ≡G A \ S and using the ball B2 and the same method as above we
obtain B ≡G B \ S. This implies that A ≡G B. �

Remark 3.1. Another paper of Laczkovich [5] contains still different applications of
his Theorem 2.3 for the geometry of R2 \ {(0, 0)}, which is not complete and hence
outside of the range of our Theorem 1.1.
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