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Abstract. Let n �= 0,±4 be an integer. We show that the Galois group
of x5 − 10nx2 − 24n is A5 precisely when |n| appears in the purely periodic
continued fraction expansion [ |n|, |n|, |n|, . . . ] of odd positive integer powers of

(1+
√
5)/2; otherwise the Galois group is S5. This shows that entries A002827

and A135064 of the On-Line Encyclopedia of Integer Sequences agree except
for n = 4. The proof involves determining all integral points of certain curves
of genus 1 and 2. For integral points of an elliptic curve we handle that in two

ways: via a computer algebra system and by a method of Tate.

1. Introduction

Let φ = (1 +
√
5)/2 and φ = (1−

√
5)/2, so

(1.1) n(k) := φ2k−1 + φ
2k−1

is a positive integer for any positive integer k. Since φφ = −1, we have

φ2k−1 = n(k)− φ
2k−1

= n(k) + 1/φ2k−1.

Apply this inductively and it follows that φ2k−1 has a purely periodic continued
fraction expansion [n(k), n(k), n(k), . . .] from which we can easily derive the recur-
rence relation

(1.2) n(k) = 3n(k − 1)− n(k − 2)

(stated without proof in [11] and attributed to Colin Baker). Here are the first few
values of n(k):

k 1 2 3 4 5 6 7 8 9 10
n(k) 1 4 11 29 76 199 521 1364 3571 9349

.

These n(k) constitute the terms of entry A002878 of the On-Line Encyclopedia of
Integer Sequences (OEIS) [11]. Brockhaus [11] notes that except for n(k) = 4, these
terms appear to match those of A135064, which consists of all positive integers n
for which the quintic

fn(x) := x5 − 10nx2 − 24n
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has Galois group A5 (the Galois group of f4(x) is dihedral of order 10). As Sloane
points out in [11], if this agreement is provable we can readily provide recurrences
such as (1.2), generating function, etc., for the Galois sequence A135064. In this
paper we confirm this agreement.

Theorem 1.1. Let n �= 0,±4 be an integer. Then the Galois group of x5−10nx2−
24n is A5 if |n| = n(k) for some positive integer k �= 2; otherwise it is S5.

Since f−n(−x) = −fn(x) and f0(x) = x5, it suffices to consider positive integer
values of n. The polynomial discriminant of fn(x) is 2103455n4(n2 + 4), so fn(x)
has even Galois group if and only if

(1.3) n2 + 4 = 5m2

for some integer m > 0. Necessarily m ≡ n (mod 2), so (n+m
√
5)/2 belongs to the

ring of integers Z[φ] of Q(φ) = Q(
√
5), and upon rewriting (1.3) as (n2−5m2)/4 =

−1 we see that (1.3) is equivalent to (n+m
√
5)/2 being a unit in Z[φ] of norm −1.

Since m,n are positive, that means (n+m
√
5)/2 = φ2k−1 for some integer k ≥ 1,

whence n = φ2k−1 + φ
2k−1

. Recalling (1.1) we see that the Galois group of fn(x)
is even precisely when |n| = n(k) for some k ≥ 1. Combining this parity criterion
with a special case of a celebrated theorem of Galois [3, Thm. 14.1.1] that says the
Galois group of an irreducible quintic either contains A5 or is solvable, we see that
Theorem 1.1 is a consequence of the following two results.

Theorem 1.2. The quintic fn(x) is irreducible over Q for all non-zero integers n.

Theorem 1.3. The only rational numbers n for which fn(x) is irreducible and
solvable are n = ±4.

Viewed as a Z-polynomial in the variables x and n, the quintic fn(x) defines an
affine plane curve F over Q. Similarly, the equation (1.3) defines an affine conic
C over Q. Each of these two affine curves has a projection-to-n map, and we can
take their fiber product:

FC F

C A1��
πC��

π

��

πF

��

By construction, the deck transformation group of the cover π is A5. The conic
C has a Q-rational point, so C is Q-birational to A1. The Hilbert irreducibility
theorem [9, Chap. 9] then implies that outside a thin set of points in C(Q), the
fibers of π have A5 Galois group. That means fn(x) has A5 Galois group for
infinitely many rational n. However, the number of rational points in im(πC) ⊂ A1

of (multiplicative) height ≤ M is � M1/2, whereas by (1.1), the number of height
≤ M integers of the form n(k) is � logM . Since the exceptional set in Hilbert
irreducibility could be infinite, we cannot conclude by this argument that fn(x) has
A5 Galois group for infinitely many integers n. Since fn(x) is monic, to say that
fn(x) has a linear factor over Q for an integer n is to say that F has an integral
point (with respect to the model fn(x) = 0 for F). More generally, the exceptional
n in Hilbert irreducibility correspond to rational points on intermediate covers of



SPECIALIZATION OF GALOIS GROUPS AND INTEGRAL POINTS 5181

the Galois closure of the extension of the rational function field Q(n) defined by
fn(x) (cf. [7]). Estimating the genus of these intermediate covers and applying
Siegel’s theorem, we can quickly deduce that Theorem 1.1 holds for all but finitely
many integers n. But this would not allow us to determine the exceptional values.
Instead we proceed by explicitly constructing these intermediate covers and then
analyzing their arithmetic.

The exceptional values in Theorem 1.3 are parameterized by a genus 2 curve
that double covers an elliptic curve over Q with Mordell-Weil rank 0, so we can
determine these exceptional values very easily. The proof of Theorem 1.2 involves
finding all integral points of an elliptic curve over Q with Mordell-Weil rank 1. We
handle that in two ways: via a computer algebra system and by a method of Tate
(cf. section 3).

Remark 1.4. It is well known that a generic integer polynomial of degree n has
Sn Galois group, and we expect that a generic even integer polynomial of degree
n to have An Galois group. However, in practice proving these statements for a
given one-parameter family of integer polynomials of fixed degree is a non-trivial
task: Since there are degree n > 3 integer polynomials with Galois groups strictly
smaller than An and Sn, that means the aforementioned statements about generic
Galois groups have a non-trivial exceptional set, and for n sufficiently large it is
conceivable that we can find a one-parameter family of degree n polynomials that
lies entirely inside the exceptional set. For a discussion about these exceptional sets
from an algebro-geometric point of view, see [7].

Remark 1.5. We are not aware of an exposition of Tate’s method for finding integral
points in the literature besides an exercise in [12]. We hope that our argument here
will help popularize this useful technique.

2. Sextic resolvent

Proof of Theorem 1.3. The Galois group of an irreducible quintic either contains
A5 or is a subgroup of Z/5�Z/4 [3, Thm. 14.1.1]. If the quintic fn(x) is irreducible
over Q, by [5, Thm. 1] it is solvable if and only if the associated sextic resolvent

Cres : x6 − 12000n2x4 − 20000n4x3 + 36000000n4x2(2.1)

−4800000(29n2 + 216)n4x+ 108n8 = 0

has a rational root α0, in which case α0 would have to be an integer since the sextic
(2.1) is monic and has integer coefficients. We set

(2.2) n1 = n/4, α1 = α0/80

and turn this into

(2.3) C2 : 25n8
1 − 174α1 n

6
1 − 10α3

1 n
4
1 + 225α2

1 n
4
1 − 81α1 n

4
1 − 30α4

1 n
2
1 + α6

1 = 0.

This equation turns out to define a smooth projective curve of genus 2; cf. Remark
2.1 below. In general it is not easy to determine the rational points of a genus 2
curve (C2 is not in hyperelliptic form, so e.g. [8] is not immediately applicable).
But note that

δ : (α1, n1) 	→ (α1, n
2
1)

defines a non-constant rational map from C2 to

(2.4) C1 : 25n4
2 − 174α2 n

3
2 − 10α3

2 n
2
2 + 225α2

2 n
2
2 − 81α2 n

2
2 − 30α4

2 n2 + α6
2 = 0.
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So we can first look for rational points on1 C1 and then pull them back to C2 (note
that this approach does not presuppose the knowledge that C2 defines a genus 2
curve).

Using the Weierstrassform command in the computer algebra system Maple,
we find that
(2.5)

α2=
5(S−2)2(8T + S2 + 22S + 29)

(S − 7)4
,

n2=
(S−2)(15S3T + 235S2T + 505ST−195T+S5 + 95S4 + 510S3 + 3380S2 − 635S − 1007)

(S − 7)6

defines a Q-rational birational map from the elliptic curve

E1 : T 2 + ST + T = S3 + S2 + 35S − 28

to C1. This is the elliptic curve 15A4 in the Cremona table [4]. Its Q-rational
points, besides the point at infinity O, are

(S, T ) : (2, 6), (7,−29), (32, 171), (3/4,−7/8), (32,−204), (7, 21), (2,−9).

The birational map (2.5) is not defined at S = 7. Excluding the points O, (7,−29)
and (7, 21), by (2.5) and (2.2) the remaining points of E1(Q) correspond to the
following points on C1:

(α2, n2) : (0, 0), (36, 864/25), (1/5,−1/125), (36/26, 54/625), (0, 0).

None of the non-zero n2 values above is a square in Q, so none of these points on
C1(Q) with n2 = 0 is the image of a point in C2(Q). And if n2 = 0, then n = 0, in
which case fn(x) is reducible.

Finally, we look for rational points on C1(Q) that map to O. Equivalently, we
are looking for those points P ∈ C1(Q) at which the inverse of the birational map
(2.5) is not defined. The Weierstrassform command also provides an explicit
formula for this inverse birational map; it is of the form

S =
S1(α2, n2)

4(α2 − 5)2(4α2
2 + 4α2 − 9)

, T =
T1(α2, n2)

4(α2 − 5)2(4α2
2 + 4α2 − 9)

,

where S1, T1 are (complicated) Q-polynomials in n2 and α2. The only Q-rational
solution to (3.3) with α2 = 5 is n = 1. So the only possible point in C1(Q)
whose image under this inverse birational map is2 O is (α2, n2) = (5, 1). Note that
(α2, n2) = (5, 1) is the image of (x, n) = (400,±4) ∈ Cres(Q) under (2.2) and δ,
and we check that fn(x) is Q-irreducible for n = ±4, so we are done. �

Remark 2.1. Using Maple, we find that C2 is Q-birational to the genus 2 hyperel-
liptic curve

(2.6) C ′
2 : Y 2 = 5

12X
5 + 51

4 X4 + 1416X3 − 13374X2 + 40500X − 40500.

1An elementary congruence argument shows that if (α0, n) is an integral point on (2.1), then
(α1, n1) is an integral point on (2.3). Thus it suffices to focus only on the integral points of C1.
But finding integral points on a genus 2 curve in general is not easy, and as we will see below,
there is no need to impose this restriction. Instead, we use the transformation (2.2) to simplify
the output of the Maple computations.

2In principle we should check that (5, 1) is actually a pole of this inverse birational map; that
entails checking that neither S1 nor T1 vanishes at (5, 1). That is the case, by making use of the
actual formula for S1 and T1. But this is not necessary for the purpose of determining a finite set
of points that could go to O.
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The existence of the non-constant map δ : C2 → C1 means that the Jacobian of
C2 (and hence of C ′

2) is Q-isogenous to the product of E1/Q with another elliptic
curve over Q. While we do not need this for the rest of the paper, it is easy to
determine this complementary factor, so we sketch the steps here. The following
discussion is inspired by [1, §14.1].

The change of variables X = 6/(6U +1) and Y = 216V/(6U +1)3 takes (2.6) to

C ′′
2 : V 2 = −40500U6 + 3501U4 − 102U2 + 1.

Then the map (U,W ) 	→ (U2,W ) takes C ′′
2 to

E1 : Y 2 = −40500X3 + 3501X2 − 102X + 1,

while (U,W ) 	→ (1/U2,W/U3) sends C ′′
2 to

E2 : Y 2 = X3 − 102X2 + 3501X2 − 40500.

We readily check that E1 is Q-isomorphic to our earlier elliptic curve E1 and that
E2 is Q-isomorphic to the elliptic curve 180A2 in the Cremona table, so E2 is the
desired complementary factor. Each of these elliptic curves has a finite Mordell-Weil
group over Q.

3. Irreducibility

Proof of Theorem 1.2. Since fn(x) is quintic and monic, by Gauss’s lemma it is
reducible over Q if and only if it has a monic factor over Z of degree 1 or 2. We
consider these two cases separately.

First, suppose fn(x) has a monic linear factor over Z; i.e. suppose it has an integer
root α. Then n = α5/(10α2 + 24). Both n and α are integers, so the denominator
10α2 + 24 is not divisible by any prime > 3. If 3|(10α2 + 24), then 3||(10α2 + 24).
Now, suppose 2|(10α2 + 24). Then either 22|α, in which case 23||(10α2 + 24), or
2||α, in which case 25||α5 so 2i||(10α2 + 24) with 3 ≤ i ≤ 5. Clearly 10α2 + 24 is
positive, so

10α2 + 24 = 2i3j with 3 ≤ i ≤ 5 and 0 ≤ j ≤ 1.

We check that the only solution is (i, j) = (3, 1), corresponding to α = n = 0. Of
course f0(x) = x5 is reducible. Thus fn(x) has no Q-linear factor for any non-zero
integer n.

Now, suppose fn(x) has a Q-irreducible, monic quadratic factor. That means

fn(
a+b

√
d

2 ) and fn(
a−b

√
d

2 ) are zero for some a, b, d ∈ Z with b �= 0 and d not a

square. Then both fn(
a+b

√
d

2 )± fn(
a−b

√
d

2 ) are zero, whence

80b2dn+ 80a2n+ 768n− 5ab4d2 − 10a3b2d− a5 = 0,(3.1)

b(160an− b4d2 − 10a2b2d− 5a4) = 0.(3.2)

Eliminating d from the two equalities we get

1024b8(1000an3 + (−100a4 + 1680a2 − 576)n2 + (264a5 − 10a7)n+ a10) = 0.

Recall that b �= 0, so

(3.3) 1000an3 + (−100a4 + 1680a2 − 576)n2 + (264a5 − 10a7)n+ a10 = 0.

For future reference, note that any integral point (a, n) on (3.3) must satisfy

(3.4) a ≡ 0 (mod 4).
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Using Maple, we find that (3.3) is Q-birational to the elliptic curve

y2 + x3 − 11620583473152

9765625
x+

10482448033680195584

30517578125
= 0.

The change of variables x 	→ −(992/125)2X, y 	→ (992/125)3Y then turns this into

(3.5) E2 : Y 2 = X3 − 300X − 1375.

Denote by ϕ1 the birational map taking (3.5) to (3.3). Its a-coordinate is given by

(3.6) a(X,Y ) =
X3 − 30X2 + 2325X + 26000− Y (31X + 2120)

(X − 20)(X2 + 115X + 4150)
.

The equation (3.5) defines the elliptic curve 900E1 in the Cremona table [4]. Its
Mordell-Weil group over Q is Z × (Z/2). So, unlike the proof of Theorem 1.3,
additional work is needed to determine the integral points of (3.3). For future
reference, note that although E2 is Q-birational to (3.3) and E2(Q) is infinite, it
does not automatically mean that fn(x) has a Q-irreducible quadratic factor for
infinitely many n ∈ Q; cf. Remark 3.2 below.

By [12, Cor. 9.3.2.2], there exists a finite set of primes S such that the set of
points (X,Y ) ∈ E2(Q) with a(X,Y ) ∈ Z is contained in the set of S-integral points
of E2(Q). To determine all n for which fn(x) has a monic quadratic factor over Q,
we will make explicit the argument3 in [12, Cor. 9.3.2.2].

First, note that P1 := (20,−25) is a rational point of E2(Q) and that the numer-
ator of a(X,Y ) does not vanish at P1, so a(X,Y ) has a pole at P1. It is interesting
to note that (20, 25) is also a rational point on E2(Q), but the numerator of a(X,Y )
vanishes at this point, so (20, 25) is not a pole of a(X,Y ).

Apply the algorithm of Nagell ([10], cf. [13]) and we find that

(X1, Y1) �→
(10(710Y1 + 264X2

1 + 545X1 − 134250)

25Y1 + 132X2
1 − 5730X1 + 61175

,
25(4777Y1 + 132X2

1 + 11010X1 + 85275)

−25Y1 − 132X2
1 + 5730X1 − 61175

)

defines a Q-rational morphism ϕ2 from4

(3.7) Y 2
1 = X3

1 − 300X1 − 1375

to E2, taking the origin5 of (3.7) to P1 ∈ E2(Q). Using the explicit formula for ϕ2

and a(X,Y ), we find that the composition function a1 := a ◦ ϕ2 is equal to

a1(X1, Y1) = 2Y1/(5X1 − 50).

Squaring both sides and using the relation (3.7), we get

(3.8) X3
1− 25

4 a1(X1, Y1)X
2
1+X1(125a1(X1, Y1)−300)−(625a1(X1, Y1)+1375) = 0.

Consequently, if (X1, Y1) is a Q-rational point on (3.7) such that a1(X1, Y1) ∈ Z,
then X1 would satisfy a monic polynomial with coefficients that are 2-integral.

3We can also apply the powerful algorithm of Stroeker and Tzanakis [14] for finding all integer
solutions of a general genus 1 equation. There are already many examples in the literature
that take the linear forms in elliptic logarithms approach, and the delicate diophantine estimates
involved make it challenging to give a self-contained exposition. Tate’s method, when applicable,
only involves basic arithmetic and geometry of the curve. Thus we opt for this ‘classical’ approach
here.

4The reason for introducing the equation (3.7) — which of course is the same as (3.5) — is to
help distinguish the (X1, Y1)-coordinates from the (X,Y )-coordinates.

5Since ϕ2 does not preserve the origin, it is not an isogeny; in particular, it is not an endo-
morphism of E2 (which does not have complex multiplication).
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Furthermore, recall that we have the divisibility condition (3.4), so in fact X1 is an
integer, and hence (X1, Y1) is an integral point.

Claim. The integral points on (3.7) are (−14,±9), (−10,±25), (−5, 0), (20,±25),
(40,±225) and (284,±4777).

Assuming this statement for now, we can then compute the values of a1 at each
of these points and then determine those rational n so that (a1, n) ∈ Cres(Q). Note
that if (X1, Y1) is integral, then so is (X1,−Y1), and a1(X1,−Y1) = −a1(X1, Y1).
Since (a, n) is a solution to (3.3) if and only if (−a,−n) is a solution, it suffices to
work with just one of (X1,±Y1). Here are the values of (a1, n) for these integral
points:

(X1, Y1) (−14, 9) (−10, 25) (−5, 0) (20, 25) (40, 225) (284, 4777)

a1(X1, Y1) −3/20 −1/2 0 1 3 17·281
5·137

n −3/80000 −1/16 0 −1
2 , −1

250 −3/2 −2815

2·54·17·1373

It follows from this calculation that (a, n) = (0, 0) is the only integral point of (3.3)
at which the birational maps ϕ1 and ϕ2 are defined. To complete the proof of
Theorem 1.2, it remains to consider those integral points (a, n) on (3.3) at which
ϕ1 and ϕ2 are not defined.

We begin with ϕ1. By Maple, the inverse birational map of ϕ1 is given by

X =
F (a, n)

a5(a− 1)(a+ 1)2
, Y =

G(a, n)

a5(a− 1)(a+ 1)3

for some Q-polynomials F,G in a, n. Thus the only Q-rational points on (3.3) not
in the image of ϕ1 are (a, n) ∈ {(1,−1/2), (1,−1/250), (0, 0)}. In particular, none
of these correspond to integer n values. Next, we turn to ϕ2. The inverse to ϕ2 is

(X,Y ) 	→
(
−10(2Y + 31X + 750)

335− Y − 18X
,
25(Y 2 − 852X2 − 9554Y + 600X + 89325)

(335− Y − 18X)2

)
.

Thus the only integral points not in the image of ϕ2 are from those points (X,Y )
on E2(Q) with 335 − Y − 18X = 0. The only such points are (20,±25) and
(284,±4777). Among these four points, the function a(X,Y ) is defined and integral
only for (284, 4777). We check that a(284, 4777) = −1, and the corresponding n
values are 1/2 and 1/250, which are not integral. Combine everything and it follows
that fn(x) is Q-irreducible for all integers n �= 0.

It remains to verify the Claim. Each of the computer algebra systems Magma and
Sage has independent implementation of the standard algorithms for computing
S-integral points on elliptic curves. Using these packages it took less than one
second of CPU time to verify the Claim. Alternatively, note that the curve (3.7)
has Mordell-Weil rank 1. For such curves we can often apply a method of Tate to
find all of its integral points; cf. [12, Exer. 9.12, 9.13]. We now explain how to do
that. The following exercise provides the key tool [12, Exer. 9.12].

Lemma 3.1. Let E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 be the Weierstrass

equation of an elliptic curve over Q with ai ∈ Z. Let P ∈ E(Q) be a point of infinite
order. If the x-coordinate x([m]P ) is an integer for some integer m ≥ 1, then x(P )
is an integer. �
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We now return to our specific elliptic curve (3.7). According to the Cremona
table, its Mordell-Weil group over Q is generated by the non-torsion point Q1 =
(−10, 25) and the 2-torsion point Q0 = (−5, 0).

Let P be an integer point on (3.7). First, suppose P = [m]Q1 for some integer
m. Replacing P by −P if necessary, we can assume that m ≥ 1. Write m = 2cm1

with c ≥ 0 and m1 odd. Lemma 3.1 says that Q1 is also integral. Since m1 is odd
and Q1 is not in the identity component of (3.7), [m1]Q1 is also not in the identity
component of (3.7). The roots of x3 − 300x − 1375 are −14.27,−5, and 19.27, so
the x-coordinate of any integral point in the non-identity component lies between
−14 and −5. We check that

[±1]Q1 = (−10,±25), Q0 = (−5, 0), [±2]Q1 +Q0 = (−14,∓9)

are the only such points. It remains to find all c ≥ 1 so that [2c] multiples of these
points are also integral.

From the duplication law we see that for any point R on (3.7),

(3.9) x([2]R) =
9(x(R)2 − 100)2

4y(R)2
− 2x(R).

If [2]R is integral, then Lemma 3.1 says that R is also integral, and (3.9) im-
plies that the integer y(R) must divide the integer x(R)2 − 100, whence x(R)3 ≡
100x(R) (mod y(R)). Substituting this back into (3.7) we see that

0 ≡ y(R)2 (mod y(R))
≡ x(R)3 − 300x(R)− 1375 (mod y(R))
≡ −25 ( 8x(R) + 55 ) (mod y(R)).

In particular,

(3.10) y(R)2 ≤ 625(8x(R) + 55)2.

On the other hand,

y(R)2 = |x(R)3 − 300x(R)− 1375| ≥ |x(R)|3 − 300|x(R)| − 1375.

Combine the two inequalities and it follows that

x(R) ≤ 40013.

We already found all integral points on the non-identity component, so we can
assume that R is on the identity components, whence

x(R) > 19.

We can now perform a brute force search to find all such integral points. In the
end we find that the only multiples of Q1 that are integral are

[±1]Q1, [±2]Q1 = (20,∓25), [±4]Q1 = (284,±4777).

Next, suppose P is not a multiple of Q1, so P = [m]Q1 + Q0 for some integer m.
Using the addition law, we check that for any point R on (3.7),

(3.11) x(R+Q0) =
y(R)2

(x(R) + 5)2
− x(R) + 5.

Suppose R is in fact a Q-rational point, and let p be a prime that divides the
denominator of x(R). From (3.7) it then follows that p2i||x(R) and p3i||y(R) for
some integer i > 0. Recalling (3.11) it follows that if P = [m]Q1 + Q0 is integral,
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then [m]Q1 is also integral. Apply the earlier argument and we see that the only
integral points of the form P = [m]Q1 +Q0 are

[±1]Q1 +Q0 = (40,±225), [±2]Q1 +Q0 = (−14,∓9).

Combining these two cases we recover the claim. This completes the proof of
Theorem 1.2. �

Remark 3.2. As a sanity check, here are the Q-rational factorizations of fn(x) for
each of the n values corresponding to the integral points on (3.7) (for the points
(−1, 12 ), (−1, 1

250 ) found at the end of the proof, the factorization of fn(x) is already
given by the table below since f−n(−a) = −fn(a)):

a n fn(x)

−3/20 −3/8000 1
2654 (100x

2 + 15x+ 6)(400x3 − 60x2 − 15x+ 6)

−1/2 −1/16 (2x2 + x+ 2)(4x3 − 2x2 − 3x+ 6)/8

0 0 x5

1 −1/2 (x+ 2)(x4 − 2x3 + 4x2 − 3x+ 6)

1 −1/250 1
53 (5x

2 + 5x+ 2)(25x3 − 25x2 + 15x− 6)

3 −3/2 (x2 − 3x+ 6)(x3 + 3x2 + 3x+ 6)
17·281
5·137

−2815

2·54·17·1373
1

54·17·1373 (3425x
2 − 23885x+ 157922)

×(7976825x3 + 55628165x2 + 20135055x+ 133128246)

Note that the points (0, 0), (1,−1/2) (as well as (−1, 1/2), as we explained earlier)
do not give rise to Q-irreducible quadratic factors of fn(x). This is not an error:

Starting with a quadratic root a+b
√
d

2 of fn(x), we arrive at the equation (3.3) by
eliminating d from (3.1) and (3.2). Thus Q-irreducible quadratic factors of fn(x)
give rise to Q-rational points on (3.3), but the converse need not be true. More
precisely, if we subtract (3.1) from 5a times (3.2), we get

(3.12) d× 5b2(2n+ a3) = 3(30a2n− 32n− a5).

So every solution (a, n) to (3.3) does give rise to a solution to (3.12) provided
that 2n + a3 �= 0 (we can simply set b = 1). This excludes precisely the points
(0, 0), (1,−1/2), (−1, 1/2) on (3.3). However, we still cannot conclude that all re-
maining rational solutions to (3.3) give rise to a Q-irreducible quadratic factor of
fn(x) since we need d to be not a perfect square in Q. To find these exceptional
solutions, we eliminate n from (3.3) and

5z2(2n+ a3) = 3(30a2n− 32n− a5)

and we end up with

C6 : 16000a4z6 − 32000a2z6 + 16000z6 + 26800a6z4 − 18800a4z4

−161600a2z4 + 153600z4 + 12880a8z2 + 70600a6z2 − 715520a4z2

+1536000a2z2 + 1911a10 + 35016a8 − 321600a6 + 768000a4 = 0.

Using Maple, we check that C6 has genus 6. In particular, all but finitely many
rational points on (3.3) give rise to Q-irreducible quadratic factors of fn(x).
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Note that (a, z) 	→ (a, z2) defines a rational map from C6 to

E ′ : 16000a4Z3 − 32000a2Z3 + 16000Z3 + 26800a6Z2 − 18800a4Z2

−161600a2Z2 + 153600Z2 + 12880a8Z + 70600a6Z − 715520a4Z

+1536000a2Z + 1911a10 + 35016a8 − 321600a6 + 768000a4 = 0.

Using Maple, we find that E ′ is Q-birational to E2, which as we saw earlier has
Mordell-Weil rank 1 over Q. It seems difficult to recover the finitely many rational
points on C6 via E ′. We also have a rational map (a, z) 	→ (a2, z) sending C6 to a
curve X3 of genus 3 and a rational map (a, z) 	→ (a2, z2) sending C6 to a curve of
genus 0 with a Q-rational point. Again we do not know how to exploit these two
maps to determine the rational points of C6.

Appendix: Continued fraction expansion of powers of φ

In this appendix we prove the recurrence relation (1.2). This relation is not used
anywhere else in the paper; we include the elementary argument for completeness.

For any integer � ≥ 1, define the integer

(A.1) n1(�) :=
{ φ� + φ

�
if � is odd,

φ� + φ
� − 1 if � is even.

Lemma A.1. For any positive integer �, the continued fraction expansion of φ� is
given by

φ� =

{
[n1(�), n1(�), n1(�), . . . ] if � is odd,

[n1(�), 1, n1(�)− 1, 1, n1(�)− 1, 1, . . . ] if � is even.

Proof. By definition, the first term of the continued fraction of the irrational number

φ� is the largest integer less than φ�. Since φ� + φ
�
is an integer and −1 < φ < 0,

this first term is exactly n1(�).

First, suppose � is odd. Then φ�φ
�
= −1, whence by (A.1),

φ� = n1(�) + (−φ
�
) = n1(�) + 1/φ�.

Appling this inductively we get the lemma for odd � ≥ 1. Next, suppose � ≥ 2 is

even. Then φ�φ
�
= 1, whence by (A.1),

φ� = n1(�) + 1− φ
�
= n1(�) +

1
1

1− φ
�

= n1(�) +
1

φ�

φ� − 1

= n1(�) +
1

1 +
1

φ� − 1

.

Again by (A.1),

φ� − 1 = (n1(�)− 1) + (1− φ
�
) = n1(�)− 1 +

1
1

1− φ
�

= n1(�)− 1 +
1

φ�

φ� − 1

= n1(�)− 1 +
1

1 +
1

φ� − 1

.

Combine these two and we get the lemma for even � ≥ 2. �
We now give the recursion for n1(�). For odd � this is stated without proof in

[11] and is attributed to Colin Baker.
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Lemma A.2. Denote by n1(�) the first term of the continued fraction expansion
of φ�. Then we have the linear recurrence relation

n1(�+ 4) =
{ 3n1(�+ 2)− n1(�) if � ≥ 1 is odd,

3n1(�+ 2)− n1(�) + 1 if � ≥ 2 is even.

Proof. By standard linear algebra argument (or direct computation) we find that

( 3 −1
1 0

)
=

(
φ2 φ

2

1 1

)(
φ2 0

0 φ
2

)(
φ2 φ

2

1 1

)−1

.

On both sides of this equality, multiply on the right of the matrix by the vector

( n1(2k + 1)
n1(2k − 1)

)
=

(
φ2k+1 + φ

2k+1

φ2k−1 + φ
2k−1

)
,

and the lemma follows by induction for odd positive � = 2k − 1. Multiply instead
by the vector ( n1(2k + 2)

n1(2k)

)
=

(
φ2k+2 + φ

2k+2 − 1

φ2k + φ
2k − 1

)

and we get the lemma for even � = 2k ≥ 2. �

Note added in proof. After we submitted the paper, we found using Magma that the
genus 3 curve X3 mentioned at the end of Remark 3.2 is Q-birational to the smooth
projective hyperelliptic curve Y3 given by the affine model

AY3 : y2 = −6x(x2 + x− 1)(x2 + x+ 4)(40x3 − 71x2 + 49x− 39).

Moreover, under the Generalized Riemann Hypothesis the 2-Selmer group of J3(Q),
the Jacobian of Y3 over Q, is (Z/2)4, and the Mordell-Weil rank of J3(Q) is ≤ 2, so
the method of Chabauty and Coleman [2] is applicable. We check that Y3 has good
reduction at 7 and that #Y3(F7) = 496, so #Y3(Q) ≤ 496 + 6− 2 = 500. Unwind
the birational map from X3 to Y3 and we get a conditional bound for #X3(Q),
and hence for #C6(Q). However, this argument does not explicitly determine the
rational points of C6, so we still do not know the set of rational n for which fn(x)
is reducible over Q. That said, the conditional bound #Y3(Q) ≤ 500 is likely to be
far from optimal; the Magma command Points(AY3: Bound:=500000) finds just
one rational point x = y = 0 on Y3.
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