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ABSTRACT. We consider the Cauchy problem of the generalized Korteweg-
de Vries (gKdV) equation. We prove the local well-posedness of the mass

supercritical gKdV equations for the scaling supercritical regularity s < s, =

% — 2 in the sense of the probabilistic manner. The main ingredient is to

establish the probabilistic local smoothing estimate.

1. INTRODUCTION

In this paper, we consider the following generalized Korteweg-de Vries (gKdV)
equation:

11 Ou+3u+ F(u) =0, (x,t) € R xR,
(1) u(0,2) = é(x) € H*,

where F(u) = pu0yu, k > 1 is an integer and pu = +1.
By Duhamel’s formula, (1)) is equivalent to the following integral equation:

(1.2) u=U(t)p — /0 Ut —t") (pu”(t")0pu(t')) dt'.

Here we define the linear solution U(t)f to the linear problem 9,z + 93z = 0 with
an initial datum f. Then it is formally given by

(1.3) Ut)f = Fle " Ff = (2m) ! / T fle) de,
R

where f: F f denotes the Fourier transform of f such that f({) = [e @ f(z)du
and we denote its inverse Fourier transform by F~lg(z) = (2m)~! [ei®¢g(&) dE.
The equation () admits the scaling symmetry under the transform

u(t, ) = up(t,z) = )\%u()\3t, Ax)

for A > 0 and this implies the scaling invariance for the initial data in H2 % (R).
We denote this scaling critical exponent % - % by se.

When x = 1 or 2, we particularly call (II) KdV and modified KdV equations,
respectively. Those equations are very famous in various points of view and have
been widely studied by several researchers. See [I0] and the references therein.
When « = 4, we call (L)) the mass-critical gKdV equation, and it was solved by
Kenig-Ponce-Vega [21] for local and (conditionally) global results, and by Dodson

[13] for the global result without any condition of the initial data.
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In the following, we only consider the mass-supercritical equations which are
of the cases when x > 5. The scaling sub-critical (s > s.) and critical (s = s.)
Cauchy problems of the gKdV equation (II]) have already been studied by Kenig-
Ponce-Vega [21] (see also [I5,[16,BI]). They showed local / (small data) global
well-posedness of (1)) in H® for s > s, by taking appropriate norms to (L3]).

Theorem A (Theorem 2.15 — Corollary 2.18 in [21]). Let x > 5 and s > s.. Then
for any ¢ € H*(R), there exists a unique strong solution u € C([-T,T]; H*(R)) of
([TI). Moreover when the initial data is sufficiently small, then the solution can be
extended to T' = oo.

The main tool used in the proof of Theorem [Alis the local smoothing estimate.
Since (L)) has one derivative in the nonlinear term, the smoothing effect is essential
to make the solution map as in ([[3]) a contraction map. The local smoothing effect
is naturally inherent to the dispersive phenomenon of linear dispersive equations.
Kato [20] first showed that the solution of (I possesses such a smoothing effect,
and Kenig-Ponce-Vega [21] developed and used it as the following form:

Lemma 1.1 (Theorem 3.5, Lemma 3.18 in [21]). Let (q,7) and « satisfy

2 1 1 1 3 1
(1.4) S 4 - =2,4<g<o0, 2<r<o0, and a=~-+=— .

q T 2 q r 2
Then, we have

DS fllacy S Iflzz.
where D® is a homogeneous fractional derivative with respect to the x variable.

Now we focus on the supercritical case. In the supercritical regime, many disper-
sive equations have been known to be ill-posed; see [9] and the references therein.
Nonetheless, putting the problem in stochastic perspective, some positive results
can be achieved. It was pioneered by Bourgain [4] and continued in Burq-Tzvetkov
[78], Colliander-Oh [11], Lithrmann-Mendelson [24] and Bényi-Oh-Pocovinicu [I}2].
See also [6l121[14][17HT19,25,27129,[34]. For the gKdV equation on the periodic do-
main, probabilistic local and global well-posedness results have been established
below critical thresholds in [5L26L2830]. In this article, we focus on a probabilistic
local well-posedness of the gKdV equation on the real line.

In the following, we briefly introduce the randomization ¢“ of the initial data ¢
of ([LI)) as follows: Let ¢ € S(R) be a function satisfying

supp ¢ C [—1,1] and Zw(f —n)=1.
nez
We define a pseudo-differential operator (D — n) as a Fourier multiplier
V(D — n)u(z) = F (€ — n)Fu.
Then, for a given function f € L*(R), we have
f=Y w(D-n)f.
nez

Let {gn }nez be a sequence of independent mean zero complex-valued random vari-
ables on a probability space (2, F,P), where g,, is independent and endowed with
a probability distribution p,,. We assume there exists a constant ¢ > 0 such that

(1.5) | / Tdpn| < e,
R
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for all v € R,n € Z. Now we define the Wiener randomization of f by

(1.6) [2=3" ga(w)(D —n)f.

nez

The main difficulty dealing with (1) comes from the one derivative in the
nonlinearity. To overcome it, we establish the probabilistic local smoothing (see
Proposition 24 below).

Remark 1.2. In the previous works (NLS, NLW, and so on) associated to the prob-
abilistic well-posedness theory, the main ingredient is the probabilistic Strichartz
estimate. It provides additional integrability to the randomization of initial data,
and hence it prevents a derivative loss coming from Sobolev embedding. In contrast
to previous works, the study on the KdV-type equations is highly dependent on
the local smoothing effect. However, the local smoothing norm has the opposite
order of Lebesgue spaces from the Strichartz norm, so additional integrability of
the local smoothing norm could not be obtained in a similar way. Nevertheless, we
can detect additional integrability from the probabilistic local smoothing estimate.
The following is the main result in this paper.

Theorem 1.3. Let x > 5, max(ﬁL+1 A=) L2 cs<l-2andpe H'(R).
Consider the randomization ¢ defined as in (L6l with a probability space (!, F, P)
satisfying the condition (LD)). Then (L) is almost surely locally well-posed in the
sense that there exist C,c,y and o(> s.) such that for each T < 1, there exists a
set Qp C Q with the following properties:

(1) P(Q\Qr) < Cexp (— W)

(2) For each w € Qp, there exists a unique solution u € C([0,T]; H*(R)) to
(I with initial data ¢ .

(3) The Duhamel part of the solution is smoother than initial data, i.e.,

u—U(t)p” € C([0,T]; H? (R)).

Remark 1.4. The lower bound of s in Theorem [[3]satisfies ﬁ_l(%—%) <s< i-2,
if5§n§8,andi—%<s<%—%,otherwise.

The rest of the paper is organized as follows: In Section 2l we will introduce
several probabilistic estimates. In particular, we will establish the probabilistic
local smoothing estimate which is the most important tool in our analysis. In
Section B} we will provide the definition of X** space and also give basic properties
associated to this space. Finally, we will prove Theorem [[.3] in Section [l

Notation. For x,y € Ry, z < y means that there exists C' > 0 such that z < Cvy,
and x ~ y means ¢ Sy and y < x.

2. PROBABILISTIC ESTIMATES

In this section, we mainly establish the local smoothing estimate in the sense of
the probabilistic manner. First, we briefly review several well-known probabilistic
estimates. The first lemma is of the Khintchine inequality kind, which will be
essentially used to prove all probabilistic estimates.
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Lemma 2.1 (Lemma 3.1 in [7]). For given {c,} € (*(Z) and p > 2, there exists

C > 0 such that
1Y gn(@enllee) < Cvplienllz @)-
nez

The next lemma is used to describe that the randomization does not make a given
function smoother, but it guarantees to almost surely keep the same regularity as
the original function.

Lemma 2.2 (Lemma 2.2 in [I]). Given f € H*(R), we have for any X > 0,
P(waHHb'(R) > /\> < Ce NI,

We remark that the initial data ¢ and its randomization ¢ are still lain in the
supercritical Sobolev space, but this randomization makes the initial value problem
a sub-critical problem for a certain regularity o. See Section Ml

Now we shall verify the probabilistic local smoothing estimate. For that purpose,
we recall the smoothing estimate on modulation space.

Lemma 2.3 (Lemma 6.2 in [35]). We have for 4 <p < co and n € Z that
[o(D =n)U0) fllLzre S 19D =n)fll 1
Based on Lemma 2.3 we have the following probabilistic local smoothing estimate.
Proposition 2.4. Let (q,r) be a pair satisfying %—l—% < %,4 <g<00,2<7r<00.
Then we have
POID* 300l 313wy > N) < Cexp(=eN|| 1)
for all X > 0. In particular, for any given small € > 0, the following holds:

2_1 1.1
D~ ql}@)waLZLquR)§5U0g292HfHL2
outside a set of probability at most €.

Proof. The proof is quite similar to the proof of the probabilistic Strichartz estimate
n [I2). Let p > max(q,r). By using the Minkowski inequality and Lemma 2] we
obtain
2_1 1
(DU I8,
2

< |ID* U0 o)

< VB [IDF 5w — mU©) £z

LiLT LiLT

< VB ||ID* (D = U@ s

We interpolate LILY between an L°L? estimate in Lemma [[I] and an L2L®
estimate in Lemma [2.3] for an appropriate p > 4 to obtain that

2_1
D77 ap(D =n)U () fllzazy S 9(D —n)fle

for each n € Z. We note that the implicit constant does not depend on n € Z. So

we have

5
ln

2 1 w 1
EIDF U@ 2,08 S VBIIe(D — ) izl ~ VIl
Then Chebyshev’s inequality gives

21 w C % 2
P(ID"5U )| oy > ) < (%)p.
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Let pg = (W)Q If pg > 2, then we have from above that

1
Copg |I.fIlz>
A

Otherwise, we can choose C such that Ce=2 > 1. Then we have
2 1 w _ _
P(|D™=aU ) f“|lpary > A) <1< Ce™ < Cexp(—eX?| fII73).
Therefore, we complete the proof of Proposition 2.4 O

2_1 _ _
P([DT7aU@)fllary > A) < ( )P = e = exp(—eA?||fI|3)-

3. BOURGAIN SPACE

In this section, we introduce X** space and its associated properties. We first
define X** space as follows: For s,b € R, X5 space is defined to be the closure of
Schwartz functions ¢ € S(R x R) under the X**-norm

ol xsb = ||<§>S<T—§3>b¢(7,§)”L2(RxR),

where (a) = 1+ |a| and $ denotes the time-space Fourier transform of . The X%
space was first introduced in its form by Bourgain [3] in the context of periodic
nonlinear Schrodinger and gKdV equations, and has been developed by several
researchers [22,[32]. As is well known, X* analysis is the most useful tool to
reflect the dispersive effect of linear and nonlinear dispersive phenomena. In what
follows we mention a few well-known properties of X*? space. Let n be a smooth
cutoff function supported on [—2,2],7 =1 on [—1,1], and let nr(t) = n(t/T). The
following lemma is the typical property (linear estimate) in the X** analysis.

Lemma 3.1. Let T € (0,1) and b € (%, %} Then for s € R and 0 € [O, % — b) the
following hold:

1_
Ine (U ) fllxeo@xry S T2 0N e rys
¢
||77T(t)/ Ut =t e (") F()dt | xeo@mury S TN F || xen-110 @xw)-
0

Proof. Readers can find several references for the proof. We refer particularly
Section 2.6 in [33]. O

The next lemma shows that X*° space is a suitable tool to detect the local
smoothing effect of linear KdV flow, and the proof follows immediately from Lemma
[T and Lemma 2.9 in [33].

Lemma 3.2. Let (¢,7) and « satisfy (LA). Then for b > % we have
(3.1) 1D%ullpaormxr) S llullxos@xr)-

The starting point of the proof of the main proposition in the next section is the
duality argument. In order to complete our analysis, we need an LIL? estimate for
a test function in the duality argument. The following lemma gives such an LL?
estimate.

Lemma 3.3. Let ¢ > 2. Then for b > % we have

1—1
”D qu”LgLf S Hu”XO,b(l—%)(RXR)'
Proof. 1t follows directly from the interpolation between ([B.I]) and the trivial esti-
mate [Jul .2 < [lulxoo. We omit the detailed proof. O

R
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If one considers the interaction of two different frequency localized data, it is pos-
sible to get the improved version of the bilinear local smoothing estimate. Through-
out the paper we denote by A(N) the set {£: N/2 < [¢] < 2N}.

Lemma 3.4 (Lemma 2.2 in [23]). Let d > 2. Suppose that supp fc A(Ny) and
supp a C A(NQ) with N1 < Ns. Th@TL,

Ny

560
S () P £z llgll 2z,

ID°U (0D (1) =

L?L?
where
1 3 1 11 0 1-0 0
- ——-== - )=(=4+—,=-),0<6< 1.
atot=g (q,r) (g+—gh0sfs<
In particular, we have
Ny
U)fU(t 5 < (=—
Ol g, S (3
The last lemma shows the Transference Principle of X space.
Lemma 3.5. Let d > 2. Consider u,v € X% for b > % If supp © C A(Ny) and
supp 0 C A(Ny) with Ny < Ny, then

1
) 1Az llgll s -

Ni 1
luoll 5, S (5 lellxoslloll o
Proof. Tt is a multilinear version of Lemma 2.9 in [33]. Hence it follows from Lemma
B4 above and Lemma 2.9 in [33]. O

4. PROOF OF THE MAIN THEOREM

In this section, we will give the proof of Theorem [[L3] We use (1) with initial
data ¢“. Let z(t) := U(t)¢* and v(¢) := u(t) — U(t)¢~. Then () becomes

(4.1) v+ v+ Fv+2) =0,
’ v(0,2) =0 € H".

By Duhamel’s principle, (@] is written as an integral equation

v(t) = nr(t) /0 Ut =t )nr () F(nr (v +nr(t')2)(t)dt'.

So we define D by

(4.2) Do(t) = nT(t)/O Ut =) mr)E () +nr)z)(t)dt'.

The main task is to show that the map D is a contraction on a certain ball in
X7? for some o > s.. The purpose of following proposition is to reduce Theorem

3l

Proposition 4.1. Let max(ﬁL+1 (3-2),1-3)<s<i-—2 Given¢c H*, let

@* be its randomization. Then, there exist o(> s.), b = %—i— and 0 = 0+ such that
for each small T < 1 and R > 0, we have

[Dollxes < CLT? (0] 55, + REY),
D0 = Dullxes < CoT? (6] ns + 0l frs + B o — wll o,

outside a set of probability at most C exp ( — C—Hqﬁz )
2
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We briefly sketch that Proposition [£1]implies Theorem [[L3 We first assume to
hold Proposition E1l Let B[l be a ball of X7* given by
By ={ve X% ||Jv||x-» <1}

Then, for given 0 < T' < 1, it suffices to show that the map D is a contraction on

B;. By choosing R = R(T) ~ T—% for some 3 € (0, :—+01) such that
1
CiT°(1+ RN <1 and CT%(2+ R") < 3
then, for v,w € B; and v := %, we have from Proposition 1] that
IDollxes <1,

1
D0 = Dl e < 30 = wll o

outside a set of probability at most

R? c
Cexp(—c—) = Cexp(— —)
16113 T716ll%-

Hence, we can define a set {0 as a complement of this set, and we can also find a
unique solution v for the initial data ¢“ when w € Q7. Therefore, we complete the
proof of Theorem [[.3]

Proof of Proposition 1l For given max(#_1 (3-2),1-323)<s<i-2 we
choose o, and b as follows:

(4.3)
o3 o ocmi (k4+1) 4—l
5 2m=T) o <min [ (k s;is+ 1)
. 1 1 1 K 1 2 1 3
0 <e <min (5(5‘*‘1 —0), 5((K+1)5—0)»§(U - (5 - E)),(f@—l)(a—(5 ~ D 1))) :
L P
2 21— 2¢)°
Let b := %H(KTH —N(l —2¢)) and 6 = b— 5. We remark that b > 3 and

b(1—2¢) =1—b— (k+2)§. We only prove the first estimate, since the second
estimate follows similarly. By using Lemma B and duality, we get

||Dv(t) ”X”vb 5 T(K+2)9 HF(UTU + UTZ)”Xa,b—l-f—(n-{-Q)é}
lvoll yo,1-b—(n+2y0 <1 RxR

In the following, we ignore p in F'(u), since it does not affect our analysis. Then
Hélder inequality and Lemma B3] (with b as in (£3))) yield

‘//RX]R<D>UBI[(77TU + 77TZ)VV+1]U0d$dt}

S ||D2€<D>"(77Tv+nTZ)““IIL ! LzHDl%voH L
t

1—e¢ er2
T LI Lt

S ID*(D)? (nrv +nr2)™ | 1o llvoll xoa-s-cetae.

—
LI=r2

*Since v is in the sub-critical regularity space, it is enough to consider Bp thanks to the
scaling-rescaling argument.
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First, we deal with || D?¢(D)? (nrv)~T1| LB . By using the fractional Leibniz
S L2
rule, the Holder inequality and Lemma, IBZI, we obtain

K

2 +1 2
1% ey xS T o o ID(D)700 oy

=1

K

STI, o o ol

i=1

Sobolev embedding and Lemma give

o SIDTE ] s < Joll e,

5& 4+48e L2 45

f0T0>%—m,O<E<§(U—(%—%))_

In order to handle the remaining terms, we make a dyadic decomposition for v,
z. Hereafter we assume that the Fourier transforms of z;, v; are supported in a set
{€ : |&| ~ N;}. Also, we drop the smooth cutoff function ny from nrv; and nrz;,
and simply denote them by v; and z;, respectively. There exist two kinds of terms,
azy---Zgy1-term and a z; - - ZjVj41 " Ugg1-term.

Case 1. zq -+ z41-term.
We may assume N1 < -+ < Nyi.
We first consider the case of N1 < 1. By using the fractional Leibniz rule, the

Holder inequality and Lemma [3.2] we obtain

||D2€<D>J(Zl"'z"+1)”L% §H||21H 5 3EL DQE( V7 2z | . 2EL1+85

Ly L;

1 |L§°——K3 3_—1 241 70

K
o | (IR ERw e

~L t

i=1
Moreover, Sobolev embedding and Lemma give

K—4+44e

laill e 3t SIDT "zl g o S lzillxes ~ fzillxon,
w z t
for o > 3 — 2(N 1),O < e < #(0—(3—2)). Then sums over Ny,---, N4 and
Lemma [3.1] give
S S IDED) ), ST g,
LiI—FL

x t

Net1<l 0<N <N
Now, we focus on the case of N,.+1 > 1. By using the fractional Leibniz rule and
the Holder inequality, we have that

ID**(D)? (21 +* 2t1) , S 2 (D* (D)7 zps1)] ECRRREA

| 5 ‘ 10
1 2715 3 5 3
T 1, LI Lt .L' L,

K
2e
Sz (D <D>UZ“+1)||L§L§ g ||Zi||Lj§’i77551)L:0(2_1)-



PROBABILISTIC WELL-POSEDNESS OF GENERALIZED KDV 275

Lemma and Lemma [B.1] give

—1_s42 1
l2(D*(D) 7zl 5 0 S Nt N sl 2 f1xon
_ —1_542¢ .2
ST 2N NG Py 6 e | P, 6.
If N1 > 1, we obtain
+2 1_
L e .= e V] PR O 8

K
—_—g——£
x HNi T |IDFT(D)*z;|| see-n) 10(k—1) -
L LI375€ Lt 3

Since
0<o<(k+1)s
and
0<e< %((m—i—l)s—a),

C1gyoe 1o —s—tr
we have that N, ! r NI, N, *7FT is summable over 1 < Ny < -+ <

Ny11. Hence we conclude from Lemma and Proposition [2.4] that
||< >0'+2€( )n-i—l ” e < T—29Rn+1

1—e 52
« L§

outside a set of probability at most C exp ( — cﬁ).
2
Otherwise, let k¥ be a number such that Nz <1 and Nzy1 > 1. Then we get

ID**(D)7 (21 - 2t

1£L2

_ -1 _s42e 1
ST NN | P, 6212 Py 6l e

x ”N T |pF lzz“ Besh 100-n) II N, TETIDFT (DY ]| s oo -
L 3—5¢ L 3
i=r+1 Ed t

By choosing appropriate o and € as 0 <o < s+ 3 and 0 <e < 3(s+  —0), we
know that

K K
NN T and NJERE T N
‘ i=F+1
are P-summable for any p>1lover 0 < Ny <--- < Ny <land 1< Nz <--- <
Ny41, respectively. Hence, we have
(4.4)
ID*(D)7 (21 2ern)| 2
Li=°r?
1 1
S > TN TN Py 6| Py, 6L
0<N; < <N <I<Ngy1<-<Nojy

xHN T DR 1zz|| OIS H N, T DR (DY) 5D 10teon)
1=2 i=k+1 L,°7°F Ly 3

<T QGH(ZSWHLZ’||¢w||Hq DN 1ZHNo(F» 1) 10(k—1) ||D'i 1< > Z”No(lz 1) 10(k—1) "
Lar3_ds L 3 Lm3_55 L 3
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In conclusion, from Lemma and Proposition 2.4 we have

||D25<D>a(77Tz)n+1”Ll _ L2 < T—29Rn+1

outside a set of probability at most C exp < — cﬁ).
%
Case 2. 21+ 2;Vj41 -+ Vpq1-term
We may assume N; <--- < Nj and Nj;q <+ < Neqa.

o Subcase 1: Nj < Ny
By using the Holder inequality, we have

|21 2jvj41 - 0o (D* (D) 0q1) |

j
S 1—:[ lzill 25 =

IT ol 5~5Lﬁ”D26< el o Ot
; t

iz=j+1 = LT LT
K
anzln S |
Pt t 12:j+1 [ I-% 21

Let j be a number such that N~ < 1 and N~ i1 > 1. When ¢; < 5, by using
Sobolev embedding, Lemma [B.2] and Lemma le, we have

k—4+4e

||Z || 5k 5k <||D = 2 ||
ull 125 ,3-42 ~ 1

(4.5) ZE

20k 5 < ||Z || o,b
Snodyss ;o4 ~ IFallX
LE L

ST Py, ¢l

Otherwise (i; > 3), we have from the Bernstein inequality that

(4.6) [l SN IDTED) ||

L4 35L2 45

L4 35L2 45

We note that N ° is summable over N;, > 1.

For v;,, since % — 2 4+ 2¢ < g, we always have from Lemma [3.2] that
k—4+4e
@7 ol g e SIDTEE L e s S ol
E t

L,

Then, we carry out summations of (3], ([{8) and @) and apply Lemma [Z2]
and Proposition [24] to get

—36 pj +1—j
anlu'zjvj-f-l"'U;§<D>U+26’U +1||L1 EL2 ST J RJHUHS(G,Z) J

outside a set of probability at most C exp < — cﬁ).
HS
o Subcase 2: Nj > Ny
We first consider the case of N; < 1. In this case, since there is no effect of
derivatives D?¢(D)?, by using the fractional Leibniz rule, the Holder inequality,
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Lemma [32] (@3] and ([@7), we obtain

21+ 2j-1(D*(D)72j)vj41 - V|| 1

Ly L}
k41
2¢e . - . 5 .
P fz HD < > ZJ”LﬁL% iQLI_HHUQHL;‘i%ELEE%
k+1
H z 0,b H (% .
1] 1|| “|| S 125l x AL | 22HL§ e 7

Then, we carry out summations and apply Lemma [2.2] and Proposition 2.4] to get
Sl 5 (DD s+ v

£L2

ST RIJol|i

outside a set of probability at most C exp ( — cﬁ).
%
Now in what follows, we assume N; > 1. We consider two cases separately:
° j>2.
o j=1
When j > 2, by using the Holder inequality, we get

||Zl...ijl(D%(D}"zj)ij V1] 1

EL2

i1 K+1
U@ )l 5 ] Izl seen son ] loall seen o
~ J LgLfi1:2 i1 Lf’isaL:O(ﬁTl) oo io Lf’isaL:O(g 1)

From Sobolev embedding and Lemma [3.2] we know that

(@8) Mol s soen SIDTH vl sy s S oialxes
£ t

foro > 1 2(5 pjand0<e<(k—1)(o -(3- 2(»@ 1)) In addition to (L)), we use

similar argument as in (&) for ||z1(D*(D)° 2 )HL2L5 H“ 1 ||zw|| S(ro1) 10(ion) to
L,

obtain that
_ ; 1—j
o1+ 21 (D (D) 2ol 1, ST 2RIl

x t

outside a set of probability at most C exp ( — o ¢}ﬁ2 )
%
When j = 1, from the Holder inequality, we get

[(D*(D)%z1)v2 -+ - Vg1

L1 cL2
Kk+1
S o D*D) 20l g, TT il s s
t =2
Lemma [3.5 and Lemma [3.1] give
———s+25 1
||UK+1(D26<D>021)||L§L? S NU rf-i-l”Zl”stb||'UK+1||X°~*’

—1-s+2
STONT T ENT Py, 6% [ves [0
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When N1 < 1, thanks to the conditions of ¢ and € as 0 < o < i + s and
0<e< %(s—l—%—a), we have

S Y I DD g ST

Ni+1<11<N;

’U”Xa,b .

Otherwise (Nx41 > 1), since we have further derivative gain (V,_[7; ), we also obtain

> Y lea=0ral g,

1<Nik41 Ne41<N1
_ —1_s42 1_
S Y TN NP6 e e [ xes
1<Np41 Nep1 <Ny
ST00¢%

| xo.0

for o < s+ % and 0 < e < %(s + i — o). Then, similarly to the case when j > 2,
we have from (L) and the same argument as in ([£4) that
_ : 1—4
> ez 1(D*(D)7 2)v41 - el g ST 2RI ol

l1—e 52
x L‘L

outside a set of probability at most Cexp ( — cﬁ). This completes the proof
2
of Proposition 411 a
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