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ABSTRACT. We discuss an example related to the product property for the
generalized Mobius function.

1. INTRODUCTION

For a domain G C C" and a set @ # A C G, the generalized Mébius function
mg(A,-) for G with poles at A is defined by the formula:

mag(4,z) :=sup{|f(2)| : f € O(G,D), fla=0}, ze€Qaq,
where D C C stands for the unit disc (cf. [Jar-Pfl 2013, Definition 8.2.2]). For an
arbitrary set A C C" with ANG # & we put mg(4,:) :=mg(ANG,:). It is an
open problem whether the generalized Mobius function has the following product
property:
(PP) forany n; e N, G; CC"%, and @ # A; C G;, j = 1,2, we have

MG, xG, (A1 X Az, (21, 22)) = max{mg, (A1, 21), Mq, (A2, 22) }, (21,22) € G1 X Ga;
cf. [Jar-Pfl 2013, § 18.3]. So far the product property (PP) has been proved only
in the case where min{#A;, #As} = 1 (cf. [Jar-Pfl 2013, Theorem 18.3.2]). On

the other hand, it is known that the generalized Green function g (A,-) for G with
poles at A has the product property (cf. [Edi1997], [Edi2001]). Recall that

ga(4,2) :=sup{u(z): u:G—10,1), logu € PSH(G),
Vaea Jo0 Ywes + w(w) < Cllw—al}, z€G.

Clearly, mqg(4,-) < gg(A,-). Thus, if mg,(4;,-) = gq, (44,-), 7 = 1,2, then (PP)
is satisfied. Define ¥ : C" x C" — C,

W (z,w) = Zzsws =(z,w), z=(21,.--y2n), w=(W1,...,w,) € C",
s=1

where (, ) denotes the standard complex Euclidean scalar product in C™.
Let B,, denote the class of all open unit balls B = {z € C" : ||z|| < 1}, where
Il || is an arbitrary C-norm.
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It is known (cf. [Jar-Pfl 2013, Proposition 18.3.1]) that the product property
(PP) is equivalent to the following seemingly simpler condition:

(PP’) for any n € N, B; € B, and a finite set @ # A; C Bj, j = 1,2, such
that A; x Ay € ¥~ 1(0) we have

|\Il(21?22)| < (BsupB |‘Il|)ma‘x{m31 (A17zl)amBz(A2v22)}a (21522) € Bl X BQ'
1 X D2

Notice the following example due to W. Zwonek (cf. [Jar-Pfl 2013 Example 8.2.28)]):

If B := {(z1,22) € C? : |z1]| + |22| < 1} and A := {(t,V1),(t,—\/t)} with
0 <t< 1, then mp(A4,(0,0)) < gg(4,(0,0)).

Thus even the simpler condition (PP’) cannot be a direct consequence of the
product property for the generalized Green function.

For @ # S C C™ define S° := {w € C" : sup,cg [¥(z,w)| < 1}.

Our aim is to prove the following two propositions.
Proposition 1. The condition (PP’) is equivalent to the following one:

(PP") foranyn>2and1l<d<n-—1 we have:

[P (21, 22)] < max{mp(M, z1),mpo(M°,z3)}, (21,22) € B x B°,

where B € B, and M = C% x {0}~

Note that in this case M° = {0}? x C"~?. We conjecture that in the above
situation we have
(*) mB(Mv')EgB(M7')7 mBO(MOa'):gBO(MOa')'

If (*) were true, we could get (PP”) (and hence the product property for the
generalized Mobius function in the full generality) as a consequence of the product
property for the generalized Green function.

So far we have verified (*) only in the following special case.

Proposition 2. Assume that
(**) Iz, 2w)]| < [l(z,w)]l,  (2,w) € C?x C*¢, X €T := 9D.
Then (*) is satisfied.

2. PROOFS
Remark 3. (a) | -||° :==sup,cp |¥(z,)| is a C-norm.
(b) If M C C™ is a C-vector subspace, then
M° ={weC":Voers : O(z,w) =0} = {w:w e M*}

(M+ is taken in the sense of the scalar product {, )). Consequently, M° is a

C-vector space and dim M° =n — dim M.
(¢) Let U : C* — C™ be a unitary isomorphism. Put U'(w) := U(w). Then

P (U(z),U'(w)) = ¥(z,w), z,w € C". Consequently, (U(S))° =U'(S5°).
Proof of Proposition Il We have to prove that (PP”) = (PP’). First we prove
that (PP”) implies that

(a) for any n we have

“IJ(Zaw” < max{mB(M7 Z)amBO (Moaw)}7 (va) € B x Bov
where B € B,, and M is a C-vector subspace of C".
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Put My := C? x {0}"~%. Let U : C® — C" be a unitary mapping such that
U(M) = My. Put U'(w) := U(w). Let us apply (PP”) to (U(B),U(M)). Using
Remark Bl@) and the fact that the generalized Mobius function is holomorphically
invariant (cf. [Jar-Pfl 2013, Remark 8.2.4(1)]), we get for (z,w) € B x B®:

(¥ (z,w)| = [®(U(2), U'(w))]
max{mU(B)(U(M)7 U(z2)), mwy(B))° (U(M))®, U’(w))}

max{mp(M, z), mp- (M°,w)},

IN

which gives (a).
Now we prove that (a) implies
(b) for any n we have

|¥(z,w)| <max{mp, (A1, 2),mp,(As,w)}, (z,w)€ By X By,
where B; € B, @ # A; C Bj, Aj is finite, j = 1,2, are such that A; x Ay C
¥ 1(0), and ¥(B; x B,) C D.
Define B := By, M := spanA;. Observe that By C B° and Ay C M°.
Consequently,

[P (z,w)|] < max{mp(M, z),mp-(M°,w)} < max{mp, (A1, z), mp,(A2,w)},
(z,w) € B x B°.
Notice that the cases dim M = 0 or dim M = n follow from the fact that (PP)
is true if max{#A4,,#A>} = 1.
Finally, we prove (b) = (PP’).
Let C :=supg, «p, |¥|, 7 := 1/V/C. Then |[¥| < 1 on (rB;) x (rBs). Thus,

%|\Il(zl,22)| = |U(rz1,rze)| < max{m,p, (rdi,rz1),m,p,(rAs,r22)}

= max{mBl(Al,21),mB2(A2,22)}, (21,22) € B x Bs. O

Remark 4. (a) (**) implies that ||(z, \w)| = ||(z,w)||, (z,w) € C¢ x C"~4 X € T.

(b) By the maximum principle for plurisubharmonic functions we have ||(z, Aw)|| <
(z,w)||, (z,w) € C*, A\ € D. In particular, for every (z,w) € B the set
B, = {weC"?:|(z,w)|]| <1} is a convex balanced domain.

(c) (B°,M°) satisfies the condition analogous to (**), namely ||(Au, v)]|° <||(u, v)]|°,
(u,v) € C4 x C"~ 4, X\ € T. Indeed, fix (u,v) and A. Then

H()\U,U)HO = sup “I,((Zaw)v()‘uvv))‘

(z,w)eB
= sup [P((z,dw), (w,0))| < sup [C((z,w), (u,v))] = || (u,v)]|°.
(z,w)eEB (z,w)eB

Proof of Proposition 2l By Remark H@), to get (*) we only need to consider the
case of (B, M).
Let hp, denote the Minkowski functional of B,
hp, (w):=inf{t >0:|(z,w/t)| <1}, weC"

Using the holomorphic contractibility with respect to the mapping B, > w ——
(z,w) € B (cf. [Jar-Pl 2013, Remark 8.2.4(1)]) and the fact that B, is a convex
balanced domain, gives

mB(Mv (Z7w)) < gB(Mv (Z7w)) < ng(va) = th(w)v (va) € B;
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cf. [Jar-Pfl 2013 Proposition 2.3.1(c)]. Fix a family (L;);e; of C-linear mappings
L; : C* — Csuch that || || = sup;¢; |Li|. Write L;(z, w) = P;i(2)+Q;(w). Observe
that ||(Z,’LU)H <1 <= Vyer: ||(Z,)\’LU)|| <1< Vie[, \ET - |Ll(2,)\w)\ <1<
Vier + |Pi(2)|+]Qqi(w)] < 1. Moreover, ||(z,w)|| < 1 = Vier : |Pi(2)|+]|Q:(w)| < 1.
Consequently, for all ¢ € I and A € T the function f; x(z,w) := %, (z,w) € B,
is well defined, |f; A] <1, and f; » =0 on M N B. In particular, for (z,w) € B we
get
iy _ Qi(w)|
mp(M, (z,w)) > sup{|fir(z,w)|:i €I, ANe T} = sup{m (i€ I}.
Observe that for (z,w) € B we have
hp, (w) =1inf{t > 0: ||(z,w/t)]| <1} =inf{t > 0: ||(z,w/t)|| < 1}.

Indeed, we may assume that w # 0. Let inf{¢t > 0 : ||(z,w/t)|| < 1} = 1/r, where

r:=sup{s > 0 : [|(z,sw)|| < 1}. Note that ||(z,7w)| = 1 and r > 1. In view of

(**) we have ||(z, \w)|| = 1 for all |A| = r. Hence, by the maximum principle for

plurisubharmonic functions, we get ||(z, \w)|| < 1 for all |A\| < r and thus, either

[|(z, \w)|| < 1 for all |A] < r, or ||(z,Aw)|| =1 for all |A\| < 1. The second case is

impossible because ||(z, w)|| < 1. Thus, finally, 1/r = inf{¢t > 0: ||(z,w/t)| < 1}.
Consequently, if (z,w) € B, then

th(w) = inf{t >0:Vier |Li(2,w/t)| < 1}

=inf{t > 0: Vs |Pi(2)| + 1]Qi(w)| < 1} = sup {% S I}’
which finishes the proof. O

Remark 5. Let A : C"~? — C? be C-linear. Using the linear isomorphism
(z,w) — (z + A(w),w) one may extend the equality mpg(M,-) = gg(M,-) to
all C-norms such that

|(z+ (1= NAw), )| < |(zw), (z,w)eC" AeT.
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