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ABSTRACT. In this article, we examine the structure of harmonizable stable
fields. We start by examining horizontal and vertical regularity. We find
equivalent conditions for horizontal and vertical regularity in terms of the
harmonizable stable field’s spectral measure. We then give a Wold-type de-
composition in this setting. After that, we consider strong regularity. Here
too, we give equivalent conditions for strong regularity in terms of the field’s
spectral measure. In addition, we show that strong regularity is equivalent
to the field’s ability to be represented by a moving average random field. We
finish this article with a four-fold Wold-type decomposition.

1. INTRODUCTION

In this article, we examine harmonizable stable fields. These fields may be
thought of as infinite energy analogues of weakly stationary random fields. Much
is known about weakly stationary random fields and the results in this article par-
allel those known results. For background on weakly stationary random fields, one
might consult [7], [§] or [10]. Although the purpose of this paper is to generalize
these results to harmonizable stable fields, much of the motivation and inspiration
for this article was found in [I], [2], and [9]. In [I], [2], and [9], the authors devel-
oped the analogous theory for harmonizable stable sequences. The results in those
papers may be thought of as one-variable analogues of the results found in this pa-
per. Although one might hope that the results for harmonizable stable sequences
generalize directly to harmonizable stable fields, that is not the case. The results
are similar, but there are some differences. Much of the reason for this lies in the
fact that function theory in the unit disc of the complex plane does not generalize
directly to function theory in the unit bi-disc. In particular, outer functions on the
unit bi-disc do not share all the properties of outer functions on the unit disc. We
show how one might handle these shortcomings.

We finish this section by giving a brief breakdown of this article. In section
Bl we give definitions and background material needed to present and prove our
main results. In section B we study horizontal regularity. Here, we find equiv-
alent conditions for horizontal regularity in terms of the field’s spectral measure.
We finish this section with a Wold-type decomposition in the context of horizontal
regularity and singularity. Analogous results are presented in the vertical direc-
tion without proofs for use in section @l In section Ml we study strong regularity.
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Here too, we find equivalent conditions for strong regularity in terms of the field’s
spectral measure. In addition, we find equivalent conditions for strong regularity
in terms of the field’s ability to be represented by a moving average random field.
We end section fl and this article with a four-fold Wold-type decomposition.

2. HARMONIZABLE STABLE FIELDS

In this section, we give the fundamental properties of harmonizable stable fields,
which we will use throughout this note. One might consult [I], [4] or [5] for the
analogous development for harmonizable stable sequences. We follow much of that
development in this section.

A real-valued random variable X is called symmetric a-stable, 0 < o < 2, ab-
breviated Sa.S, if its characteristic function px(t) = Eexp{itX}, t € R has the
form

ox(t) =exp{—c|t|*}, teR,

for some ¢ > 0. A finite collection of real-valued random variables are called jointly
SasS if all linear combinations of these random variables are SaS. A complex
random variable Z = X + 1Y is called isotropic a-stable if X and Y are jointly
SaS and Z has a radially symmetric distribution; that is, ¢?Z and Z have the
same distribution for all real 6. This is equivalent to the following requirement on
¢z(t) = Eexp {iRe(tZ)}, t € C, the characteristic function of Z,

wz(t) =exp{—c|t|*}, teC,
for some ¢ > 0. As in [B], we can define a length on Z, by

12|| = e forl1 <a<?2,
o ¢, for0<a<l.

This length gives a metric on any family of random variables with the property that
any linear combination of its members is an isotropic a-stable random variable. We
point out that if Z; and Z, are independent, then

121+ Zo||* = | 22" + [ Z2]|* for 1 < <2

and
1Z1 + Za|| = | Z1]) + || Z2]] for 0 < < 1.

Now, let Z be an independently scattered complex isotropic a-stable variable
valued set function defined on B(T?), the Borel subsets of T2, the distinguished
boundary of the unit bi-disc. That is, for all disjoint sets Aq,---,A, € B(T?),
Z(A1), -, Z(A,) are independent with

exp {—[t|*[[2(Ag)[|*}  for 1 <o <2

“"Z@k’“):{ e {-7IZ@A0]} foro<a<t t FEE

Using Z, we define

(A) = { |Z(A)|* for1<a<?2 for A € B(T?),

|1Z(A)]] for0<a<l’
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and observe that p is a finite measure defined on B(T?). From this, it follows that

if f € L*(T?, pu) and X :/ / fe?, e?ydz(e™, e?), then
—7,m) )

ox(t) = exp {—t|a/ / |F(e?, e du(e“,e“’)}, teC.
—m,m) J[—m,m)

A complex random field X,,,, (m,n) € Z? is called harmonizable Sa.S with
spectral measure , if p is a finite (positive) measure defined on B(T?) with

Fexp iRe tZz]th

= exp _|t|a/ / Zz et A—il;0 d,u(ei’\,ew) ,
() J [m)

where t,z; € C, and t;,l; € Z, for j = 1,---,N. We see from this that X,, ,,
(m,n) € Z? is (strictly) stationary. We may define a harmonizable SaS field
equivalently through its spectral representation

X = / / emTmA=InG g3 (i gif),
—m,mw) J[—m,7)

where Z is an independently scattered complex isotropic a-stable variable valued
set function defined on B(T?). If L(X) is the closure in probability of the linear
span of X, n, (m,n) € Z?, then the correspondence between f and

/ / f(ei)\,ew) dZ(ei)‘,Eie)
[—m,m) J[—7,7)

gives an isomorphism between L(T?, 1) and L(X), that sends e~™m*~% to X, ..
Hence, every Y € L(X) has a representation of the form

/7”T)/7T7T e ey dZ (e, ')

for some f € L%(T?, ) and has a radially symmetric distribution.
When 1 < o < 2 and Y7,Y2 € L(X) with representing functions fi, fa €
L*(T?, i), the covariation of Y7 with Y3 is defined by

Y1, Yalo = /[ /[ (e, 6 fale™, )] sgn(Fa(e™, @) du(e™, ),
—7,) J[—m,m)

where sgn(f(e**,e?)) is a complex measurable function of modulus one such that
fle* e?)y = |f(e*, e?)|sgn(f(e,e)). By Hoélder’s inequality, we have that
I[Y1, Ya]a| < ||f1HL”(T2,u)||f2‘|%a_(11r27u) with equality if and only if Y] = 2Y5, where
z € C. The covariation of the harmonizable SaS sequence has the form

[Xm,n,Xk,l]a - / / e_i(m_k)/\_i(n_l)e dlu(e’»\, 6i9).
[=7,m) J[—m,m)

Note that the covariance of a weakly stationary random field has this form.

For Y1,Y; € L(X), if [Y1,Y2]o = 0, we say that Y3 is orthogonal to Y3, and write
Y5 1 Y7, which is non-symmetric and was introduced by R. C. James in [6]. When
Yo L Y7 and Y7 L Ys, we say that Y7 and Y, are mutually orthogonal. We now
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make an important distinction between the Gaussian case, @ = 2, and the non-
Gaussian case, 1 < a < 2, when it comes to the relationship between independence
and orthogonality. When a = 2, the independence of Y; and Y3 is equivalent to
the mutual orthogonality of Y7 and Y2 and the mutual orthogonality of Y; and
Y;. However, when 1 < o < 2, the independence of Y; and Y, implies the mutual
orthogonality of ¥; and Y, and the mutual orthogonality of Y; and Ys, but it is
not generally true that the mutual orthogonality of ¥ and Y5 and the mutual
orthogonality of Y; and Y5 implies the independence of Y; and Ys. This is because
when 0 < a < 2, the independence of Y7 and Y5 is equivalent to their representing
functions f; and fo having disjoint support; that is, f1 - fo = 0 [u]-a.e., see [12],
while the mutual orthogonality of Y; and Y5, when 1 < a < 2 means, by defini-

tion, that | AP €) [ afe, )" Sl Fal e ) dp(e, ) =
[=m,m) J[—7,7)

0= / Fae, ) | (e, )2V sgn(fy (e, ) du(e™, ).
[—7,m) J[—m,7)

In the sections that follow, most theorems are stated for 1 < o« < 2. This is
because orthogonality is used in their proofs. For those theorems that do not use
orthongonality, the theorems are stated and proved for 0 < o < 2.

3. HORIZONTAL AND VERTICAL REGULARITY

For a harmonizable SaS field X,,,, (m,n) € Z2, we define the concepts of
regularity and singularity. Let L'(X : m) denote the closure in probability of the
linear span of {X; : k <m,l € Z} and let L'(X : —o0) =0, L'(X : m). Xy,
(m,n) € Z? is called horizontally regular if L'(X : —oo) = {0} and horizontally
singular if L1(X : —o0) = L(X). Similarly, let L?(X : n) denote the closure
in probability of the linear span of {Xx;:k € Z,l <n} and let L*(X : —c0) =
N, L*(X : n). X, (m,n) € Z* is called vertically regular if L?(X : —oo) = {0}
and vertically singular if L?(X : —o0) = L(X). These definitions are consistent with
those given for weakly stationary random fields. It will be advantageous to redefine
these concepts in L*(T?, 1), using the isomorphism that takes X, , to gimAting
Under this isomorphism, it is straightforward to see that the following definitions are

equivalent to those just given. X, ,,, (m,n) € 72 is horizontally regular if Meb =

{0} and horizontally singular if MY = Lo(T2, 1), where M%) = N MY
and MY is equal to the span closure in Le(T?, 1) of {0 .k < m,l € Z}.
Similarly, X, ,, (m,n) € Z? is vertically regular if ng?) = {0} and vertically
singular if Mﬁif) = LY(T?, 1), where MEOC;?) =N, M and M{™? is equal to
the span closure in LY(T?, u) of {0 k€ Z,1 < n}.

In what follows, p; j = 1,2, are the marginals of . That is, for all B € B(T),

11(B) = p(B x T)
and
1a(B) = (T x B).

Finally, we introduce the following notation. Let A C Z? and g be in L*(T?, u),
1 < a < 2. Then, we define

[A],, = spam {e™ : (m,n) € A}
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and
[9]a,u = Spam {0 g(e, ) : (m,n) € A},
where, in both cases, the closure is in L¥(T?, u1).

Now, let Ay = {(m,n):m>0,n€ Z} and Ag = {(m,n) :m € Z,n > 0} and
define HY(T?, ) = [Ax], and HS(T?, p) = [Ag],. Also, let By = {(m,0) : m >0}
and By = {(0,n) :n >0} and define H*(T») = [Balo2 and H*(Ty) = [Bploe,
where here and henceforth, o2 will denote normalized Lebesgue measure on T2.
Note that H*(Ty) and H*(Ty) are just the usual Hardy spaces, with respect to
the appropriate variable, on the unit circle in the complex plane. Using the present
notation, we recall that a function g in H*(T)) is called outer if [g] 5, ,2 = H*(T)).
The definition is defined analogously for functions in H*(Ty). Henceforth, o will
denote normalized Lebesgue measure on T. Now, if £ is a finite measure on B(T),
then for a product measure of the form o ® ¢ and for f in HY(T? 0 ® &) and 60
fixed, we define the cut function, fa(e?) = f(e**,e'). Note that fy € H*(T) for
[u2]-ae. €. We say f in H(T? o ®€) is f-outer if fp is outer for [¢]-a.e. €. In
an analogous way, we define A\-outer.

Theorem 1. Let Xy, (m,n) € Z* be a harmonizable Sa.S field with 1 < o < 2
and spectral measure . Then, the following are equivalent:

(1) Xpmn, (m,n) € Z? is horizontally regular.

(2) p is absolutely continuous with respect to o ® ps with density f satisfying

) /7 )log (f(ei)\,eie)) do(e) > —oo for [us)-a.e. €.

(3) p is absolutely continuous with respect to o @ o with density f(e,e?) =
|g0(ei>‘, ew)}a, where ¢ is a O-outer function in H{(T?, 0 @ ).

Proof. (1) = (2): Suppose X, n, (m,n) € Z? is horizontally regular. By definition,
M(a D= = {0}. Since 1 < a < 2, it follows that MY € MY for m € Z, and

hence M 1) C M (O‘ D= = {0}. It then follows from the theory of weakly stationary
random ﬁelds (see [8} r [10]) that such a u is absolutely continuous with respect
to 0 ® ug with density f satisfying satisfying ().

(2) = (3): Suppose that p is absolutely continuous with respect to o ® ps with
density f satisfying ([). Let E be the subset of T for which the above inequality
holds. Now, define, for ¥ € E,

i0 1 et + 2 ix b i
o(z,€") = exp [a /[Tm) r log (f(e ,e )) do(e') |z| < 1,
and for e ¢ E, define o(z,e) = 1. It is well known from the theory of functions
(see [I1]), that for each e € E, ¢, is an outer function and the radial limits
of g exist for [o]-a.e. e and |p(e?, )™ = f(e A et for [o]-a.e. e, where
o(e™, e?) denotes the radial limit function of o(z, e ) It follows that f(e**,e) =
lp(e, e)|* [0 @ pal-ace., ¢ is in HY(T?, 0 ® p2), and ¢ is f-outer.
(3) = (1): Suppose p is absolutely continuous with respect to o ®@ s with density
fle™ e?) = |p(e™, 19)|a, where ¢ is a f-outer function in H(T?, 0 ® p2). Let
J: LO‘ (T2, nw — LO‘(']I‘2 0 ® 12) be the linear transformation that takes e’ i to
emAtini5(eir ¢if) Note that J is an onto isometry and that

J(LY(X :m)) = span{e™ 0% ) : k < m,n € Z}.
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It suffices to prove that (), J(L'(X : m)) = {0}. To see this, note that
/ / e—ij>\+ik)\+in9¢(ei)\’ei9) da(ei’\)dug(ew) — 0, for k < j,
[—m,m) J[—7,7)

since (e, e?) € H*(T),) for [us]-a.e. €. This says that e is orthogonal to
{eFATinb5(eir i) . k < j,n € Z}. Therefore, if 1 € ﬂJ(Ll(X : m)), then ¢¥*

is orthogonal to ¢ for all j € Z. Since e=™%) € " J(L*(X : m)), for alln € Z, it
follows that e“*+¢ is orthogonal to 1 for all (j,n) € Z2. We can conclude from
this that ¢ = 0 [0 ® po]-a.e. O

Let p = pg + ps be the Lebesgue decomposition of p relative to o ® po. Here,
g is absolutely continuous with respect to 0 ® ps and pg is singular with respect
dpig

to o ® . We will use ——
o ® fio will u CETD)

to denote the Radon-Nikodym derivative of p,
with respect to o ® ps.

i)\7 6219)

dpg ;
Theorem 2. Let 0 < a < 2; then / log Hale do(e) = —oo for [us]-

] [—m,m) d(O’ ® MQ)
a.e. € if and only if Xp.n, (m,n) € Z? is horizontally singular.

Proof. (=) From the assumption and the theory of weakly stationary random fields
(see [8] or [10)), it follows that MY = L?(T?, p) for all n. Now MY < MY for
all n.and My™" is the closure of MY in L* (T2, ). Therefore, MY = Lo (T2, )
for all n. That is, X,, n, (m,n) € Z? is horizontally singular.

(<) If MY = Lo(T2, 1) for all n, then it follows that M>Y = MY n
L3(T?, p) = L*(T?, )N L*(T?, u) = L?(T?, u) for all n. Therefore, by the theory of

. dpa(e™,e) i
weakly stationary random fields (see []] or [10]), log ————do(e") =

_ d(o ® p2)
. [ 71',71') 2
—oo for [pg]-a.e. . O

Before we state the next theorem, let Uy and Uy be the operators on L(X) with
the property that Ui X, p, = Xpq1,n and Us Xy, = Xy g1

Theorem 3. Let 1 < a <2 and Xy, (m,n) € Z2 be a harmonizable SaS field.
Then, there exists a unique decomposition

where
(1) Xy(,%?n and Xf,?)n are in L(X) for all (m,n) € Z2.

(2) U1Xy(,];7)n = X’I(Tzl-l,n and UQX%-,)” = Xf,z?nH for 7 =1,2 and for all (m,n) €
Z2

(3) Xr(,i)n and Xg,)n are independent.
(4) Xr(,i)n s horizontally reqular and Xg,)n is horizontally singular.

Proof. If the conditions of Theorem [2] are satisfied, it follows that X, ;, is horizon-

tally singular and so we may set X,g)n = 0 and X,Sf)n = X,n,n and the theorem
holds. If, on the other hand, the conditions of Theorem [2] are not satisfied, let F,
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and E; be the support of p, and pus respectively, and let

) d/,é ( i\ 19) )
R={¢": / log MalC € ) Gg(e) > —o0 b .
{ [—7,m) d(O’ & IU’Q) ( )

Now, define N = E, N (T x R). Since X, ,, is harmonizable, there exists an L(X)-
valued Borel measure Z on T? such that for every (m,n),

mn 7/ / —(imA+in®) dZ( (2N ei )
) T 71')
Now, define Z1(A) = Z(ANN), Z@(A) = Z(AN N°),

(1) _/ / —(zm)\+m9) dZ(l)( i\ ei )7
[—7,m) )

73) _/ / 7(zm)\+m9 dZ(2 ( i\ ei )
) J[—m,m)

By their construction, it is straightforward to see that X,(ﬁn and X,(nn satisfy

and

conditions 1, 2 and 3 of the theorem. It remains to show that X,(n n is horizontally
regular and X, (2) n 1s horizontally singular.

First, we w111 show that Xr(n n is horizontally regular. By definition, u(l)(B) =

w(BN N) for every B in B(T?). By Theorem [I we need to show that p(%) is

absolutely continuous with respect to o ® ,uél) and

(1) (pix i0 _ _
/ log wﬂ)) do(e™) > —oo for [ugl)]—a.e. e,
[=m.m) d(o @ py ")

Let A € B(T?); then

V() = //d;ﬁ(l)(g,n)://m]vdu(ém)

/] Gtal&1) 405 @ 1) (6,m)

AE.N(TxR) 4 d(o ® pa)

_ dua(&m) o
B //Am(TxR) d(o @ pg )d( ® pa)(&:)

_ dpa(&m) oo
(1) - / /A e g oy (o @ o) € )
Let B € B(T); then
B = uxn) = [ / ) 5 5;72)) d(o @ 12)(€m)
_ ot dﬂa(e an) o(eir
-/ V{_W)mm( G do(e™)| dpal)
() - /B o) dpa(n),
where

dig s .
o) = Jiemm el do(eP) ifn € R,
0 ifnegR.
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Now, if we define

oen) = 1 if g(n) =0,
)= ﬁlrx}%(fﬂ?) iﬁﬁgﬁzg if g(n) > 0,

then

D (4) = / /A (&, mg(n) d(o © o) (6,17) = / /A (&, m) dio ® ) (€, m).

From this we see that p(1) is absolutely continuous with respect to o ® u(Ql) with
dp' (€, )

D = £(&,m), and it is straightforward to see that
d(o®py ")

1) (p i ,i0
/ log M do(e) > —oc for [uél)]—a.e. e’
e d(o® ps))
as desired.
It remains to show that Xr(,f,)n is horizontally singular. We start by pointing out
that N¢ can be written as the disjoint union N¢ = ESU (E, N (T x R)). From this
observation, we can further decompose Z(2) as follows. For A € B(T?), we define

ZO(A) = Z(AN ES) = Z(ANB,),
since the support of the measure on EY is contained entirely in E, and
ZP(A) = Z(AN (E,N (T x R%))).
From these definitions, we observe that
Z24) =23 (A) + 22 (A).

From this observation, we define
X,Sf)n(a) — / / pimA+ing dZéQ)(e”, eie)
’ —m,m) J[—m,m)

and
Xfri)n(s) — / / eim)\JrinO ngZ) (61')\7 eie)
—m,m) J[—m,m)
and observe that
X2 = X0 (a) + X2, (5).
It follows from Theorem [2lthat both Xr(,f,)n(a) and X,(,f)n(s) are horizontally singular.

Therefore, it follows that Xr(,?,)n is also horizontally singular. O

To end this section, we will state, without proofs, the analogous results in the
vertical direction. We do this for completeness and for the sake of reference.

Theorem 4. Let Xy, (m,n) € Z* be a harmonizable Sa.S field with 1 < o < 2
and spectral measure . Then, the following are equivalent:

(1) X, (m,n) € Z? is vertically regular.
(2) p is absolutely continuous with respect to p1 ® o with density f satisfying

/ log (f(ei)‘,ew)) do(e?) > —oo for [uy]-a.e. €.
[777"71')

(3) p is absolutely continuous with respect to py @ o with density f(e'*,e?) =
(e, ') “, where ¢ is a A-outer function in H (T2, 3 ® o).
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Let = pg + ps be the Lebesgue decomposition of u relative to p; ® o. Here,
e is absolutely continuous with respect to p; ® ¢ and u; is singular with respect
dpeg

to ® o. We will use ——
e OV G @ o)

to denote the Radon-Nikodym derivative of u,
with respect to 1 ® o.

dpig (e, ¢ ‘
Theorem 5. Let 0 < o < 2; then / log dpta(e”, €") do(e) = —oco for [pui]-

] [—m,m) d(Ml oY U)
a.e. e, if and only if X,n pn, (m,n) € Z2 is vertically singular.

Theorem 6. Let 1 < a <2 and X, ,,, (m,n) € Z* be a harmonizable SaS field.
Then, there exists a unique decomposition

X = X0y + X2,
where
(1) X5 and X2, are in L(X) for all (m,n) € Z2.
(2) U;f(r(g)n = Xﬁil_ln and Ugf(fﬂ?n = Xg?nﬂ for 5 =1,2 and for all (m,n) €
7.
(3) X’fﬁ)n and X}(,?)n are independent.
(4) X’,,Pn 18 vertically reqular and X}(s)n 1s vertically singular.
4. STRONG REGULARITY

We say that X, ., (m,n) € Z? is strongly regular if it is both horizontally and
vertically regular. We note that if we let L(X : (m,n)) denote the closure in prob-
ability of the linear span of {Xj; : k < m,l <n} and let L(X : —o0) =(),,,, L(X :
(m,n)), then X,, ., (m,n) € Z? is strongly regular if and only if L(X : —ooj = {0}.
It will be advantageous to redefine this concept in L%(T?, ), using the isomor-
phism that takes X, ,, to e!mAin? {Jnder this isomorphism, it is straightforward
to see that X,,.,, (m,n) € Z? is strongly regular if and only if M(fo)o = {0},
where M(?) = Mo M), and ML), is equal to the span closure in L%(T2, 1) of
{etkA+il0 . | < m, 1 < n}.

In the theorems and proofs that follow, we will use the notation introduced in
section Bl In addition, we will write either H%(T?) or H*(T?,0?) for [Q],2, where
Q = {(m,n) : m,n > 0}. Finally, a function f in H*(T?) is called strongly outer if
[flgo2 = H*(T?).

Theorem 7. Let X, (m,n) € Z* be a harmonizable SaS field with 1 < o < 2
and spectral measure . Then, the following are equivalent:
(1) Xy, (m,n) € Z? is strongly reqular with [Ay], N [Ag], = [Ax N Ag),.
(2) p is absolutely continuous with respect to o2 with density f(e**,e??) =
|<p(ei’\, e)|*, where ¢ is a strongly outer function in H*(T?).
(3) Xm.n, (m,n) € Z% has a moving average representation

Xm,n - E ak,lvmfk,nflv
(k,1)eN?

where the random field Vy, ,, (m,n) € Z? is jointly stationary with X, »,
(m,n) € Z2, satisfies L(X : (m,n)) = L(V : (m,n)), and is a harmonizable
SalS field with spectral measure o and thus consists of mutually orthogonal
random variables with norm one.



840 D. A. REDETT

One will observe in the proof that the aj;’s are the Fourier coefficients of the
strongly outer function ¢. We also point out that the condition [Ax], N [Ag], =
[Ax N Ap), given in () is an extra condition used to handle the shortcomings of
outer functions in the bi-disc. This additional condition is a natural analog of the
strong commuting condition used in the theory of weakly stationary random fields
(see [7] or [10]).

Proof. (1) = (2): Suppose that X, », (m,n) € Z? is strongly regular with [4,], N
[Ag],, = [Ax N Agl,. By definition, X,,,, (m,n) € Z? is both horizontally and
vertically regular. Hence, we may employ Theorem [Il and Theorem El It follows
from these theorems that p is absolutely continuous with respect to o ® po with

X e) " where ¢ is a f-outer function in HY (T2, 0@ ps)

: 1
density Ao ® ) = ‘@1(6
dp

and that y is absolutely continuous with respect to 1 ® o with density ——— =
. d(p ® o)
|p2(e , where 5 is a A-outer function in Hg'(T?, p1 ® o). It follows from

these observations that p; and us are absolutely continuous with respect to . This

i>\’ ei@)

d
in turn tells us that u is absolutely continuous with respect to o2 and d—MQ may be
o

written in either of the two following forms:

dp dp dlo®pe)  dp dps

do?  d(o® ) do?2  d(o®up) do
or

dp dp dm®o)  dp dm

do?  d(u ® o) do?2  d(p®o) do’

d N
It follows from Theorem 1 of [I] that % = ‘92(6Z0)| , where g9 is an outer function
o

(y, where g; is an outer function in H*(T)). It

d ,
in H*(Ty) and that % = |g1(e™)
o
d TN
now follows from these additional observations that d—MQ = |w1 (e, 619)| , where
o

d . )
¥y is a f-outer function in HY(T?,0?) and d_MQ = Wg(e”‘,eze) “, where 15 is a
o

M-outer function in H§ (T?, 02). Now, define ¢ = -1 Then, we have that ¢ is
2

unimodular; that is, |¢| = 1 [0%]-a.e. So, we may write qip = 1. We will start
by showing that o is in e H(T?, 62) for some m > 0. To this end, suppose
that 1/;2(m,n) # 0 for some m < 0 and n € Z. Now, since 1 is in HY(T?,0?) and
qe = 1, it follows that ¢(k,1) = 0 for all £ < —m and for all n € Z. Hence,
if for every m € Z, there exists a k < m such that 1/;2(k,n) =% 0 for some n € Z,
then, we would have ¢ = 0, thus giving a contradiction. Therefore, there exists an
m > 0 such that ¢y(k,n) = 0 for all k < —m and for all n € Z. It follows that
Vo is in e ™MAHY(T?,0?) and g is in e H(T?, 02) for some m > 0. Now, since
1o is also in Hg (T?,02), we have that s is in e "™ HY(T?,0%) N H§ (T?,02). It
follows that ¢ = e~ for some ¢ in H*(T?2,02). Since v is M-outer, it follows
that ¢ is also A-outer. Also, since ¢ is in eim)‘H/‘\l(']I‘Q, 0?), ¢ = €™ q¢*, where ¢* is a
unimodular function in HY (T?,02). Therefore, the equation gy = 9); can now be
written as ¢*¢ = 9. Since 1; is 0-outer, it follows that gj is a constant of modulus
one for [o]-a.e. €. These observations then imply that ¢ must also be f-outer.
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Now, since |¢| = [¢1], we have that 57 ‘(p ' )|a Finally, the fact that ¢
is both A-outer and f-outer and that [A,], N [Ag]u = [Ax N Ag],, it follows from
Theorem 3.8 of [3] that ¢ is a strongly outer function in H*(T?, o?).

(2) = (3): Suppose 1 is absolutely continuous with respect to o2 with density
fe?, et |<p ‘ w)’a, where ¢ is a strongly outer function in H%(T?). Now,
let U1 LO‘(T2 fda ) — L(X) be defined by

/ / z/\ Z)dZ( i ei )
T,7) 7r7r)

This is a linear isometry that is onto. Also, let Uy : L%(T?, f do?) — L®(T?,0?) be
defined by Us(g) = ge. This is a linear isometry and is also onto since ¢ is strongly
outer. Then, U = UsU; ' : L(X) — L*(T2,02) and U(X,.n) = UsUy M X ppn) =
Uy (e=mA+n0)) — e=i(mAdn0) (i e19) Let V,, ,, = U~ (e " 79)) and the fact
that ¢ is strongly outer gives us that L(X : (m,n)) = L(V : (m,n)), (m,n) € Z.
Now, since ¢ € HY(T?), it has a Fourier series

z/\ 19 E: ak ik/\-i-ilé’

(k,1)EN?

which converges in L*(T?,02). Therefore,

Xopm = Ufl((ifz‘(rn)drne)90(62’)\7 eie)) — 1| g-ilmA+ne) 2 : akvle“‘”\*“"
(k,l)eN?

_ -t Z akﬁlefi((mfk))Hr(n—l)@) — Z a1 Vom—km—1 in L(X).
(k,l)eN? (k,l)eN?
In view of our isomorphism U, we have that

Fexp< iRe tZz]V}l

= exp —|t‘a/ )/[ ZZ e —i(t; A +1;0) d02(6i)\,6i0) ’

where t,z; € C, and t;,l; € Z, for j = 1, ---,N. Thus, V,,, n € Z is harmonizable
SaS with spectral measure o2 and thus

[Vm7kaJ]a = /[_ )/ )e—i(er)\-‘:-nO)ei(k)\—i-lG) dUZ(eiA) _ 5(m,n),(k,l)7

and so the V}, ,,’s are mutually orthogonal with ||Vi,.nlla = [Vinns me]l/a =1, for

all (m,n) € Z*. The joint stationarity of Xy, , (m,n) € Z* and V,,, ,, (m,n) € Z>
can be seen from the fact that X, , = U~'(e "m0, (eit if)) and V;,, =
Ufl(efi(m)\JrnG))'

(3) = (1): Suppose that X, , = Z k.1 Vin—k.n—1, with all the conditions

(k,l)eN?

of (3) holding. Since L(X : (m,n)) = L(V : (m,n)), (m,n) € Z?2, it follows that
L(X : —o0) = L(V : —00). We will show that L(V : —oc0) = {0}. Let Y €
L(V : —0). Then, let U : L(V) — L*(T?,0?) be the isomorphism that sends V,,, .,
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—i(mA+nd) Therefore, Y can be represented by some f in L% (T2 ); that is,

/ / e e dZy (e, e?). Since Y € L(V : —o0), by definition,
YeLlV ) for all (m,n) € Z2. Tt follows that

f € span{e™" WRAHO) - | <, 1 < n}

toe

for all (m,n) € Z2. Since Fourier coefficients are unique, it follows that f = 0.
Therefore, Y = 0. So, L(V : —o0) = {0} and hence L(X : —o0) = {0}. So,
Xmn, (m,n) € Z? is strongly regular, as desired. Next, note that [A,], N [4g], =
[Ax N Ag], is equivalent to L'(X : 0) N L*(X : 0) = L(X : (0,0)). Now, since
L(X : (m,n)) = L(V : (m,n)) for all (m,n) € Z?, it follows that L'(X : m) =
LYV : m) for all m € Z and L?(X : n) = L*(V : n) for all n € Z. Since,
the spectral measure for the random field V,, ,,, (m,n) € Z? is 02, it follows that
[Ax]o2 N [Agle2 = [Ax N Agl,2 is equivalent to L1 (V : 0)N L2(V : 0) = L(V : (0,0)).
It is well known and straightforward to see that [Ax],2 N [Agl,z = [Ax N Apoe.
Therefore, [A)], N [Ag], = [Ax N Agl,, as desired. O

In sharp contrast with the Gaussian case, a = 2, where the V,,, ,’s in Theorem
[0 are independent, for the non-Gaussian case, 0 < a < 2, the Vj,,’s are not
independent random variables. We state this observation as a proposition. The
proof follows exactly as in [I], and is included for completeness.

Proposition 1. No (non-trivial) harmonizable non-Gaussian SasS field X, p,
(m,n) € Z* with 0 < o < 2 is the moving average of an independent SasS field
Vinn, (myn) € Z? with L(X) = L(V).

Proof. Suppose on the contrary that the V;, ,’s are independent. Since V;,, €
L(X), (m,n) € Z*, Vi, is represented by some f,,, € L(T? ), (m,n) € Z=2.
Now, as observed above, the mutual independence of the V,,,’s implies that the
fm,n’s have mutually disjoint supports. We will use E,, ,, to denote the support of
fmn, (myn) € Z2. By the correspondence between L(X) and L*(T?, 1) and the
moving average representation, it follows that

e AT = N gy e kn—i(€,€%) in L(T2, p).
(k,l)eENZ

Since Xy n, (m,n) € Z? is non-trivial, some fy, n, S&Y fing.ne, is not identically
zero. Then, for all k,1 > 0,

efi((k+mo))\+(l+no)0) — ak,lfmo,no (ei)\ eie) [‘u]_a.e. on Emo,no'

7

It follows that a;,; # O for all k,I > 0. Now, putting k,/ = 0 and then k,I =1,
we get a1 = e*i(AH’)aQO [1]-a.e. on E, n, and since p(Emgn,) > 0, we get a

contradiction. O

We now want to obtain conditions on p to get a four-fold Wold-type decompo-
sition. Let

d,u(ei)‘,ew) — f(ei)\,eie) do,Q(ei)\’eiO) + dus(eiA76i9)
be the Lebesgue decomposition of 1 with respect to 2 and let A® be the support
of u® and A* = (A®)°. Then, we get

(3) X = X0+ X

m,n’
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where

Xe, = // ptmA+ing dZ(ei’\,ew),
and

sz,n — // eim)wi-z'nQ dZ(eM, eiQ).

Because their representing functions have disjoint support, X7, , and X, , are
independent stationary random fields. Our next theorem gives a decomposition of
X3 ., (m,n) € Z2.

m,n’

Theorem 8. The random field X,
decomposition

(m,n) € Z? admits the following unique

ns

s _ 7,8 s,T s,8
Xm,n _erl,n +X7’rz,n +X )

m,n’

(1) Xns,, Xor  and X553, are independent random fields.

m,n’ ; m,n? m,n - )
(2) X2, is hom'zontally rggular and vertzcglly singular.
(3) X 18 hom'zontally sz.ngular and vertz.cally r?gular.
(4) X35, is horizontally singular and vertically singular.
Proof. Using Theorem [3, we get that
Koo = Xl + X352,

where an(,ll) and Xf,{f,zl) are independent random fields with an(,ll) horizontally

regular and Xﬁ{fi) horizontally singular. Now, using Theorem [0, we get

Xl = X500+ x50,

and
X352 = x21) 4 xs(22)
where Xf,;fyll’l) and X:;;S};” are independent random fields, Xﬁ{f,l{l) is vertically

regular and Xﬁ{f}t’z) is vertically singular; and Xﬁ{fi’l) and Xﬁ{fi’z) are independent

)

random fields, X:‘,;f,%’l) is vertically regular and an(g2 is vertically singular. Next,

we observe that the support for the representing functions for Xf,;f}{”, Xﬁ{f}{z),

X:‘,;f,%’l), and Xﬁ{fi’z) are disjoint. Therefore, they are all independent and Xf,;fyll’l)

and Xﬁ{f}t’z) are also horizontally regular and Xﬁ{fg’l) and X:‘,;S%”

singular. We finally observe that Xfﬁfyll’l) must equal zero. For otherwise, since

we have shown that it is strongly regular, and the proof of Theorem [7] guarantees
that its spectral measure would be absolutely continuous with respect to o2, we

. . (1,2 (2,1
would get a contradiction. Now, if we set X»°, = x50, Xor, = x5@D

are horizontally

, and

s,(2,2 . ol
X5e = Xm,(n ), we get our desired decomposition. ]

Combining this result with Theorem [7] gives us the following four-fold Wold-type
decomposition.

Theorem 9. Let Xy, (m,n) € Z* be a harmonizable Sa.S field with 1 < o < 2
and spectral measure . If du(e™, e?) = |p(e™, e?)|* do?(e™, ) + du® (e, ')
is the Lebesque decomposition of p with respect to o? and ¢ is a strongly outer
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function in H*(T?), then the random field Xy, n, (m,n) € Z* admits the following
unique decomposition:

(1]
2]

J— T T8 s,Tr S,8
Xm,n - erz,n +X7rz,n +X7rl,n +X )

m,n’
ere
(1) X5l Xoon, Xol,, and X525, are independent random fields.
(2) X7, is horizontally reqular and vertically regular.
(3) X%, zs horz:zontally T(?gular and vertic‘ally singular.
(4) X7, is horizontally singular and vertically regular.
(5) X35, is horizontally singular and vertically singular.
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