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ABSTRACT. By using Schauder’s point fixed theorem we study the existence of
a traveling wave front for reaction-diffusion differential equations of the neutral
type. Some examples arising in populations dynamics are presented.

1. INTRODUCTION

Using Schauder’s point fixed theorem and monotonicity, we study the existence
of a traveling wave front for neutral differential equations of the form

(1.1) %[u(t,x) — G(ug)(x)] = DAu(t, z) + F(us)(z), teR, xR,

where D = diag(d;) is a matrix of order N x N, d; > 0 for every i = 1,..., N, and
F e 0(C([-7,0;RY);RY), G € CHC([-7,0;;RY); RY) (7 > 0) are functions to
be specified later.

The literature on the existence and qualitative properties of traveling waves for
reaction-diffusion equations is extensive. We cite the early papers by Fisher [4],
Kolmogorov, Petrovskii and Piskunov [10], Britton [I], Fife [3], Murray [I7] and
Volpert et al. [20] regarding related differential equations. For the case of delayed
differential equations, we refer the reader to Schaaf [19], Ma [I6], Zou and Wu
[21L25] and the references therein.

To the best of our knowledge, the paper [I4] is the unique work treating traveling
waves for partial neutral differential equations. Using a variable transform which
allows one to study neutral equations with discrete delay via a differential equation
with an infinite number of constant delays, results on existence and invariance in
reaction diffusion equations and techniques on the construction of upper and lower
solutions, in [14] are proved some results on the existence and qualitative properties
of traveling waves for neutral differential equations of the form

%(u(t, x) —bu(t —r,x)) = dA[u(t, x) — bu(t — r,x)]
+ flu(t,x) — bu(t — r,x),u(t, z),u(t — r,x)).
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Concerning partial neutral differential equations, we cite the early paper by Hale
[8], where are proved some results on the existence, uniqueness and qualitative
properties of solutions of neutral equations of the form 0y L(us)(§) = OeeLur(§) +
fug)(€), where L(+) is a bounded linear operator on C([—r,0]; C(S*;R)). In [23],
Wu and Xia derived a neutral difference-differential system with diffusion from a
ring array of coupled lossless transmission lines and investigated the problem of
self-sustained oscillations of the considered transmission lines and the existence
of multiple large amplitude phase-locked periodic solutions in the corresponding
neutral system. In [24], Wu and Xia continued their studies in [23], proved some
general results on the existence and global continuation of rotating waves for neutral
partial differential equations and applied their results to study a concrete neutral
problem of the form
%(u(t, x) —bu(t —r,x)) = dA[u(t, z) — bu(t — r,z)] — au(t, x)

—abu(t —r,x) — g(u(t,z) — bu(t — r,x)).

In the theory developed in [7l[18], the internal energy and the heat flux are described
as functionals of the temperature u(-) and their derivative u,(-). The system

d t t

E(u(t,x) + / k1 (t — s)u(s,z)ds) = dAu(t, x) + / ka(t — s)Au(s, z)ds.
has been used to describe this phenomena; see [15]. In this problem, d is a physical
constant and k; : R — R, ¢ = 1,2, are the internal energy and the heat flux
relaxation respectively. If we assume that the solution wu(-) is known on (—o0, 0],
we obtain a neutral equation with unbounded delay. Partial neutral differential
equations can also be derived from the theory of population dynamic (see [2]51[6]
TTHT3]) where diffusion arises from the tendency of biological species to migrate
from high to low population density regions.

In this work, for Banach spaces X,Y we use the symbol £(X;Y") for the space
of bounded linear operators from X into Y endowed with the usual norm denoted
by || - llzx,y), and for z € Z and | > 0, Bi(2,2) = {z € Z || 2z —x ||z<
I}. A function H : C([-7,0;RY) — RM is described in the form H(y) =
(Hi(), ..., Hy(2)). For ¢ >0 and ¢ € C([—cr,0];RY), we denote by H¢(-) and
¥¢(-) the functions H¢ : C([—c7;0];RY) — RM and ¢¢ € C([—cr;0];RY) given
by H¢(¢y) = H () and () = 1(ch). If H(-) is a C' function, DH(-) denotes
the differential of H(-) and (DH)¢ : C([—cr;0;RY) — L(C([—cr;0); RY); RM) is
given by (DH)(v) = (DH)(¢°). In this case, we note that ((DH)%(¢))¢(¢) =
(DH)(@*)(¢°) and ((DH)(6))°(8)); = (DH;)(1°)(¢°) for all ¢ € C([~cr,0); R)
andi=1,..., M.

A traveling wave solution of (1)) is a solution of the form u(t, z) = ¢(x + ct),
where ¢ € C?(R;RY) and ¢ € (0,00). If u(t,z) = ¢(x + ct) is a traveling wave of
@), F € C(C([-7,0; RY); RY) and G € CHC([—7,0;; RY); RY), then ¢(-) is a
solution of the ordinary problem

(1.2)  Dw'(§) - cw'(§) + c((DG)(we))(wg) + F*(we) =0,  £€R.

For v = (uy,...,un), v = (vi,...,on) € RY, we write u < v if u; < v; for all
i=1,...,N,and u < v if u < v and u # v. A function H : C([-7,0]; RY) — RY
is described in the form H(v) = (H1(¢), ..., Hn(®)).
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For g € C(R;R") with lim, 1o g(s) = 0, we use the notation C,(R;RP) for
the space formed by all the continuously differentiable functions £ : R — RP such
that [| € [[c1 rire)=sup,er 9(s)([| §(s) || + [| §'(s) ||) < oo, endowed with the norm
| - llcamire)- The definition of (Cy(R;RP), || - [[c, (r;re)) is similar.

This paper has three sections. In the next section we study the existence of a
traveling wave front for (II)). In the last section some examples are presented.

2. EXISTENCE OF A TRAVELING WAVE FRONT

Let 71 < 0 < 7. In the next lemmas, for £ € C(R;R) we use the nota-
tion Y(¢) and Z(§) for the functions Y (§),Z(§) : R — R given by Y (§)(t) =
ffoo en(t=9)¢(s)ds and Z(&)(t) = [;~ e(=9)¢(s)ds. The proof of our first lemma
is easy and we omit it.

Lemma 2.1. Let £ € C(R;R) and assume that imy_1 £(t) = P1oo. Then
lims s 100 Y () () = ﬂf]"" lims 100 Z(€)(t) = ﬁi‘x’ the functions Y (§), Z(€) are
differentiable, Y (§) = mY (&) + &, Z(&) = n2Z(§) — & and limy_, 1o, Y (&) (t) =
lim; 400 Z(€)'(t) = 0. If, in addition, ¢ € C*(R,R) and & is bounded, then
Y(€),Z(&) € CYR,R), Y(§) =Y(£') and Z(§)' = Z(£').

Lemma 2.2. If 0 < 6 < min{—ny,m2}, 7 > 0 and g(-) = e~ °'l, then the map
W : B.(0,C(R;R)) € C;(R;R) — C;(R;R) given by W(&) = Y (&) + Z(&) is
completely continuous.

Proof. Let (&,)nen be a sequence in B,.(0,C(R;R)) and £ € B,.(0,C(R;R)) such
that (£n)neny — € in Cy(R;R). For ¢ > 0, there exists N. € N such that e~?I*! ||
&n(s) —&(s) [[<eforall seRand n > N.. For n > N, and t € R, we get

¢

MY E)0) - YEO)| < [ emt e It (5) () | ds

— 00

t
gg/ o (1) o= 0111 +01s] g

1 n 1 ]
—m — 0 —m + 0 ’
which proves that Y : B,.(0,C(R;R)) C Cy4(R;R) — C,(R;R) is continuous.

We prove now that Y(:) is a compact map. From Lemma 2] it is easy to
see that || Y'(§) [lomr)< 2r and || Y(§) lo@r)< =5 for all £ € B,(0,C(R;R)),
which implies that Y'(B,.(0, C(R;R)))—i,y = {Y (¢ )\[ L € € Br(0,C(R;R))} is
relatively compact in C'([—I,[];R) for all [ > 0.

Let (£n)nen be a sequence in B,.(0,C(R;R)). From the above remarks, there
exists £ € B,(0,C(R;R)) and a subsequence of (Y (£,))nen (which we denote in the
same form) such that Y(¢,) — & uniformly on compact set. Let € > 0 be given.
Let K > 0 and N, € N such that e*QKQ_Lm < sand [ Y(&) — € leq-rk.xm< 5
for all n > N.. Under these conditions, for n > N, we see that

1¥(60) = € loymn= sup | V(E() — )|+ 2 < £+ S <
Is|< m

<el

which proves that (Y(£,))neny — £ in Cy(R;R). Since (£,)nen is arbitrary, we infer
that Y (B, (0, C(R;R))) is relatively compact in Cy(R;R) and Y : B,.(0, C(R;R)) C
Cy(R;R) — Cy(R;R) is a compact map.
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From the above, Y : B.(0,C(R;R))C Cy(R;R) — C,4(R; R) is completely contin-
uous and a similar procedure proves that Z : B, (0, C(R;R))C Cy(R;R) = Cy(R; R)
is completely continuous. Finally, since W (&) = mY (§) + 12 Z(§) we can conclude
that W : B.(0,C(R;R)) € Cy(R;R) — C§(R;R) is completely continuous. O

From Hirsch et al. [9] and Gopalsamy [6] we note the followings results.

Lemma 2.3 ([9]). Ifv e CY(RT,R) and v = limsup,_, . v(t) > liminf; o, v(t) =
v~ then there exist sequences of real numbers (tn)nen, (Sn)nen such that (t,)nen —
00, (Sn)nen — 00, V' (t,) = v'(s,) =0 for all n € N, vt = limsup,,_,., v(t,) and
v~ = liminf,, o v(sy).

Lemma 2.4 ([6]). If v € CY(RT,R), limy_,o v(t) ezists and v'(-) is uniformly
continuous, then lim;_,o v'(t) = 0.

Next, for z € RV we use the symbol 7 for the function # € C([—c7,0]; RY) given
by Z(0) = x for all § € [—cr,0]. For a function ¢ : R — R¥, we denote by v, and
¥ the limits lim;_, o 9(¢) and lim;—,_ ¥(t), when the limit exists.

We include now the following lemma.

Lemma 2.5. Assume that ¥ : R — RY is a twice continuously differentiable
solution of (L2, ¢¥(-) is bounded, monotone nondecreasing, the functions F, (DQ)
takes bounded sets into bounded sets and {((DG)°(¢r))%(¢;) : t € R} is bounded.

Then limy_y 400 ¢/ (t) = 0, F (@) = 0 and limy oo (DG)(4h,)) () = 0.

Proof. To begin, we prove that 1)’ is bounded. Assume that v’ is unbounded on
[0,00) and let i € {1,..., N} such that limsup,_, ., ¥}(t) = oo. If liminf,_, ¥;(t) =
00, then v; is unbounded, which is absurd. If lim inf; o 9}(¢) < oo, from Lemma
there exists a sequence of real numbers (t,)nen such that ¢/ (t,) = 0 for all

n € N and lim,, o0 9. (¢,) = co. Using this fact, we infer that

21) lim c[—/(t) + (DY () (64, ) = —FF(T0),
and limy, oo (((DG)(¢4,,))°(¥4, ))s = oo, which is contrary to the assumptions.
From the above, we have that ¢ is bounded on [0, c0). A similar argument proves
that ¢’ is bounded on (—o0, 0], which completes the proof that ¢’ is bounded.
From the above and (L2 we infer that ¢"” is bounded which implies that v’
is uniformly continuous. Since lim; 4 9¥(s) exists, from Lemma 2] it follows
that lmy 400 ¥/(t) = 0, limy 100t = 0 and lim,1o0 (DG)*(31))(¢) = 0.
Moreover, from ([L.2)) we obtain that lim; 4., DY"(t) = —Fc(iz);), which allows us
to concluﬁd\e that 9" is uniformly continuous. Finally, from Lemma 2.4] we have
that FE(gy) = limy_ 10 0" () = 0. 0

To begin our studies on the existence of a traveling wave front for (II), we
consider the quasi-monotone case.

2.1. The quasi-monotone case. By considering Lemma [2Z.5] in the remainder of
this work we assume that there is K € RN such that 0 < K, F(0) = F(K) =
G(0) = G(K) =0 and F(L) #0 for all 0 < L < K. Next, we always suppose that
F, G, (DG) are Lipschitz with Lipschitz constants Lr, Lg and Lpg respectively.
We introduce now the next condition.
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H11~‘,G There are diagonal matrices v = diag(y1,...,7v) and ¢ = diag((1,...,Cn)

such that v; > 0,; >0 foralli= ..., N, and
(22) [Fy (1) = Ff ()] + 7i(14(0) — ¢:(0)) >0,
Al,iC[Gf(iﬁ) - GC( )] + Cz(’(/}z(o) ¢z(0)) >0,
A2,ic[G7(¥) = G7 ()] + Ci(hi(0) — $:(0)) =0,

for all 1, ¢ € C([—ecr, 0; RN) with 0< ¢ <¢p < K, where Ay ; = -V 45

2d;
Aoy = SV and By =i+ G for all i € {1,..., N},

From the general theory of traveling waves, we introduce the followings concepts.

Definition 2.1. A function p € C?(R;R”) is called an upper solution of ([L2)) if
Dp'" (t) — cp/ (t) + L G°(p,) + F(p,) < 0 for all t € R. The concept of lower solution
of (L2) is defined reversing the last inequality.

In the remainder of this section we always assume that the condition Hi, g is
satisfied, 0 is a real number such that 0 < 6 < min{—X;,, 2, : 4 =1,...,N},
g(-) = e?I and p, p are an upper and a lower solution of (L2) such that 0 < p <

p< IA(, p# 0 and lim; ., p(t) = 0. For M > 0, U%ﬁ is the set defined by

M _ 1. rNY . — o5
(2.5) Ups={6€C'(RRY): 0<G<M,i=1,...,N, andp<{<p}
We introduce now the map I': Upj\f% C C(R;RY) — CJ(R; RY) given by

i) = 6; [ MOIE )+ (s + Gus) + (DG () (s

(2.6) +90; / T I EE () + (s + Cusls) + (DG () (ul))ds,

where 0; = ok The function T'u(-) is a solution of

T
Duw' (&) — cw'(§) — (vi + Gw(§)
= —F%ug) = (vi + Ci)u(é) — c((DG)"(ug))“(ug), € €R.
Using that £e*i (9GS (us) = =Xj et 07 GE (uy) + (=) ((DGy)* (us))(ul)
we obtain that Tu = Y7, Tu where

(2.7) (Tu)i(t) = 0, / P19 F () (5)ds,
(2.8) / 502 Fy () (5)ds,
(2.9) / MG () (5)ds,
(2.10) (T%u);(t) = 6; / 2 (=9 G () (s)ds,

arid ﬁ,é,é : O(R;RY) — C(R;RY) are/\given by (ﬁ)z(w)(s) = F{(vs) +79(s),
(G)i(¥)(s) = A,icGi(vs) + Gib(s) and (G)i(1)(s) = A2,icGE(vs) + Gitp(s).

From [21, Lemma 3.1], we have the next result.
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Lemma 2.6 ([21 Lemma 3.1]). Assume that the condition H#G is satisfied, ¢, €
Ulﬁ"/fﬁ and ¢ <. If H(-) is some of the functions F.G,G, then H(¢)(s) >0 for all
s e€R, H(¢)(-) is nondecreasing and H($)(t) < H(¢)(t) for all t € R.

Lemma 2.7. If the condition H11~‘,G is satisfied and u € U%), then T'u is nonde-

creasing and p< FE <Tu<Ip<p.

Pl"oof. Since Usph > Us for all s € R,h > 0, from Lemma we have that
(G@)i(u)(s+h) — (G)i(u)(s) >0 for all s € R. For t € R and h > 0, we get

(Tou)(t + h) — _9/ A=) (G () (s + h) — Gi(w)(s)]ds > 0,

which implies that (I'u);(t+h) > (I'3u);(t). The same argument allows us to show
that (T7u);(t + h) > (T9u),(t) for j = 1, 2,4, 1= 1 ,N and ¢ € R, which proves
that T'u is nondecreasing on R.

We now prove the second assertion. Let W =p — I'p. Since

D(I'p)"(t) — c(I'p)'(t) = BIP)(t) + F*(p;) + Bp(t) + c((DG)(p,)) (Ph) = 0,
Dp"(t) — cp'(t) = Bp(t) + F(p,) + Bp(t) + c((DG)(p,)) (p1) <O,

for all t € R, we have that DW" — ¢W’' — W (t) + 7(t) = 0 for some nonnegative
bounded continuous function 7(-). Since W (-) is a C? bounded function, we get

t [e'e]
t) = 91-/ e)‘lvi(tfs)n(s)ds + 91-/ eA"”"'(tfs)Ti(s)ds, VteR,
—00 t

which implies that W;(t) > 0 and I'p < p. A similar argument proves that I'(p) > p.
_ On the other hand, noting p, > u; for all ¢ € R, from Lemma we see that
G(p)(t) — G(u)(t) > 0 for all t € R and

(°p)i(t) — (PPu)i(t) = 9i[ M=) @(p)(5) = Giu)(s))ds = 0,

which shows that (I'®p);(¢) — ([3u);(t) > 0 for alli = 1,..., N. A similar procedure
proves that (I'Yp);(¢t) — (IVu);(t) > 0 for j = 1,2,4 and i = 1,..., N. From the
above we have that 'u < I'p < p. The proof that p< Fﬁ < T'u is similar. O

We can prove now our first theorem on the existence of a traveling wave for (LTJ).

In this result, L(G) = (2L | P lc@r~) +supser || (DG)(P5) [l c(c((—er.0pmm)ry)

Theorem 2.1. Let condition Hy, o hold and assume 2 Jnax {0;}cL(G )\/_ < 1.

Then there exists a nondecreasing traveling wave front solutzon u(-) of the problem
[@CI) such that limy—, o u(t) = 0 and lim;_,, u(t) = K.

Proof. To begin, we select M > 0 large enough such that
(2.11) 2(_}{13‘){]\[{91‘61'}(1’} + max {0;K;}Lr + Jpax {QZ}cmM)m <M.

Since the sets of functions {Bu; : u € U;V%,i =1,....,N} and {s — Hf(us) :

u € U%), i=1,...,N,H; = F;,\1;,cG$, \2,;cGS } are bounded in C(R; RY), from

Lemma 22 we have that the map T': U} C CJ(R;RY) — Cj(R;RY) defined by
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: : M M
@-0)-@210) is completely continuous. To prove that F(Ug,ﬁ) C U, we use the

decomposition 'y = Z?Zl(Tj u);, where
t o}
(Yhu)i(t) = 0, / e (ug)ds 4 6; / 2 ) B (ug ) ds,

—00 t

t [e%s)
(T2u)i(t) = / A=) B (3)ds + 6; / 249 8,0, (3)ds,
t

—0o0

t

(Y3u)i(t) = 6; /

—0o0

Let u € U%. Using that v < p < K and F(0) = 0, from Lemma 21| we get

M=\ eGS (ug)ds + Gi/ A2 =) Ny G (ug)ds.
t

t o]
| (T2u)j(t) | < 9i5iKi(—>\1,i/ erMit=9)gs 4 /\2,1'/ i) ds) < 20,8, K;,

—0o0 t
t o]
‘ (Tlu);(t) | S GiLFKi(—)\Li/ 6/\1‘i(t_s)d5 + )\271‘/ ekz’i(t_s)ds) S 29iLFKi-
—0o0 t

To estimate | (T7u)(t) |, for j =3,i=1,..., N, we note that

| c«(DG)“(uy) ”L(C([—CT;O];]RN);RN)
<[ e(DG)*(ue) = c(DG)(Pe) Il 2o ((—eronrn)mY)
+c || (DG)C(E) ||E(C([ch;O];RN);]RN)

—_—

<cLg2 H p HC(R;RN) +051€l£ || (DG)C(E) Hl:(C([—CT;O];RN);RN): CL(G)a
s

and ¢ | (DG)*(ur))°(t)) |g~ < cL(G)M. Using now Lemma [ZI] we get
t

| (TPu)i(t) | < —01-/\1,1-/ M) | e(DGY)(us)) (u) | ds

— 00

0 [ (DG ) ) |

t

— t e~ e’}
< 0\ icL(G)M / A=) ds + 0,00 ;¢ L(G)M / 2 (t=9) g
— oo t

< 2¢0,L(G) M.
From the above estimates and (Z.IT]),

N 3 N

I (@w)' ) | = O (w)it)?)z < (O (20:8,K; + 20, LpK; + 20;cL(G)M)?)?
i=1 j=1 i=1

(2.12) <2( max {0:3K.} + max {0:K}Lr + l_:nllaXN{Hi}cl//(\C_?/)M)\/N,

which shows || (Tu)'(t) ||< M for all t € R. Moreover, from Lemma[27lwe have that
I'u is nondecreasing and p < T'u < p, which complete the proof that F(Up%) C Up%.

From the above remarks, there exists u € U ;\7/% such that T'u = u. Since u(-) is
nondecreasing and p < I'p <u =Tu <Tp <, we have that u_ = lim;_, o u(t) =
0. Moreover, using that u'(-) is bounded and p # 0, from Lemma 2.5 we infer that

F(u4) =0 and uy = K. This completes the proof. O
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Our result depends on the existence of upper and lower solutions, which is usu-
ally a nontrivial problem. Considering this fact and the developments in [16], we
introduced the concepts of super and sub-solutions for the problem (L2)).

Definition 2.2. A function p € C(R;RY) is called a super solution of (LZ) if
there exist numbers Ti,...,T,, such that p” is continuous on R\ {T1,...,Tn},
p and p’" are bounded, the function ¢ — G¢(p;) is differentiable a.e. on R and
Dp'"(t) — cp'(t) + cLG%(py) + F°(pi) < 0 ae. on R. A sub-solution is defined in
the same form by reversing the last inequality.

Remark 2.1. Arguing as in the proof of [16, Lemma 2.5], we can prove that if p
is a super-solution of (L2)) such that p'(tT) < p/(¢t7) for all t € R (resp. if pis a
sub-solution of (I2) such that ¢/(t*) > ¢/(t7) for all ¢ € R), then I'p (resp. I'p)
is an upper solution (resp. a lower) solution of (I2). Moreover, from the proof of
[16, Lemma 2.5] we also infer that I'(p) < p (resp. I'(0) > o).

2.2. The nonquasi-monotone case. To prove the results of this section and
considering the results in [21]], we introduce the following condition:
H%G There are positive matrix v = diag(y1,.--,7vn), ¢ = diag((y, ..., ¢,) such
that G°(¢) — G°(v) <0,
(2.13) [FY(¢) — Fi(1)] +7i(6(0) — ¥(0)) =0,
(2.14) A2,ic|G7(¢) — Gi(¥)] + Ci(0i(0) — 4:(0)) =0,

for all 1,¢ € C([—cr,0];RY) such that 0 < ¢ < ¢ < K and the function
e+ [g(-) — 4(-)] is nondecreasing on [—cr, 0].

Remark 2.2. In what follows, for v,w € C(R;R™) and s > 0, we use the notation v*
and L, ,, for the functions v* : R — RY and £, ,, : R — R¥ given by v*(¢) = v(t+s)
and (L,.)i(t) = eP[vi(t) — w;(t)]. We also introduce the set

(2.15) Sévf% ={pe€ UM L5.6,Le,ps Los,¢ are nondecreasing on R for all s > 0}.
To prove our next theorem we need some additional lemmas.

Lemma 2.8. Let u € S;Vfﬁ and s > 0. Ifc>1—min{ f;d; :i=1,... N} and the

condition HE o is verified, then L5y, Lru,, and L (tu)ys,ru are nondecreasing.

Proof. To begin we prove that L)« r,, is nondecreasing. For ¢t € R we see that

(G Ernrra) () = 205+ 0w) [ M Fr(u)(r ) = Felu)(r))dr

— 00

+ P10,(8i + Do) /°° 2T (FC(u) (T + s) — FE(u)(7))dr
t

+5410,(B; + M) [ D (G (u) (7 + ) = G () (7))dr
+B0,(Bi + Ao /t‘x’ e/\z,i(t—‘r)(ég(u)(’r +5) — @f(u)(T))dT
+ P9, (G (u) (t+ ) — GE(u)(t))
— Pt (GE(u)(t + 5) — GE(u) (1))
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From condition Hf ¢ and the fact that \;;c < 0, we have that (ﬁl“’(u)(T +s) —
F(w)(r)) 2 0, (G5(u)(r + 5) = G5(u)(7)) 2 0 and (G(u)(7 + 5) = Gf(u)(r)) 2 0
forall T € Rand ¢ =1,...,N. Moreover, since ¢ > 1 —min{ 8;d; : i =1,...,N},
we note that (8; + Aj;) > 0 for j = 1,2 and ¢ = 1,..., N, which allows us to
conclude that the first four terms in the previous decomposition are nonnegative.
In addition, from condition Hf g we observe that

€0, Ge () (t + 5) — GE(u) (1)) — P16,(GE(u) (¢ + 5) — G (u) (1))

= P10, (i — Agi) (cG5 (u)(t + ) — ¢G5 (u) (1))
cebit
— - (GE )+ 5) — GEu)(1) 2 0.
From the above remarks we obtain that %(ﬁ(r‘u)s’ru(t))i > 0, which shows that
L (1u)s ru is nondecreasing.
To prove that L3, is nondecreasing, we note that L5, = L51r5 + Lrpre and
we show that L5 rp and Lrp . are nondecreasing. Arguing as above, we have that

J t _ ~
E(ﬁrﬁ,Fu)i _ eﬁitei(ﬁi + )\l,i)/ ez\l,i(t—T) (cm(ﬁ) (7_) _ Fic(u)(T))dT
+ eﬂitgi(ﬁi + >\2,i)/ eAz,i(tfr)(ﬁic(p)(T) _ ﬁzc(u) (1))dr
t
¢
+ €Bit9i(ﬁi + Al,i)/ e)q,i(t—T)(G?(ﬁ)(T) — Gf(u)(T))dT
FEO(F - 0a) [ G - G (u)(r))ar
¢
ebite o/ ¢
- (Gi(p)(t) — Gi(u)()),
which allows us to conclude that Lrp . is nondecreasing. =

We study now the function L5 5. Let w = p — I'p. Using that p is an upper
solution, we have that there exists a nonnegative bounded integrable function h =

(hi,...,hx) : R — RY such that Dw” (&) — cw’ (&) — Bw(&) +h(€) = 0 for all £ € R.
From the above, there exist real numbers ¢;,1;, : = 1,..., N such that
t

(2.16) w;(t) :pie)‘l”'t—klie)‘?’it—kﬁi/ e)‘1~i(t75)hi(s)ds+9i/ 2=, (s)ds.

—0o0 t

Since the functions w; are bounded, we have that p; = I; = 0 for all 4 and

— 00

M=) (s)ds + ai/ it (s)ds, VteR.
t
Using this representation, we obtain that
d t
7 (Larg)it) = (B + ALi)ts / M hi(s)ds

+ e (B + /\z,i)9i/ b, (s)ds, ViteR,
t

which permit us to conclude that £5 5 is nondecreasing and completes the proof
that L5, in nondecreasing.
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Arguing as above and using that p is a lower solution, we can prove that L, Tp
Lrp,p and Lry , are nondecreasing. This completes the proof. |
The proof of the next lemma follows from the proof of [2I] Lemma 4.1].

Lemma 2.9. Assume ¢ > 1 —min{8id; : i = 1,... N} and the condition Hy o is
verified. If u € Sl])‘f%, then p< PB <Tu <Tp <P and I'u is nondecreasing on R.

Proof. Since L5, and Ly, are nondecreasing, from the proof of [21I, Lemma 4.1

( i),(iii)] it follows that H(p) < H(u) < H(p) and H(u) is nondecreasing for H =
F, é, G. From the above and the definition of T it is easy to see that FE <Twu<Tp

Moreover, from the proof of Lemma 28] (see (2I7)) we have that
t o0
(2.18) p(t) — Tp(t) = 01-/ M=) (s)ds + ei/ 2= (s)ds,
oo ¢

where h;(-) is a nonnegative bounded integrable function. This implies that I'p < 5.
The proof that p < I'p is similar. This completes the proof. (]

—_—

In the next theorem, L(G) is the number introduced in Theorem 211
Theorem 2.2. Ifc>1—min{B;d; :i=1,...,N}, the condition Hz G 18 satisfied

and 2 I{laX {6;}cL(G )\/_ < 1, then there exists a nondecreasing traveling wave

solutzon u(-) of ) such that lim;,_ o u(t) =0 and lims_, oo u(t) = K.
Proof. Let M > 0 and I : Sé‘/[’ﬁ C CH(R;RYN) — CL(R;RYN) be defined as in the

proof of Theorem 211 It is easy to see that S % is a closed and convex subset of

U)% and from the proof of Theorem 2] we infer that | (TE) ||< M for all £ € SML

and that T is completely continuous. Moreover, from Lemma [Z8 and Lemma [Z0]

it follows that F(SA/I) - Sév%, which implies that I" has a fixed point u € SM

From the above, u(-) is nondecreasing and p < u < p, which implies that Uy =
limy_, oo u(t) exists and u_ = lim;—, o u(t) = 0. Finally, since «/(+) is bounded and
p # 0, from Lemma 23] we obtain that F(u; ) =0 and uy = K. O

3. EXAMPLES

In this section we present some examples motivated by ordinary neutral dif-
ferential equations arising in population dynamic; see [2,[5,[6,1THI3]. For sake of
simplicity, we assume N = d = 1 and 7 is a positive number. To begin, we study
the neutral problem

(3.1) %[u(t,z) +nu(t —7,2)] = Au(t,z) + u(t,z)(1 —u(t —7,2)), te R,z €R.

To study this problem, we consider the equation

(3.2) w”(t) —cw'(t) — new' (t —et) +w(t)[l —w(t —7¢)] =0, tEeR,
submitted to the condition
(3.3) tllznoow(t) =0 and tlgrolo w(t) = 1.

Let F2() and G(-) be given by F*(9) = 6(0)[1 = 6(=ro)] and G*(6) = —né(—ro).

Next, we study the condition HZ ¥ g and we construct a super- and a sub-solution.
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If ¢, are the function in condition H%G, we note that

(3.4) G(¢) = G°(¥) = —n(¢(—7c) — Yp(=7¢)) <0,
F(¢) = FE() = (¢(0) = 9(0))(1 = ¢(—7e) — 1(0)e”™)
—(6(0) = 9 (0))e.
From (3.5) we have that ([ZI3) is satisfied if v — 5™ > 0. For simplicity, we take
c>2,(=v>1,5 =7+ and we assume 7 small so that %—65” =~y—efme > 0.
Moreover, for A;; = @ and \p 1 = @, we suppose 77 > 0 small such
that g — )\2’107]6’67—0 =(— )\2’107]6’67—0 > 0. Under these conditions,
A2,1¢[G%(9) = G(¥)] + (((0) — 1(0))
= —Azen[d(—7¢) — (=7c)] + ((6(0) — (0))

2)(0(0) ~ v(0) > 0.

(3.5)

v

> (—Az,lcneﬁ” +

From the above remarks we have that the condition H%)G is satisfied.

To obtain an upper and a lower solution, we construct a super-solution p and sub-
solution o such that p'(t7) < p/(t7) and o' (t*) > o'(¢t7) for all t € R; see Remark
21 Let f: R — R be given by f(A) = A2 — (c+nce ™ MA+1 and \; = V=4 V262*4.
Since f(\1) = —nce™ "M < 0 and f(0) = 1, there exists 93 € (0, ;) such that
f(¥91) =0. Let p: R — R be given by p(t) = min{e”:*,1}. For t < 0, we see that

p"(t) = cp'(t) — mep'(t — 7c) + F(pt)
=" [92 — (c+nee ™)y + 1] — p(t)p(t — T¢)
= —pl)plt —7) <0,

which permit us to conclude that p is a super-solution.
We now construct a sub-solution. Noting that 291 —c < 2A; —c¢ < 0 and assuming
n small enough, we have that f'(¥1) = 201 — ¢ + ne(917¢ — 1)e=?17¢ < 0. In this
case, we select 1 > ¢ > 0 small and M > 1 large such that f(¥1 +¢) < 0 and
—Mf(¥91 +€)—1>0. Let o: R — R be given by o(t) = max{e”1*(1 — Me®!), 0}
and t* < 0 such that o(t*) = 0. For ¢t < t*, we get
o (t) = cd(t) — meg' (t — 7c) + F*(o1)
="t 92 — ey 4+ 1] — M99y 4+ €)% — e(91 +¢) + 1]
+[—net1e?1te™nTe 4 Mne( + e)elP1H)te=(1FaTe] _p(t)o(t — 7¢)
> eM1t9? — (c+ nee 179, + 1]
— M H9Y (9, +£)% — (¢ + nee” 1T (9 + ) +1]
_ 62ﬁ1t676176(1 . Meet)(l _ Mee(tf-rc))
> _Me(191+e)t[(191 + €)2 _ (C—l— nce—(191+5)7—c)(191 + E) + 1] _ 62191te—1917—c
> eWH M f(9) 4 €) — 17 > e H N f(9) +¢) — 1] > 0,

and hence, g is a sub-solution. Moreover, it is easy to see that 0 < o < p < 1,
p'(tT) < p/(t7) and ¢'(t1) > o' (¢t7) for all ¢ € R, which implies that there exists an
upper and a lower solution p, p verifying the general assumptions in Section
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From the above and Theorem 2.2 we have the next result. In this result,
the condition \/(;Z_—B < 1 is concerning the inequality 2 Jmax {6; }CL( JWWN <1
inTheorem

Proposition 3.1. Let (=~v>1, f =~v+(, ¢ > 2 and assume T,m are small
enough such that B — 2¢P7¢ >0, B — 2Xg.1mce’™ > 0 and \/Czi—w < 1. Then there

exists a nondecreasing traveling wave front solution of B.1) satisfying (B3).

In the next example we study the existence of a traveling wave for the problem

(3.6) u(t, z)+nu(t, v)u(t—7,2)] = Au(t, ) +u(t)[l—u(t—7,2)], t e R,z € R.

d
priCl
To this end, we study the equation

(3.7)  w'(t) — cw' (t) — ne(wt)w(t — 7)) +wt)[l —w(t —71¢)] =0, teR,

submitted to the condition [B.3]). Next, F°(-) is the function introduced in the first
example and G°(+) is given by G°(¢)) = —ny(0)(—7c).

Let y=(¢ > 1, 8 =~v+4( and ¢ > 2, and assume 7,7 small enough such that
B —2eP™ >0 and § — 2X21en(1 + e?7¢) > 0. From the first example, we infer that
the inequality (2.I3) is satisfied. Moreover, if ¢, are the functions in condition
H%G, we get

[G(¢) = G°(¥)] = =nl(¢(0) = ¥(0))p(=T¢) + $(0)(d(=T¢) — P(=7¢))] < 0.
c[G*(¢) = G°(¥)] = —nc[(#(0) = 1 (0)d(=T¢) +1(0)e"™($(0) — ©(0))]
= —ne($(0) = $(0))(¢(=7e) +1(0)e”")
ne(@(0) — (0))(1 +€°7),
which implies that ([2.14)) is verified since 5 —2cAg 17(1 +eﬁ”) > 0. From the above
we have that the condition Hf g is satisfied. Next, we construct a super- and a

sub-solution.
Let p: R — R be defined by p(t) = min{e*?,1}. For ¢ > 0, we note that

dp" (t) — cp'(t) — ac(p(t)p(t — 7¢)) + F(pr)
< dp"(t) = ep'(t) + Flps) = M AAT — ehy + 1] = p(t)p(t — 7¢)
= —p(t)p(t —7c) <0,
and hence, p is a super-solution of (B7)).

Let g : R — R be given by g(A) = A2 —cA+1and 0 < & < Ay such that A, +& < §
and g(A; +¢) < 0. Let M > 1 such that —Mg(\; +¢) > 1, o : R = R be the
function given by o(t) = max{e*!(1 — Me!),0} and t* < 0 such that o(t*) = 0.
For t < t*, we get

jt[ neo(t)ot — er)] > ne[~2X e 1te M7 — M2 (N + g)e2NFNem Aatere]

> ne[~2M2(Ay + €)e?Mt — 2M2 (A, + g)ePto]

= —2nc(Ay + &) M2 (ePM1t 4 e(Pratelty
—dneM? (A + g)e* M,

—g(t)g(t _ TC) _ _6)\175(1 _ Meat)ekl(t—Tc)(l _ Mea(t—rc)) > _e(/\1+s)t€(/\1—5)t-
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From the above, we have that

" (t) — cd'(t) — Inco(t)o(t — c7)]" + F°(ar)
> eMAZ — e + 1] — MDA +6)% — (A + ) + 1]
—dneM? (M 4 €)e*Mt — o(t)o(t — Tc)
> —eMHN[(A +2)% — (A + €) + 1] — dneM? (A + €)Mt
_ e()\1+5)te()\175)t

> eMFN Mg\ + &) — dneM? (Mg + e)eM 9t 1],

Thus, if 7 is sufficiently small such that —Mg(\; +¢) — 1 — dncM?(s + A1) > 0,
we have that g is a sub-solution of [B1). Moreover, we note that 0 < o < p <1,
Pt <p/(t7)and o (t7) > o'(t7) for all t € R.

The next result follows from Theorem 221 In this result, the condition —12<

\/ c2+4p3 <

1 is equivalent to the inequality 2 e {0, }cL(G )\/_ < 1 in Theorem

Proposition 3.2. Let{ > 1,v=(, 8 =~v+( andc > 2. Let M, \; and ¢ be defined
as above. Assume 7,1 small enough such that 3—2e°7¢ >0, B—2\g1cn(1+€°7¢) >
0, —Mg(A+e)—4nc2 M?(e+X1) > 1 and 22 < 1. Then there exists a traveling

V@+4B
wave front of B8] satisfying B3).

To finish this section, we study the problem

0
(3.8) %[u(t, x)— [ &(s)u(t+ s,x)ds] = Au(t,z) + u(t)[l — u(t — 7, 2)],

-7

where ¢ € LY([-7,0];R7), £ # 0 and 0 < 7. We study this problem via the equation
(3.9) w'(t) —cw'(t —|—c—/ E(s)w(t+ cs)ds + w(t)[l —w(t —1c)] =0, teR,

submitted to the condition ([B.3)).

Let F°(-) be defined as above and G°(-) be given by G°(¢ f LE(s)p(cs)ds.
Let vy =¢> 1, =C(+7v,¢> 0 and assume 7 and || £ HL1 (-7,0);r—) are small
enough such that 8 —2e°7¢ > 0, —2Xa1¢ || € L1 (=r0):r) ePem > 0 and A\re < 1.
If ¢, are the functions in condition H%’G, then

0

(3.10) [G(0) =G (W) = [ &(s)[e(sc) —p(sc)lds <O,

-7

(3.11) A2,1[GE(¢) — GC(¥)] > —(6(0) — (0) A2 || € || (=r.0pr—) €7

From the above we have that the condition H]2‘;.7G is satisfied.
Let h: R — R be given by h(\) = A2 — e\ + AfBTf(s)eAscds + 1. Since h(A1) =
)qf_oTﬁ(s)e)‘lscds < 0 and h(0)=1, there exists J5 € (0, A1) such that h(d2) = 0.

Noting that A'(d2) < (Mre—1) || € [[z1(=ror-) +2M1 — ¢ < 0, we can select
0 < & < 03 small and M > 0 large such that h(J2 +¢) < 0 and —Mh(Jd2 +¢) > 1.
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Let 0,p : R — R be defined by o(t) = max{e®! — Me(®2F) 0}, p(t) =
min{e”2! 1} and t* < 0 such that o(t*) = 0. It is easy to show that p is a super-
solution. In addition, for ¢t < t* we get

d
0" (t) = cd(t) + e G(0) () + F*(er)
0
> V292 — ey + ey | E(s)e?2%Cds + 1] — elP2He)te(P2—)t
— )
— Me P29y + )2 — c(Dy+ ) + (V2 +¢) [ E(s)eP2T9)%eds 41

-7

> 2T _Mh(y +¢) —1] > 0,

which shows that o(+) is a sub-solution.

Proposition B.3] below is a consequence of Theorem We note that the in-

. 6cn . . . .
equality W Il € l1((=r,01r—)< 1 is related to the inequality in the statement

of Theorem

Proposition 3.3. Let y=( > 1, 3=+~ and ¢ > 2. Suppose, 3 — 277 >0,
T 6c
B —2X1c Il € HLl([,T)O];R,) eher > 0, Mite < 1 and \/#—45 Il € ||L1([77-,0];R*)< 1.

Then there exists a nondecreasing traveling wave front of [B.8]) verifying [B.3).
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