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CONFIRMING A ¢-TRIGONOMETRIC CONJECTURE
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(Communicated by Mourad Ismail)

ABSTRACT. We shall confirm a conjecture of Gosper on the g-analogue of the
function cos(2z) and we shall give a short proof for his other related identity
on the g-analogue of sin(2z) which was recently proved by Mezd.

1. INTRODUCTION

Throughout the paper let ¢ = ™7 with Im(7) > 0, let 7/ = —%, and let p = ™.
Note that the assumption Im(7) > 0 guarantees that |¢] < 1 and |p| < 1. For a

complex variable a, the ¢-shifted factorials are given by

n—1
(a;q)o =1, (a;q)n = H}(l —aq"), (a;q)ec = lim (a;4)y,

and for brevity let

(a1, ak;On = (013 Qn -+ (a3 Dy (015 -+, k5 Qoo = (015 @)oo~ (AR5 @)oo
The four Jacobi’s theta functions (with nome ¢) are defined as follows:
01(z,q9) =b1(z | 7) =2 Z(—l)”q(2”+1)2/4 sin(2n + 1)z,

n=0
00

Or(z,q) = Oa(2 | ) =2 g+ cos(2n + 1)z,

n=0

03(z,q) =05(z | 7) =1+ 22q”2 cos 2nz,

n=1
04(z,q) =04(z | T)=1+2 Z(—l)"q”2 cos 2nz.
n=1

A standard reference for information about theta functions is the book by Whit-
taker and Watson [II]. By Jacobi’s triple product identity (see [I1} p. 469] and [3]

p. 15])

o0

2
> (-1)"g" " = (24,270, 6% 0% oo

n=—oo
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it can be seen that each of the Jacobi’s theta functions have infinite product repre-
sentations. In particular, we have

—2iz

01(z | 7) = igie * (g% ¥, e¥* 4% ¢%) oo,

and . ‘ ‘
92(2, | T) _ qze—zz(_q2e—21z7 —62”,(]2;(]2)00.
It is clear that the function #; is odd and the function 65 is even. For the purpose

of this work we will need the following basic properties of 8; and 65 which can be
derived straightforwardly by the definitions:

O1(km) =0 (k€ Z),
(1) br(z+m|7)=—01(]|7),
Oh(z+7T|7T)= —q*1672i291(z | 7),

01 (Z—|-7TT ’ %) = ¢ 2e %20, (z ’ %) ,

ba(k3) =0 (k€ 2),
(2) Oa(z | 7) = 02(z + 5 | 7).

O2(z 477 | T) = g e % 0,(2 | 7).

Jacobi’s imaginary transformation for the function 6; states that

1 ir’22
(3) 01(2 | 7) = (—iT)"2(=i)e = O1(=7" | 7).
See [I1, p. 475]. Gosper [] introduced g-analogues of sin(z) and cos(z) as follows:
O 1— 2n—2z 1— 2n+2z—2 2z 2—2z. 2 o
sing (mz) = ==/’ H (L-g )(2 71q2 ) _ q(z—%fw’
ot (L—¢*1) (4 ¢°)3%
o0
5 (1 _ q2n72z71)(1 _ q2n+2271) 5 (q1+2z7q172z; qz)oo
cosq(m2) = ¢* — =¢*
! nl;[l (1—g?n=1)2 (4:¢%)2%

It is easy to see that cos,(z) = sing(w/2 — z). Gosper proved a variety of identities
involving these two functions. In particular, he showed that both sin,(z) and cosy(2)
in fact are ratios of Jacobi’s theta functions with nome p. More specifically, he
showed that

6‘1 (Zv p)

sing(2) = —~~  where (Inp)(Ing) = 72,
01 (5.p)
which is readily seen to be equivalent to
9 /
(4) sing(z) = 1('72;7‘7—)
61(3 )

As to cosq(z), clearly the formula (@) combined with the identities cos,(z) =
sing(m/2 — z) and 61 (z + 7) = —61(2) yield

(5) cosq(2) = i (Z . %71)) . (Z s | T/)

0(5p)  0(5]7)
See Gosper [4, p. 98]. The author after introducing the function cos, z proved that
2. 4\4
(6) sing(2z) = g i (050 )e singz (z) cosg2(2)

(4:6%)%
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which can be seen to be a g-analogue for the famous trigonometric identity sin 2z =
2sin z cos z; refer to [, p. 92]. Mez6 [8] gave another proof for (@). Besides, in an
attempt to give a g-analogue for the related identity cos 2z = cos?
conjectured that

(7) 084(22) = (cos,2(2))? — (singz(2))?,

and noted that he found “empirical confirmation”; see Gosper [4, p. 93]. Note that
taking into account the relations ({]) and (Bl), formula () can be written as

D\ _(n(19)

z—sin® z, Gosper

05 ]7) 0. (3

which after rearrangement becomes

b (2247 (0(:+3
|

d
0.2:17) _ 01 (Z!%) h (Z+%
01 (5|7 (513 |

or equivalently,

/ ’ ,
19t (515) =com (517)0 (-1 7)o (++515).

Therefore, Gosper’s identities (@) and (@) both can be seen as three-term addition
formulas involving theta functions. The theory of elliptic functions proved to be
a powerful tool to study this type of addition formulas. For recent papers dealing
with addition formulas using elliptic functions, we refer to Liu [6}[7]. See also
Whittaker and Watson [I1], Lawden [5], and Shen [9L[I0] for more additive formulas
involving theta functions and applications. In this paper we will confirm conjecture
[@) and we will reproduce a short proof for formula (B) by employing the theory of
elliptic functions. We shall prove the following results.

Theorem 1. For all complex number z we have
/ /
T ofm T 0 9 T
w51 (515) =0 Gl (+515)
T 7!
—o(Z]7)er <315).

Theorem 2. For all complex number z we have

0.(22 | 7)02 <g | %) = C(q): (g | T’) 6, <z | %) 6, (z+g | %) :

where

) _ i (dtdh5
Y

Q

—

()

=

Il
|
NERRNIE]
o3| ol



1622 MOHAMED EL BACHRAOUI
It turns out that Theorem [0 and Theorem [l are direct consequences of the
following result.

Theorem 3. For all complex number x,y, and z we have
T T
Or(z—z—y|7)bs (iﬂ—yl §>91 (2—5 l 5)
T T
=0(y—xz—z|71)01 (m—z l 5)91 (y—§ l 5)

—b(x—y—2z|7)0 (y—zl %)01 (3:—% %)

To prove Theorem [3] we shall need the following more general result.
Theorem 4. Let f(u) be an entire function such that
fu+m)=—f) and f(u+)=q e 2 f(u).
Then for all complex numbers x,y, and z we have
h(z—z—y|7)f(z) _  Gly—z—2[7)f¥)
b(z—2[5)0(y—2[3) O(e—y|5)0(y—=2]3)

ey )
O (e—y|3)01(z—2]%)

2. PROOF OF THEOREM Ml

Let

01 (2u—z—y—=z|7)f(u)
91(u—xl291 yl291(u—zl%)7
where z,y, and z are different from the zeros of 6; (2u—xz —y —z | 7) f(u). Suppose
for the moment that 0 < z,y, z < w. Then by the properties of the function #; and
the assumptions on the function f(u) we can easily check that

glutm) = g(u) andg(u+) = glu),

showing that g(u) is an elliptic function with periods 7 and %-. Clearly, the function
g(u) has simple poles at z, y, and z in the fundamental parallelogram 0,7 T+
We have

g(u) =

527

Res(g; = )—illgol(u_xlz 01(x—yl 2) 01 (z

bi(x —y—=|7)f(x)
0 0]2)0(z—y|5)0(r—=]3)

u—x 91(ac—y—z|7') (x)
| 3)

I
2

(8)

and similarly,
0y —z—=2[7)f(y)
(0] 5)0(y—=|5)0(y—=]35)
0(z—x—y|7)f(2)
0(0]3)01(z—x|3)0(z-y[3)
Hence by the residue theorem for elliptic functions and the formulas in (8) and (@)

we obtain the desired identity which holds for all complex z,y, and z by analytic
continuation.

Res(g;y) =

(9)

Res(g; z) =
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3. PROOF oF THEOREM [3]

Let f(u) = 02(u | §). Then it is easily verified by the properties (2)) that the
function f(u) satisfies the two conditions of Theorem [l and so,

O(z—z—y|r)0a(z]3) %<—w—Z|T%<|%)

Or(w—z[5)0i(y—2[5) O(e—y[5)0(y—2]3)
_Gl(x—y—z|7'92( |%)
Or(z—y|3)0i(v—2]3)

Now rearranging and using the basic fact (2 | 7) = 01(2 — /2 | 7), the previous
formula yields

ooz vl o (o-v 3)n (=513

2
291(31—:10—2\7)91(:10—2’%)91(31—%’%)
—Gl(x—y—z|r)91(y—z‘%)91 (3?—%|%),

as desired.

4. PrROOF oF THEOREM [I]

Letting in Theorem Bl z —z =y — 7/2, y — 2 = ¢ — 37 /2, and so z = m, gives

A G150 (251 =a (5174 (=51 5)
(511 Dn (1)

which by the basic properties () is equivalent to

(5130 0= 1) =G 1 o= 519) -0 (510 (615)

Then using the substitution z := y — /2 in the previous identity gives the desired
formula.

5. PROOF or THEOREM

Let 2 = y — x in Theorem Bl and use the basic properties in ([I) to get

91(2x|7)01<y—x|%)91 (y—x—g | %)
:01(2y—2x\7)01<x|%>91 (x—g | %)

Then the substitution z := z — 7/2 in the previous identity implies

612z 47|10 (y—2— 2| D)o (y—2—n]|2)

or, equivalently
—01(22 | 7)61 (y—z—g | %)01 (y—z| g)
=612y — 2z | 7)b1 (z—i—g } %)91 (z | %)
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Finally, let in the previous identity y — z = w/4 to get

91(22|7)9%(£ | %) 61 (—|T)91 (Z—l- |—)91 (z‘ —)

or, equivalently
ez 1708 (5 15) = et o (5 1) (=+ 1 ) (-1 ).
2

It remains to prove that if we replace 7 by 7/ in the previous identity, then

o1 (% | B (a%q*)%
(1) AT

1
T, 7 T\ 2 (2
n(31%)-(-%) © “2’491( (27) \27)

»t:-l»—t

—
—
—_
SN~—

Il
/l—\
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o |
~_
|
=
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i-Q
n-Q
\_/

(%42 (0% ¢ )0

Il
VR
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o |
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|
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and similarly,

T, 7 .T/ _% N i(27)E . L _ymT
0, (z | 5) - ("5) ()@ Fighe ™ F (¢, 4, " 4"
(12)

1
T\ 2 1
= (—%5) 7% (4:0%) o (0" ¢") oo

Finally take the squares in the relations (II) and ([IZ) and divide to establish

identity (I0). This completes the proof.
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